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PREFACE 


The subject of regular variation as we use the term today was initiated by 
Jovan Karamata in a famous paper of 1930, though preliminary or partial 
treatments may be found in earlier work of Landau in 1911, Valiron in 1913, 
Polya in 1917, and others. Karamata made striking use of his new theory in 
Tauberian theorems (the ‘Hardy—Littlewood—Karamata Theorem’ dates 
from this period), and his ideas were developed by Karamata himself and the 
‘Yugoslav School’ of his collaborators and pupils (Aljancic, Bojanić, Tomić 
and others), intermittently between 1930 and the 1960s. The great potential of 
regular variation for probability theory and its applications was realised by 
William Feller, whose book (in its 1968 and 1971 editions) did much to 
stimulate interest in the subject. Another major stimulus — again from a 
probabilistic viewpoint — was provided by Laurens de Haan in his 1970 thesis, 
while Eugene Seneta gave a treatment of the basic theory of the subject in his 
monograph of 1976. 

In its basic form, regular variation may be viewed as the study of relations 
such as 


faxfax) = g(AE, 0) (xæ) WA>0, 


together with its numerous ramifications. We will refer to this study for 
convenience as ‘Karamata Theory’. In Chapter 1 we set out the essential 
ingredients — what the ‘mathematician in the street’ ought to know about 
regular variation, as it were, following this in Chapter 2 with some 
refinements. More general than the relation above is 


Aor eR (x œ) WA>0. 


g(x 
The study of relations of this kind we refer to as ‘de Haan Theory’, a topic 
treated in Chapter 3. An extensive treatment of those Abelian, Tauberian and 
Mercerian Theorems relevant to regular variation follows in Chapters 4 and 5, 
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completing the first part of the book, on theory. In the remaining three 
chapters we deal with applications, to analytic number theory (Chapter 6), 
complex analysis (Chapter 7) and probability (Chapter 8). Some scattered 
topics are dealt with in Appendices. 

The formal prerequisites for the book amount to a good background in 
analysis at, say, the first-year graduate level, including in particular a 
knowledge of measure theory. A few results from functional, Fourier, complex 
or convex analysis and general topology are needed, references to standard 
texts being provided. However, as usual, the real prerequisites (apart from the 
persistence needed to absorb a certain amount of unfamiliar notation and 
terminology) are intangibles concerned with maturity, motivation and the 
like. The book is intended for those with a taste for classical analysis 
(particularly questions involving limits), or a pre-existing interest in one of the 
major fields of applications covered (or, like us, both). 

Mathematically, regular variation is essentially a chapter in classical real- 
variable theory, together with its applications in the fields mentioned above 
and elsewhere. In the half-century or more of the subject’s history, the 
literature has been widely scattered in time and place, while essential parts of 
the theory are comparatively recent. It seems that the time is now ripe for a 
full-length treatment of the theory and its major applications. Our unified 
approach has led to new, corrected or extended results in a number of cases. 

Our style of treatment has varied as between theory and applications. In the 
first five chapters our treatment of the theory is essentially complete, and full 
proofs almost always are given. However, we have not attempted a complete 
treatment in the remaining three chapters on applications. Our aim here has 
been to formulate and discuss the results, and above all to put them in 
context: key proofs are given, and those that are essential to understanding, 
but otherwise the reader is referred to the literature. 

Each chapter is divided into sections (§ n.p, etc.) within which the results are 
numbered decimally (Theorem n.q.p) as are formulae ((n.p.q)). 
Independently, many of the sections have been divided into named and 
numbered subsections (§n.r.s), where it seemed appropriate; the subsection 
numbers do not relate to those of results or formulae. Some chapters have a 
final section of exercises and complements, referred to from elsewhere in the 
text as individual subsections. 

References and historical remarks are in the text proper rather than a ‘notes’ 
section at the end. Many important theorems are named, and referred to by 
name rather than by number. An index of named theorems is provided. 
Instead of, and we believe more helpfully than, an author index, our list of 
references gives the page numbers where each cited item is referred to. Names 
not attached to references are listed in the general index. 

We use iff for ‘if and only if’, := for ‘is defined by’ and [] for the end of a 
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proof. Notation is collected together in the Index of Notation, but we bring a 
few matters now to the reader’s attenticn. Functions are generally denoted by 
lower-case letters (f,g,...), the exception being the generic slowly varying 
function which is / (not the usual L). Classes of functions are denoted by 
upper-case letters (e.g. S for the subexponential class, in Appendix 4). 
Sequences are (a,), (b,,), etc. We use Landau’s O, 0, ~ symbols (defined in the 
Index of Notation) with a slight and very convenient extension to the latter: in 
writing 
fix) ~cg(x) (x 0), (0.1) 
or just f~cg, the function g(°) is positive (>0) in a neighbourhood of infinity, 
but the constant c is allowed to be zerc. When c=0, (0.1) is interpreted as 
f(x) = 0(9(x)). 
Integrals are always Lebesgue or Lebesgue-Stieltjes integrals unless noted 
otherwise, and ‘measurable’, ‘a.e. (almost everywhere) refer to Lebesgue 
measure. Measures take non-negative values. We allow ourselves to write dt/t 


dt 
as shorthand for F ort? di. 


We are indebted to a number of people for general advice or specific 
suggestions. We thank in particular J. Milne Anderson, Julien Cuypers, 
David Drasin, Paul Embrechts, Laurens de Haan, G. Sam Jordan, Edward 
Omey, Sid Resnick, Richard Smith and Wim Vervaat. 

We are also most grateful to Sandra Place for her patient and skilful typing 
of the text, to Phyllis Smith for undertaking a huge author-generated revision, 
and to Sue Bullock and Sheila Collier for their help with the latter task. 
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Karamata Theory 


1.0 Introduction 
Suppose that f() is a positive function, defined on some neighbourhood 
LX, œ) of infinity and satisfying 
fAX/f(x) >g) (x7 00) VWA>0, (1.0.1) 


for some function g. If f has some minimal smoothness property — for 
instance, measurability — the convergence above is uniform on compact 
subsets of (0, œ), the function g(A) is restricted to be a power 4°’, and the 
convergence need only be demanded for some, rather than all, 2>0. The study 
of these and other properties of relations such as (1.0.1), together with their 
wide-ranging applications, constitutes the theory of regular variation, 
instituted by Karamata (1930) and subsequently developed by him and many 
others. 

We begin in § 1.1 with some preliminaries on lemmas of Steinhaus type and 
solutions of the Cauchy functional equation. The basic uniformity property is 
studied in § 1.2, followed by representation theorems for the possible functions 
f in §1.3 and characterisation of the possible limit-functions g in § 1.4. 
Properties of regularly varying functions follow in § 1.5. Karamata’s main 
theorem is proved in § 1.6, and the principal Tauberian theorems in § 1.7. The 
extent to which one may restrict attention to C”-functions f is studied in § 1.8. 
In § 1.9 sequential rather than continuous limits are taken; in § 1.10 monotone 
functions f are considered. 


1.1 Steinhaus Theory and additive functions 


1. Additive functions 


We shall be concerned initially with certain properties related to the addition 
structure of sets on the real line with pleasant properties from either a 
measure-theoretic or a topological viewpoint. 


2 1. Karamata Theory 


Recall that a set in Ris meagre (of first Baire category) if it is expressible as a 
countable union of nowhere dense sets, non-meagre (of second Baire category) 
otherwise. A set A has the Baire property if there is an open set G with the 
symmetric difference AAG meagre; a function f has the Baire property if for 
every open set G the set f 1(G) has the Baire property. We will use the 
adjective ‘Baire’ to mean ‘with the Baire property’ (not ‘Baire-measurable’). 
See Kuratowski (1966), §§ 11,32 for results on the Baire property. 

We will suppose that the functions f in (1.0.1) are either (Lebesgue) 
measurable, or Baire. There are many analogies between the theories of 
measure and Baire category, the analogue of a null-set [set of positive 
measure] being a meagre set [a non-meagre set]; see Oxtoby (1980) for a full 
treatment. 

A function k(-) is said to be additive if it satisfies the Cauchy functional 
equation 

k(x+y)=k(x)+k(y) Vx, yeR. 
Obvious examples are k(x)=cx (ceR). Pathological examples of additive 
functions not of this form exist (at least, granted the axiom of choice). But 


subject to smoothness restrictions — measurability or the Baire property — 
additive functions are of the form cx, as will be proved below. 


2. Steinhaus Theory 


This section takes its name from the following result due to Steinhaus (1920) 
for measurable A, and to Piccard (1939) (see also McShane (1950), Pettis 
(1950), (1951)) for Baire A. Our proof is from Oxtoby (1980). By the phrase 
‘open interval’, we always mean a non-empty open interval. 


Theorem 1.1.1, If A c R is measurable of positive measure [is a non-meagre 
Baire set] then its difference-set {a—a':a,a' € A} contains an open interval. 


Proof. Throughout this and the ensuing proofs, let x +S = {x+s:xeS} for 
any xER, SCR. 

First suppose A is measurable, with Lebesgue measure |A|>0. If |A|= œ% 
then we replace A by a subset of positive measure, and so shall assume that 
0<|A|< æ. Enclose A in an open set G with |A|>3|G|. Now G is the union ofa 
sequence of disjoint open intervals, and there must exist one of these, J, such 
that |Aq1|>4lJ|. Set 6 :=4{I|. If xe(—6, ô) then (x+J) UI is an interval of 
length less than 3|J| that contains both Aq I and x+ (4^1). These sets must 
intersect, because |x + (4 OJ)|=|A qJ|>4{J|. Thus there exist a, a' € A^ I such 
that a=x +a’, and so x belongs to the difference set, as required. 

When A is a non-meagre Baire set it can be represented as the symmetric difference 
of an open set and a meagre set (Oxtoby (1980), Theorem 4.6), and because A is non- 
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meagre, the open set is non-empty, so contains an open interval J. Thus A> I\P where 
P is meagre. For any x, 
(x+ A)NAD(x+I)OI\((x+P) UP). 


If |x| <ò := |I| the last line constitutes an open interval minus a meagre set; it is therefore 
non-empty. Thus (x + A) 1A# Ø, hence x belongs to the difference set. Oo 


The following extension is also due, under its two alternative assumptions, 
to Steinhaus and Pettis respectively. See also Kuczma & Kuczma (1971) for an 
alternative proof in the measurable case. 


Theorem 1.1.2. Let A and B be measurable and both of positive measure [both 
non-meagre Baire sets in R]. Then the difference set D:={a—b:ae A, beB} 
contains an open interval. 


Proof (measurable case). As in the previous proof we may find a bounded 
open interval J such that |A ^ I|>4|I|, and likewise a bounded open interval J 
such that |Ana J|>4]J|. To proceed we need to alter J and J until their lengths 
are not too different. If we divide J into n subintervals of equal length, by 
removing n—1 points from it, then one of these intervals, J’, must retain the 
defining property of J, in that |B o J'|>4į|J'|. Likewise, on dividing I into m 
subintervals of equal length, we may find one of them, I’, such that |AnI/'|> 
I'|. By suitable choice of m and n we may ensure also that 4|/'|<|J’|<|I'|, and 
because of the latter inequality there exists an open interval A of length 
\J'|—|J’|>0 such that x+J’ cl’ for all x eA, upon which 


x+(BoJ')c!I’ (all x eA). 


3 
4 


Pick any x€A, then 
Ix + (BOJ’)|=|BoJ'|>3\J'|/> alr, 
so that ANI’ and x+(Bo J’) are both contained in I’ and the sum of their 


measures exceeds 3|/'|, which implies that they intersect. Thus there exist 
aeAnl’, be Bo J' such that a=x +b, whence x=a—beD. 


(Baire case). As in the proof of the previous theorem, A>/\P, and similarly B>J\Q, 
where I, J are open intervals and P, Q are meagre. There exists an open interval A such 
that for all x eA the set I^a (x+ J) is a (non-empty) open interval. But then for each 
xe, 

An(x+B)>In(x+J)\(PU(x+Q)), 
and this is non-meagre because PU(x+Q) is meagre. So AA (x+ B) is non-empty, 
whence x €D as before. il 


Corollary 1.1.3. If S = R contains a set of positive measure [a non-meagre Baire 
set] then the set S+S:={s+s':s,s’ eS} contains an open interval. 


Proof. Immediate, on taking A to be the set mentioned and B := { —a:a € A}, 
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and applying Theorem 1.1.2. go 


See Rudin (1974), p. 189 for alternative proofs of this corollary, hence of the previous 
two theorems. We note in passing that if S has measure zero $+S may be non- 
measurable (cf. Rubel (1963), and § 1.11.1). 


Corollary 1.1.4. If S is an additive subgroup of R, and S contains a set of positive 
measure [a non-meagre Baire set], then S= R. If T is a multiplicative subgroup 
of (0, œ) containing a set of positive measure [a non-meagre Baire set] then 
NEOA). 


Proof. By Theorem 1.1.3, S contains (— ô, 6) for some ô> 0. Being an additive 
group, S thus contains (—nô, nò) for n=1,2,..., and so S=R. CO 


Corollary 1.1.5 (Hille & Phillips, 1957 (measurable case); Bingham & Goldie, 
1982a (Baire case)). If S<(0, œ) is an additive semi-group, and S contains a set 
of positive measure [a non-meagre Baire set], then for some be(0, œ) S 
contains the interval (b, œ). 


Proof. S +S contains some interval (x, £), with 0 <« < ß, and so the semigroup 


S contains all the intervals (n«,nf),n=1,2,.... Fix a positive integer k such 
that 1+k~!<B/a, then forn=k,k+1,... each set (næ, nf) overlaps the next, 
hence | ]%, (na, nB)=(ka, 00), and this is contained in S. Oo 


3. The Cauchy functional equation 


First, a preliminary result. 


Lemma 1.1.6. If k(-) is additive, and bounded above on a set A of positive 


measure [a non-meagre Baire set], then k(-) is bounded on some neighbourhood 
of the origin. 


Proof. Suppose k(x) <M < œ for xe A. By Theorem 1.1.3, 4+ A contains 
some interval (y— ô, y+6) with 6>0. So if |t| <ô we have t+ y=a+a’ with 
a,a' E€ Á, so 


k(t)=k(a)+k(a')—k(y)<2M —k(y). 
Thus k is bounded above on (— ô, ô). Since k(t)= —k(—t), k is also bounded 
below on (—6, ô), as required. CJ 
Next is the main result, due in the measurable case to Ostrowski (1929) (see 
also Kestelman (1947)), in the Baire case to Mehdi (1964). 


Theorem 1.1.7. If k(-) is an additive function, bounded above (or below) on a set 


A of positive measure [a non-meagre Baire set], then k(x) is of the form cx for 
some constant c. 
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Proof. By additivity of k, k(nx)=nk(x), k(x/m)=k(x)/m for m, n=1,2,..., 
whence k(rx)=rk(x) for rational r. 

By Lemma 1.1.6, there are M, ô>0 with |k(x)| <M for |x| < ô. By additivity, 
|k(x)| <M/n for |x|<ô/n (n=1,2,...). For any xe R and n=1,2,... we can 
find rational r with |r—x|<6/n. Then, since k(r)=rk(1) for rational ie 


|k(x) — xk(1)|=|k(x —r) + (r —x)k(1)| 
<(M+ôk(D)/n (n=1,2,...). 


Letting n > œ, k(x)=xk(1), as required. [E] 
This result is usually stated in a slightly weaker form. 


Theorem 1.1.8. If k is additive, and measurable [Baire], then k(x)=cx for some c. 


Proof. For n=1,2,..., the sets A, := {x:f(x)<n} are measurable [Baire], and 4„,ÎR as 
n > oo. In the measurable case, |A,|f00, so some |A,|>0; in the Baire case, some A, is 
non-meagre by Baire’s Theorem. The result follows by Theorem 1.1.7. O 


4. Pathological solutions 


We turn now to additive functions not of the form cx. Consider the set R of 
reals as a vector space over the rational field Q. By a well-known argument 
involving Zorn’s Lemma (see e.g. Greub (1975)), R has a basis over Q, B say 
(called a Hamel basis). That is, every real x may be written uniquely as a finite 
linear combination 
x=.) nb, (n=0, 1,...,r;€ Q\{0}, b; eB). 
r=1 

For any bọ€B, we can define a function k on B by k(bo):=bo, k(b) :=0 
(bE B,b#b,). If we extend k from B to R by 


n n 


k(x) = > rk(b,) if x=) 7,5, 


r=1 1 
k is additive but not of the form k(x)=cx for any c. 

It follows from Theorem 1.1.7 that k(x) must be unbounded above and 
below on every set of positive measure and every non-meagre Baire set, in 
particular on every interval. Thus an additive function is either of the form cx 
or highly pathological. We will refer to such pathological solutions of the 
Cauchy functional equation as the Hamel solutions. 

Note also that an additive function is, in particular, subadditive (Hille & Phillips 
(1957)) and convex (Hardy et al. (1952)). The theory of subadditivity and convexity, 
like that of additivity above, is complicated by the existence of the ‘Hamel pathologies’: 
the main theorems of all three subjects require smoothness conditions such as 
measurability or the Baire property to exclude them. 
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5. Multiplicative notation 
A function g:(0, 00)—+(0, œ) is said to be multiplicative if 


gA)g(w=gAu) VA,u>0. 
If k(x) =log g(e*), then k is additive iff g is multiplicative, so Theorem 1.1.8 
becomes 


Theorem 1.1.9. If g is multiplicative, and measurable [Baire], then g(A)=/° 
(A>0) for some real c. 


1.2 The Uniform Convergence Theorem 


1. The Theorem 


Definition. Let ¢ be a positive measurable function, defined on some 
neighbourhood [X, œ) of infinity, and satisfying 
C(Ax)/¢(x) 27 1 (x> æ) VA>0; (121) 

then f is said to be slowly varying (in Karamata’s sense). 

These functions were introduced and studied by Karamata (1930) in a pioneering 
paper, with continuity in place of measurability. 

The neighbourhood LX, œ) is of little importance; we may (and often shall) 
suppose / defined on (0, œ) — for instance, by taking /(x)=7/(X) on (0, X). 

The basic Uniform Convergence Theorem — the most important theorem in 
the subject — was given by Karamata (1930) in the continuous case, Korevaar 
et al. (1949) in the measurable case. Because of its importance, we give several 
proofs. 


Theorem 1.2.1 (Uniform Convergence Theorem, or UCT). If / is slowly 
varying then 
C(Ax)/C(x) + 1 (x > œ), uniformly on each compact A-set in (0, œ). (1.2.2) 


It is actually local uniformity that is being proved — uniformity in each compact subset 
of the set of 2. 


2. Direct proofs 
First proof (Delange (1955a)). Write h(x) :=log /(e*); our assumption is 
h(x+u)—h(x) +0 (x>00) WeR, (1.2.3) 
and we are to prove uniform convergence on compact u-sets in R. It suffices to 


prove uniformity on each [0, A] (for by translation this gives uniformity on 
each closed interval, hence on each compact by inclusion). 


1.2. The Uniform Convergence Theorem 7 


Choose ¢€(0, A). For x>0, let 
I, :=[x,x+2A], 
E, = {tel,:|h(t)—h(x)|>4e}, 
EX = {t e [0,2A]:|h(x +t) —h(x)|>4e}. 
Then E,, EX are measurable, as / is, and |E,|=|E*| (where |:| denotes 
Lebesgue measure). By (1.2.3), the indicator-function of E* tends pointwise to 
zero as x > oo. So by dominated convergence, its integral |E*| > 0. Thus 
|E,|<4e for x>Xp, say. 
Now for ce[0, A], [,4,01,=[x+c,x+2A] has length 2A —c> A, while 
for x2>Xo, 
|E,VE, ..|<|E,|+/E,4-|=|E*|+|E*,)<e<A. 
So for ce[0, A], x2 xo, 
UOLT OSET) 
has positive measure, so is non-empty. Let t be a point of it: then 
|h(t) —h(x)| <4e, 
h(t) —h(x +c)| <4e. 
So for all c e[0, A], x2 xo, 
|h(x +c) —h(x)| <e, 
proving the desired uniformity on [0, A], which suffices as above. o 
The proof above uses ‘quantitative’ aspects of measure theory. The next proof uses 


only ‘qualitative’ aspects, in which we are concerned with measures of sets only 
through observing whether they are zero or positive. 


Second proof. Assuming (1.2.3) we first show that for any sequence x„ > œ and any 
bounded sequence u,,, 

h(x, +u,) —h(x,) 70 (n> oo). (1.2.4) 
Choose e>0. Let B:=1+sup|u,|<o0o. For each ue[—B,B], n>1, let A,,:= 
[—B, B] A {v: Vk>n, |A(x, +u +v) h(x, + w)| <4e, hOr + Uy + v) — h(x + 4y)| <4e}. Fix 
ué[—B, B]. The sets A,,,, are measurable and =, Ama =|- B.B]: So there exists 
N(u) such that Ay, has positive measure. By Theorem 1.1.1 the difference set 

{vy —v2:0;€ Anyy,u} 

contains an interval (— V(u), V(u)) for some V(u)>0. Then for any n such that n> N(u) 
and |u,, —u|<V(u) we may find v', v” E Ayy,, Such that u+v' =u, +v". Hence 


h(x, + un) —A(x, +u)| 
< h(x, +u +v) = hln +u,)| + An tut v')—A(x, + u) 
=|h(x, +u, +0") —A(x, +u,)| + hln +u+ v') — h(x, + u)| 
<te+te=4e. (1.2.5) 


The intervals (u—V(u), u+ V(u)) form an open cover of [—B, B], so we may select 
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a finite cover (u/—V(w/),w+V(w)), for some finite set {u’,...,u"} <[—B, B]. Let 
N :=max(N(u'),...,.N(u’)) and then increase N so that also 

|h(x, +u/) —h(x,)|<4e (n>N,j=1,...,7). (1.2.6) 
For any n>N the point u, satisfies |u, —w| <V(w/) for some j, and n> N(w’) so that 
|h(x, + u,) —h(x,+w)|<Fe by (1.2.5). Combining with (1.2.6) we find 
h(x, F in) — noeg whence (1.2.4). 

Instead of concluding with a quick reductio ad absihdimi we choose to continue 
directly. Take any compact interval [a, b] in R. For each n we may find u, € [a, b] such 
that 

|h(n+u,)—h(n)|>min(n, sup |h(n+u)— h(n)|—n~* 
ue[a,b] 

y (1.2.4), h(n+u,)—h(n) +0 as n> œ, from which it follows that the above 
supremum is finite for all large n and indeed tends to zero. Thus h(n +u)—h(n) > 0 as 
n> ©, locally uniformly in u. 

Lastly, writing [-] for integer part, 


sup |h(x+u)—h(x)| 


ue[a,b]} 
< ye |h(x +u) —h(Lx])| + |h) —A(Lx))} 
< sup |h([x]+u)—A( (D+ ap jr [x] + u) —h(Lx))| 
ue[a,b+1] 
>0 
as [x] > œ, by the above. B 


We note at this point that measurability may be replaced by the Baire 
property. Here and elsewhere we denote the ‘Baire’ analogue of a 
‘measurability’ theorem by the suffix B. 


Theorem 1.2.1B. If ¢ is Baire, then (1.2.1) implies (1.2.2). 


Proof. Use the second proof of Theorem 1.2.1 above, replacing the terms ‘measurable’ 
and ‘of positive measure’ by ‘Baire’ and ‘non-meagre’, and using the Baire version of 
Theorem 1.1.1. oO 


It is traditional, and (for reasons which will appear below) convenient, to 
retain measurability as part of the definition of slow variation; we shall thus 
refer to Baire functions satisfying (1.2.1) as being ‘Baire slowly varying’. 


3. Indirect proofs 


There are several other interesting proofs of Theorem 1.2.1, which are indirect (by 
contradiction) but handle the measurable and Baire cases together and so, 
incidentally, provide further proofs of Theorem 1.2.1B. 


Third proof (Matuszewska (1965)). Assume (1.2.3) but suppose that local uniformity 
fails, so that there exist ¢>0, x,—-0o and a bounded sequence u, with 
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|h(x,, +u,) —A(x,,)| > 2e for n=1,2,.... Passing to a subsequence, we may take Un 
convergent — to uo, say. Since |h(x,+uo)—h(x,)|<e for all large n, it follows that 
|h(x, + un) — h(x, +u0)| >€ for all large n. Now define 


A, = {v: Wk >n, |h(x, + uo +0) —h(x;, + uo)| <4e, |h(x, + ug +v) — A(x, + U,)| <4e}. 
The sets A, are measurable [Baire] and |), 4,=R. So there exists N such that Ay 
has positive measure [is non-meagre], whence again by Theorem 1.1.1 the difference 
set of Ay contains an interval (—V,V) for some V>0. Pick KN such that 
|, —Uo|<V for all k>K, then for each such k there exist v’,v’eAy such that 
Ug +v' =u; +v". Hence 

|h(x, + uj) —h(x, + uo)| 
<|h(xyq + uo +0’) hy + u)| + [Ay + uo +0’) — h(x, + U)| 
=|h(x;, + uy +0") —A(x, + uy) + hy + uo +0’) — h(x, + Uo)| 


<te+4te=e, 


a contradiction. a 


Fourth proof (after Csiszár & Erdős (1964)). Assume (1.2.3) but suppose that local 
uniformity fails, so that there exist e>0, x, > œ and a bounded sequence u, with 
|h(x, + u,,) —h(x,)|>2e forn=1,2,.... Passing to a suitable subsequence, we may take 
it that u, converges to some uy and that |u, —uo| < 1 for all n. For every y we know that 
|h(x,, + y) —h(x,)| <€ for all large n, hence |h(x, + un) —h(x, + y)|>¢ for all large n. Thus 
[-1,0=VUf11,, where 

T,:=[-1, a{y:vnek, 
Each J, is measurable [Baire], so there exists K such that I, has positive measure [is 
non-meagre]. Let 


h(x, + U,) —h(x, + y)| >}. 


Z, =u, -Ip={u,—y:yelx} (n=1,2,..\), 


and let Z:=()~, UZ; Zn In the measurable case, all the Z, have measure |I x|, and as 
they are subsets of the fixed bounded interval [uo —2, uo + 2], Z is a subset of the same 
interval having measure 


UZ, 


n=j 


|Z| = lim 


J> ð 


> |Ik|>0. 


So Z is non-empty. 

In the Baire case J, contains some set I\M, where J is an open interval of length ô> 0, 
and M is meagre. So each Z, contains /"\M", where I" :=u,, —I is an open interval of 
length ô, and M” :=u, — M is meagre. Choosing J so large that |u; — u;|<6 for alli, j>J, 
the intervals I’, 1’*!,.. . all overlap each other, and so |) ; I" is an open interval for 
all j>J. But then the sequence of sets | she o for j=J,J+1,..., is a decreasing 
sequence of intervals, all of length > 6 and all contained in the interval [uo —2, uo +2]; 
hence 1° = N; |)”; /" is an interval of length >ô. Since Z contains Pye Mit 
follows that Z is non-meagre, so non-empty. 

In either case there exists z belonging to infinitely many of the Z,. Hence 


|h(x,, + un) — h(x, + U, — z) >E 
for infinitely many n, contradicting (1.2.3). A 
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We shall use the idea of the fourth proof repeatedly in proving uniform 
boundedness assertions in Chapter 3. 

Our fifth and final proof (but see Appendix 1 for slow variation in other settings) is 
included as apparently the first successful use of Egorov’s theorem to this end. Previous 
attempts to use this ‘apparently natural tool’ met with measure-theoretic difficulties 
(see Seneta (1976), p. 44 for details). 


Fifth proof (Elliott (1979-80), Lemma 1.3). Suppose (1.2.1) fails to hold uniformly in 
Ae[e~*,e]. So there exist x,-0o and w,e[—1,1] such that /(x,e")/¢(x,)#1 as 
n> oo. 

The functions f,,:[—1, 1] > R defined by f(y) :=7(x,e”)/¢(x,) are measurable and 
tend pointwise to 1 as n > œ. By Egorov’s Theorem there is a subset E of [ — 1, 1], of 
measure at least 4, such that 

¢(x,e)/¢(x,) + 1 (n> oo), uniformly for yeE. 
Similarly there is a subset F of [— 1, 1], of measure at least 4, such that 
L(x,e""* 7)/¢(x,e"") 2 1 (n> œ), uniformly for ze F. 
For each n the sets w,+F and E must contain a common point. Otherwise if, for 
example, w, >0 then they are both contained in the interval [—1, 1+w,], so that 
2+w,>|w,+F|+|E|>3+3 
which is impossible. Similarly if w, <0. 
Let w, +Z „= Yn, With z,éF, ye E. Then 
xne) Ane) EX pe) 
Ux) AE E AER) 


contradicting our original assumption. 
Thus (1.2.1) holds uniformly in A €[e~*, e], and it is easy to iterate to get uniformity 
in [e ™,e”] for each positive integer m. FAI 


4. Pathology 


It is an important fact, due to Korevaar et al. (1949), that the UCT is false if no 
good-behaviour condition such as measurability or the Baire property is 
imposed on f. We give the relatively simple counterexample — ‘relatively 
simple’ because there is no way to avoid Zorn’s Lemma — due to Ash et al. 
(1974). 


Theorem 1.2.2 (Korevaar et al. (1949); Ash et al. (1974)). There exists a real 
function h(x), defined for x>0, which satisfies the relation 


h(x+t)—h(x) +0 (x> œ) (1.2.7) 


for every real t, without satisfying it uniformly on any interval a<t<b, where 
a<hb. Further, h may (if desired) be taken uniformly bounded on R. 


Proof. Let B be a Hamel basis for R as a vector space over Q (see § 1.1). For 
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each real x let n=n(x) be the number of summands in the unique expression of 
x as a linear combination of basis elements: 


r=1 
Evidently, |n(x+t)—n(x)|<n(t). Let h(x):=log(x+n(x)) for x>0, and 
h(x) :=0 for x <0. Then for x,t>0, 


SET Enix tt) 
du/u 


x +n(x) 


|h(x + t) —A(x)|= 


<x7"|t+n(x+t)—n(x)|<x71(t+n(0)), 


which, for t fixed, tends to zero as x > oo. But uniformity is far from present; 
indeed 


lim sup sup |h(x+t)—h(x)|= 00. 


x70 ax<t<b 
For if x is fixed > —a, we can find te [a,b] so that h(x +1) is as large as we 
please. This follows because for fixed neN and b,,...,b,€B, the numbers 


n 


X rib; (r;€ Q\{0}) 


r=1 
are dense. 

The above h is unbounded in every interval. Taking h, := sin o h we find 
Ihi (x +t) —h,(x)|<|h(x +t) —h(x)| so h, satisfies (1.2.7). Yet for x fixed > —a 
we can find te[a, b] so that |h; (x +t) —h,(x)|>4, so the convergence is non- 
uniform. T 


5. Remarks 


The UCT is the basic result of the subject, and we will avoid failure of its 
conclusion as in Theorem 1.2.2 above by imposing measurability or the Baire 
property (it is an interesting open question as to what other properties suffice). 
Often we will need to integrate the slowly varying function in question, and 
then measurability is appropriate. 

One may also study ‘very slow variation’, in which the convergence in (1.1.1) takes 
place at least at a certain rate. Ash et al. (1974) obtain results in which, from pointwise 
convergence 

{h(x +u)—h(x)}/g(x) 70 (x70) VueR, 
uniformity on compact u-sets is obtained. We will give a full treatment of questions of 
this sort in Chapter 3. As a foretaste, if g > 0 is non-increasing and satisfies the stringent 
condition 


$ g(x+n)/g(x)&B<% Yx>0 

n=0 
(such as, for instance, g(x)=e ™ with a>0), pointwise convergence implies locally 
uniform convergence without the assumption that h be measurable or Baire (Ash et al. 
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(1974), Th. 3). Results in which pointwise O-statements such as 

{h(x +u)—h(x)}/g(x)=O0) (x> æ) VueR 
imply local uniformity have been obtained by Aljančić & Arandelović (1977), Bingham 
& Goldie (1982a); see §3.1 for these, and for local uniformity in 

{h(x +u)—h(x)}/g(x) > © (x>æ) VueR 


(Heiberg (1971b); Bingham & Goldie (1982a), § 5). For uniformity in the alternative 
formulation of ‘slow variation with remainder’ see § 3.12. 


1.3 The Representation Theorem 


1. The Theorem 


We turn now to the question of exactly which functions / can satisfy (1.2.1). 
The basic representation below is due to Karamata (1930) in the continuous 
case, Korevaar et al. (1949) in the measurable case. We give the proof from the 
latter reference, as it is still the simplest known construction. Following it, we 
give two further results, in which components of the representations used have 
many extra properties. We will be concerned with the measurable case except 
where indicated. 


Theorem 1.3.1 (Representation Theorem). The function f is slowly varying if 
and only if it may be written in the form 


¢(x)=c(x) api | aud (x>a) S) 
for some a>0, where c(`) is measurable and c(x)—> ce(0, œ), e(x)—>0 as 
x> ©. 

Since /, c, e may be altered at will on finite intervals, the value of a is unimportant 
(one may choose to take a= 1,or a=0 on taking ¢=0 on a neighbourhood of 0 to avoid 
divergence of the integral at the origin), and one may also take c eventually bounded. 
We may re-write (1.3.1) as 


¢(x)=exp fatos { su)duu| (S514) 


where c,(x), e(x) are bounded and measurable, c,(x) > deR, e(x) 30 as x > œ. 
As in § 1.2 we will write h(x) := log ¢(e*); thus we are to prove that h satisfies 
(1.2.3) if and only if h may be written 


x 


hoza | e(v)dv  (x>b) (1.3.2) 


b 
on writing b=log a, d(x)=c,(e*), e(x)=e(e*), with d(x) —> deR, e(x) +0 as 
x > œ. By ‘e-function’, ‘e-function’ below, we shall understand functions &(x), 
e(x) as in the representations (1.3.1), (1.3.2). 
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The ‘if? part of the theorem is easy: if (1.3.1) holds, 


¢(Ax)/¢(x) = {c(Ax)/c(x)} exp 1 


x 


A 


: slujdu/u}, 


Choose any interval [a,b] with 0<a<b< œ, and any ¢>0. Then for all 
x> Xo, Say, and all Je[a,b], the right-hand side lies between 


log b|)}, 

from which (1.2.1) follows. Indeed, (1.2.2) follows; this shows that the 

Representation Theorem 1.2.1 implies the UCT, Theorem 1.2.1, as well as 

being implied by it (see the ‘only if’ proofs below); the two are thus equivalent. 
Before proving the theorem we note an important property of functions 

satisfying (1.2.1). 


y 


(1 +e) exp{e max(|log a 


Lemma 1.3.2 (Seneta (1973)). If ¢ is positive, measurable, defined on some 
[ A, œ), and 

L(Ax)/C(x) +1 (x> æ) VA>0, 
then ¢ is bounded on all finite intervals far enough to the right. If 
h(x) :=log ¢(e*), h is also bounded on finite intervals far enough to the right. 


Proof. By the UCT we can find X so large that 

|h(xtu)—h(x)|<1 for x>X (ue[0,1]), 
whence |h(x)| < 1+|h(X)| on [X, X + 1], and by induction |h(x)| <n +|h(X)| on 
[X, X +n] for n=1,2,..., whence the conclusion for h, from which the 
conclusion for ¢(x)=exp h(log x) follows. B| 


We shall call a function locally bounded in some set A if it is bounded in each 
compact subset of A. Thus the above lemma concludes that there exists X >0 
such that ¢ is locally bounded in [X, œ). Since / is measurable, it is also locally 
integrable in [X, œ), / e LLX, 0). 


Proof of Theorem 1.3.1 (Korevaar et al. (1949)). By Lemma 1.3.2, h is 
integrable on finite intervals far enough to the right, being bounded and 
measurable thereon. For large enough X, we may thus write 


inl x 
h(x) = | {h(x) —h(t)}dt + | {h(t +1) —h(t)}dt 


x X 


etal 
-| h(t)dt (x2 X). (1.3.3) 
X 

The last term on the right is a constant, c say. If e(x) := h(x + 1)— h(x), e(x) > 0 
as x 00 by (1.2.3). The first term on the right is lis {h(x) —h(x +u)}du, which 
tends to zero as x—oo by the UCT. Thus (1.3.2) follows with 


d(x)=c+ f {h(x)—h(x +u)}du. ial 
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2. Variants 


Given a representation (1.3.2), we can add any integrable, o(1) function to e(-), 
and adjust d(‘) accordingly, and hence obtain another representation with the 
required properties. Thus the Karamata representation (1.3.1) is essentially 
non-unique: within limits, one may always adjust one of c(‘), e(), making a 
compensating adjustment to the other. It turns out that the e-function may be 
arbitrarily smooth, but the smoothness properties attainable for c(-) are 
limited by those present in /(*). However, replacing c(x) by its limit c € (0, œ), 
we obtain a slowly varying function f(x) =cexp{ fxe(u)du/u} with /(x)~/ (x) 
as x > œ. Thus any slowly varying function is asymptotic to another with 
much enhanced properties. Our first result of this sort shows 7, may be taken 
‘smoothly slowly varying’ (for more on which, see § 1.8): 


Theorem 1.3.3 (cf. de Bruijn (1959)). Let ¢ be slowly varying. Then ¢(x)~7,(x) 
where f, eC”[a, œ), and h,(x) :=log 7,(e*) has forn=1,2,... the property 
h(x) +0 (x> æ). 

(So ¢, is slowly varying with representation ¢ ,(x)=exp(c, + ip e (t)dt/t) in which 

c; =h, (log a) and e; (t)=h; (log t).) 


Proof. Let p(‘) be a C” probability density on R, with support [0,1]. For 
example, set q(x) :=exp(—x~'—(1—x)~') for0<x<1,q(x)=0 for x <0 and 
xe; and letip(x) = a(x)/ f5 q(t)dt for all x. 
With h(x)=log /(e”), let 
e(x):= {h(n+ 1)—h(n)}p(x—n) (n<x<n+1) 
for n large enough for [n, œ) to lie in the domain of definition of h, say, n> B 
(integer). Then e(:) is C” in each interval (n,n + 1), and also at the endpoints 
because p and all its derivatives are zero at 0 and 1. For k=0,1,... write 
M, :=sup,|p(x)|, where p” =p. All M, are finite so 
Je(x)| = [h(x] + 1) —A(Lx])|| E- Lx])| <|h([x] + ) —h([x])|M;, > 0 
as x > 00. Set h,(x):= h(B) +; e(t)dt then we have shown h, e C” and all its 
derivatives are o(1) as x > oo. Finally, for x>B, 


x 


h(x) —h, (x) = (h(x) —h(B)) — | ~ e(t)dt 
B 


x 


=H) mC) - | e(t)dt 
[x] 
ee oe) 
=h(x) —h([x])—{h([x] + ) —h([x])} | p(t)dt 
0 
>0 (x> æ) 
by the UCT. Thus ¢(x) ~7,(x) = exp h, (log x). E 


1.3. The Representation Theorem 15 


Observe that the latter proof holds equally well for Baire slowly varying functions. 
Thus they have the same representation (1.3.1), in which c(x) > c e (0, œ) and c(°) is 
Baire (as the quotient of a Baire function by a positive continuous function), while 
e(x) > 0 and ¢é(-) is C®[a, oo). 

As our next variant we show how a C® slowly varying function 7) may be chosen to 
interpolate / at will. In turn, fọ may be represented by the means given in Theorems 
kl or 13.3; 


Proposition 1.3.4 (cf. Adamović (1966)). Let / be slowly varying and let (x„) be any 
sequence increasing to 00. Then there exists a C® function fo such that ¢9(x)~¢(x) 
(x > œ) and ¢9(x,)=¢(x,) for all large n. If ¢ is eventually monotone, so is Zo. 


Proof. Let / be defined on [a, 0) where a>0. By removing from the sequence all x, <a, 
and adjoining to it all points ae” for integer n>0, we may assume that x) =a, x,,f oo and 
X,+1/Xn<e for all n. Also remove all repetitions, so x, strictly increases. Clearly it 
suffices to prove the result for the sequence thus modified. For n=0,1,... and 
Xn <X<Xn41 define 


(x = X,)/(%p_ + 1 — Xp) 
£5(x) = 105) enden) | p(t)dt 
0 


where p(‘) is as in the previous proof. This makes 7, € C” [a, œ) and /, is monotone on 
each interval [x,,x,4,] and agrees with / at each x,. Since by the UCT 
{(x)/¢(x,) > 1 (n—0co) uniformly in x €[x,,X,+,], 


it follows that 7,(x)~7¢(x) (x > æ). oO 


From some points of view (for instance, the measuring of scales of growth) 
slowly varying functions are of interest only to within asymptotic equivalence. 
We then lose nothing by restricting attention to the case of constant c-function 
in (1.3.1), i.e. to slowly varying functions of the form 


/o)=cex} | cu)du| (x>a) (1.3.4) 


(0<c< œ, &x) > 0), called normalised slowly varying functions (Kohlbecker 
(1958)). For these, 

e(x)=xd¢ (x)/7(x) aie. 
Conversely, given a function / with e(x) := x/"(x)//(x) continuous and o(1) at 
infinity, we may integrate to obtain (1.3.4), showing / to be normalised slowly 
varying. 

It is sometimes desirable to be able to find representations in which particular 
properties of / are reflected in properties of e( `), though not necessarily in c(‘) as well. 
For instance, the proofs of the Representation Theorem given above show that non- 
decreasing / may be represented with non-negative e(`): 


Corollary 1.3.5. If ¢ is eventually non-decreasing (non-increasing), (*) in (1.3.1) may be 
taken eventually non-negative (non-positive). 
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We will show in Proposition 1.10.8 below that monotonicity of 7 does not, however, 
imply that of c(-) in (1.3.1). 


3. Examples and properties 


Using the Representation Theorem, specific examples of slowly varying 
functions may be constructed at will. Trivially, (positive, measurable) 
functions with positive limits at infinity (in particular, positive constants) are 
slowly varying. Of course, the simplest non-trivial example is /(x)=log x 
(c(x)= 1, e(x)=1/logx). The iterates loglogx (=log,x), log,x 
(=loglog,_, x) are also slowly varying as are powers of log, x, rational 
functions with positive coefficients formed from the log, x, etc. Non- 
logarithmic examples are given by 


¢(x)=exp{(log x)" (log, x)... (log, x)*} (0<a;< 1), 
and 
¢(x)=exp{(log x)/loglog x}. 
Note that a slowly varying function / may have 
lim inf 7(x)=0, lim sup / (x)= œ 
(that is, may exhibit ‘infinite oscillation’), an example being 
£ (x)=exp{(log x} cos((log x)*)} 
(see § 1.11.3). 


Finally, we note some elementary properties of slowly varying functions, whose 
proofs may be left to the reader. 


Proposition 1.3.6 
(i) If ¢ varies slowly, (log /(x))/log x > 0 as x > œ. 
(ii) If ¢ varies slowly, so does (¢(x))* for every «ER. 
(iii) If ¢,,¢, vary slowly, so do ¢,(x)¢2(x), ¢,(x) +23(x), and (if £ (x) > œ asx > œ) 


l (l2(x)). 
(iv) If 7,,...,4 vary slowly and r(x,,...,X,) is a rational function with positive 
coefficients, r(¢,(x),...,¢,(x)) varies slowly. 


(v) If ¢ varies slowly and «a>0, 


x*¢(x) > 00, x *L(x) +0 (x> 00). 


1.4 The Characterisation Theorem 


1. The limit function 


Suppose now that /(-) is a positive function, defined on [X, co) for some X >0 
(taking f(x)=f(X) on (0, X) we can extend the domain of definition of f to 
(0, œ) if desired), and let S be the set of all A>0 such that 
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SlAx)/flx) > g(A)E(0, 00) (x > œ). (1.4.1) 
If å, ues then 
Saux) _ flux) flux) (gl 
fo) ~ far) fey 99) 


(> œ), 


so AueS and 


gAu)=glA)g(u) (A, u Es). 
In particular, since g(1)= 1 we find, taking u= 1/4, that if AeS, 1/AeS and 
g(1/2)= 1/g(A). Thus S is a multiplicative subgroup of (0, œ). 
As usual, we will change to additive notation for the proofs below. Write 
h(x) :=log f(e”), k(u) :=log g(e"), T := {log A:A4€S}. Then in 


h(x+u)—h(x) 3 k(u)ER (x> æ) YueTcR, (1.4.1) 
T is an additive subgroup of R, and 
k(u+v)=k(u)+k(v) (u,veT). (1.4.2) 


We now show that if f is not too pathological and S is known not to be too 
small, (1.4.1) holds for all A e (0, 00) with g(4) = 4’ for some real p. Such a result 
characterises the possible limits g. The result below is given in Karamata 
(1933), though with an incorrect proof. Use of the Cauchy functional equation 
in this context is due to Feller (1971); see also de Haan (1970) (compare Petrini 
(1916) for an early attempt in this direction). 


Theorem 1.4.1 (Characterisation Theorem). If f >0 is measurable [ Baire], and 
(1.4.1) holds for all Aina set of positive measure [a non-meagre Baire set], then 
(i) (1.4.1) holds for all A>0, 

(ii) there exists a real number p with g(A)=/? VA>0, 

(iii) f(x)=x?’¢(x) with / slowly varying [Baire slowly varying]. 
Proof. In additive notation, (1.4.1’) holds with T an additive subgroup of R, of 
positive measure [a non-meagre Baire set]; by Corollary 1.1.4, T= R, proving 
(i). 

Taking the limits in (1.4.1), (1.4.1’) sequentially, g, k are pointwise limits of 
sequences of measurable [Baire] functions, and are thus measurable [Baire]. 
But since T= R, (1.4.2) shows that k is additive (g is multiplicative), and then 
Theorem 1.1.8 shows that for some p € R we have g(u) = pu, k(A) =’, proving 
(ii). 

Now if 7(x) := f(x)/x?, we have 

{(Ax)/¢(x) 71 (x70) VA>0, 


proving (ii). E 


2. Regular variation 


In the situation of Theorem 1.4.1, we thus have 
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fAx)/flx) > 2? (x4 00) VA>0. (1.4.3) 


Definition. A measurable [Baire] function f >0 satisfying (1.4.3) is called 
regularly varying [Baire regularly varying] of index p; we write feER, 
DEBRI 

We write 

Rist) R, 
peR 

for the class of all regularly varying functions; BR is defined similarly. Ro [BRo] 
is the class of slowly varying [Baire slowly varying] functions considered 
earlier. 

Part (iii) of the Characterisation Theorem, with Lemma 1.3.2, gives the 
valuable 


Corollary 1.4.2. If f eR then there exists X >0 such that f and 1/f are locally 
bounded and locally integrable on [X, œ). 


The definition and principal properties of regularly varying functions are due to 
Karamata (1930) in the case of continuous functions, Korevaar et al. (1949) for 
measurable functions; use of the Baire property in this context is due to Matuszewska 
(1965). Various earlier attempts in similar directions had been made; for instance, 
Schmidt (1925) defined radial sequences (gestrahlte Folgen) which are related to 
regular variation. Polya (1917) and Landau (1911) obtained results under 
monotonicity restrictions, and the work of Petrini (1916), Faber (1917), and Schur 
(1930) is also relevant. 

It is sometimes convenient to transfer attention from infinity to the origin; 
thus if f is positive, 


f(Ax)/flx) + 2° (x10) VA>0 


and, for instance, f is measurable, we say f is regularly varying (on the right) at 
the origin with index p, f € R,(0 +). This is equivalent to saying f(1/x)€R_,. 


3. Other characterisation theorems 
We turn now to a different type of result in which, at the cost of imposing a 
side-condition on f, it suffices to assume the existence of the limit in (1.4.1) on 
an even smaller set, and we do not need to assume f measurable or Baire. 


Theorem 1.4.3. Write 
g*(A) =lim sup f(Ax)/f(x) 


x-* 00 


and assume that 


lim sup g*(A) <1. (1.4.4) 


Al1 


1.4. The Characterisation Theorem 19 


Then the following are equivalent (for a positive function f): 
(i) there exists pe R such that 


SAX)/flx) > 1? (x > 00) VWA>0, 
(ii) g(A) :=lim,.. ,, f(Ax)/f(x) exists, finite, for all à in a set of positive 
measure [a non-meagre Baire set], 
(iii) g(A) exists, finite, for all A in a dense subset of (0, œ), 

(iv) g(A) exists, finite, for A=2,, 2, with (log 2; )/log 4, finite and irrational. 

Theorem 1.4.3 contains results of Seneta (1973), Theorem 2, Heiberg 
(197 1a). We prove it in a more general setting in Theorem 3.2.5: the proof of 
the special case here is no easier. 

Inequality (1.4.4), a condition of ‘lim sup lim sup’ type, resembles but (we shall see) is 
strictly weaker than the corresponding ‘limlimsupsup’ condition of ‘slow increase’ 
type in the classical sense of R. Schmidt (1925). Slow increase (and the corresponding 
slow decrease) conditions play the rôle of Tauberian conditions in many Tauberian 
theorems; see § 1.7.6 below. Note also that, when (i) holds, g*(A)=g(A)= 4° trivially 
satisfies (1.4.4). Thus if we assume any of (ii){iv), (1.4.4) is necessary, as well as 
sufficient, for (1) to hold. 

Alternatively, one could use 1/f in the theorem in place of f; then (1.4.4) 
becomes 

lim inf lim inf f(Ax)/f(x)> 1. 
ALE x> 

Thus, for Theorem 1.4.3, one needs a one-sided condition on f, restricting f 
‘above’ or ‘below’. We may without loss agree to restrict ‘above’ as in (1.4.4); 
we may always pass to this case by considering 1/f for f if need be. The 
prototype of this situation is in Tauberian theory, when a one-sided condition 
suffices. Suppose (as is conventional) we work with restrictions below. Then 
slow decrease is necessary and sufficient for the implication from Cesaro 
convergence to ordinary convergence (Hardy (1949), Theorem 68). 


4. Weak regular variation 


There is an alternative approach in which, as in Theorem 1.4.3, the Cauchy functional 
equation and the assumption of measurability or the Baire property are avoided, but a 
different side-condition is imposed on f. 


Theorem 1.4.4 (Seneta (1973)). If f is positive, f and 1/f are bounded on finite intervals 
far enough to the right, and 
flAx)/flx) > g(A)E(0, ©) (x > æ) 
forall Aina set of positive measure or non-meagre Baire set (in particular, in an interval), 
then there exists pe R with 
flax)/flx) > 0? (x70) VA>0. 
The proof depends on the following: 
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Lemma 1.4.5 (Seneta (1973)). If h is defined (real, finite) on some [X, œ), and 
h(x+1)—h(x) >cER (x> æ), 

then h(x)/x >c (x > æ) if and only if h is bounded on finite intervals far enough to the 

right. 

Proof. For necessity : choose £> 0; then h(x) lies between x(c +£) for x > X (e) say, so his 

bounded on finite subintervals of [X(e), œ). 

For sufficiency : by replacing h(x) by h(x) —cx we may assume c =0. Choose ¢>0 and 
find X so large that |h| is bounded (by M, say) on [X,X +1], and so that 
h(x + 1) —h(x)| <4e for all x> X. Write n, ô (=n(x), 6(x)) for the integer and fractional 
parts of x— X. Then for x> X +1, 

|h(x)|/x =|h(X +n+ 6)|/(X +n+ ô) 
< (Sen + |h(X + 6)])/n 
<4e+M/n(x) 


which is less than e for x sufficiently large. o 


Proof of Theorem 1.4.4. Let S be the subset of 4 e (0, œ) for which the limit as x > œ of 
fAx)/f(x) exists. As before, S is a multiplicative subgroup of (0, œ). As in the proof of 
Theorem 1.4.1, S= (0, œ), and g(A):=lim,..,, f(Ax)/f(x) exists for all A>0. 
Changing to additive notation as before, we thus have 
h(x+u)—h(x)> k(u) (x> œ) VYueR. 
First, take u>0. If y:=x/u, 
h(u(y + 1))—h(uy) > k(u) (y> 2). 

Since f is bounded on finite intervals far enough to the right, so is x-+h(ux). Then 
using the lemma, 

h(uy)/y > klu) (y> œ), 
or 

h(x)/x > k(u)/u_ (x > œ). 
This holds for each u > 0, so the limit is independent of u > 0. That is, for some constant 
p we have k(u)= pu for u>0. For u<0 we have 

h(x + |u|) A(x) + —k(u) (x00) Yu<0 

and by above the left tends to p|u|= — pu. So k(u)= pu for all non-zero u, and trivially 
for u=0 also. Thus k(u)= pu, g(A)=/?, as required. oO 


The method of proof above is based on that of Karamata (1933). However, 
Karamata passed from h(x + 1)— h(x) > c to h(x)/x > c without conditions. While for 
a discrete variable this is merely the regularity of Cesaro summability, Lemma 1.4.5 
shows that further conditions are needed for a continuous variable, as was recognised 
by e.g. de Haan (1970), p. 3. 


5. Discussion 


For the function h, constructed in the proof of Theorem 1.2.2, plainly f; (x) = 
exp(h, (log x)) satisfies the conditions of Theorem 1.4.4. Thus Theorem 1.4.4 
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provides a non-trivial context in which the Characterisation Theorem holds 
but the Uniform Convergence and Representation Theorems do not. On the 
other hand, the Hamel pathology of § 1.1 provides multiplicative functions 
f(x) not of the form x?; for these, f(Ax)/f(x) = f(A), so the UCT holds trivially, 
but the Characterisation Theorem does not. 

To recapitulate: of the basic Uniform Convergence, Representation and 
Characterisation Theorems: 

(i) in the measurable and Baire cases all three hold, 

(ii) in the case of boundedness on finite intervals far enough to the right, only the 
third holds (the term ‘weak regular variation’ is sometimes used here), and so we 
cannot develop this case further. 

Of the Baire and measurable cases, the latter is the usual one (and appears in the 
definition of slowly varying function), as the relevant slowly varying function has often 
to appear as an integrand. 

Observe also that if f(x)~g(x) as x > œ and the conclusion of one of the three 
theorems above holds for f, it holds for g. This gives a rather trite extension of these 
theorems in the measurable and Baire cases (though not in the case of boundedness on 
finite intervals far enough to the right), and we will not pursue this here (but see § 3.2 
below). 

Regular variation can be developed in more general settings than R —see Appendix 1 
for a survey — but the strength of the theory in the real-line case relies on its identification 
and deployment of the single real-valued index p of a regularly varying function, not 
present in such a simple form in most other settings. It is because of this that we have 
restricted attention to the real-line setting. 


1.5 Functions of regular variation 


1. Uniform convergence and representation 
Now that we have not only slow but also regular variation at our disposal, we 
return to the Uniform Convergence and Representation Theorems and re- 
examine them in this setting. 
If f varies regularly with index p, f e€ R, we have 


fix) =x? E(x) 
=x"elx)exp4 | sundul (x>a) (1.5.1) 


a 


for some a>0, where c(x) > c e (0, œ), e(x) > 0 as x > œ. Thus 


f(x)={c+o()} api | [p + o(l)]du/u} (0<c<o) (1.5.2) 


(re-defining f on some compact subset of (0,0) if necessary) gives a 
representation of the general f € R,. The representation of the function h(x) := 
log f(e”) corresponding to it as in § 1.4 is, writing d :=log c, 
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x 


ozdo) | {p+o(1)}dy (deR). (1.5.2b) 


0 
One simple but useful consequence follows immediately from (1.5.2b) or 
Proposition 1.3.5(i). 


Proposition 1.5.1. If f varies regularly with index p40, then as x > œ 
co ifp>0 
wa] 


0 ifp<0 


In the UCT for slowly varying functions, we obtain uniformity in A € [a,b], 
0<a<b<oo. For regularly varying functions of index p <0, we may take 
b=; for p>0 we may take a=0 (in this last case, we are involved with f(y) 
for arguments y right down to the origin. To obtain our conclusion we may 
have to modify f(x) on some interval (0, X), but this is barely a restriction as 
such modification does not alter regular variation). The result is due to 
Karamata (1930) in the continuous case; for the measurable case see Berman 
(1973). 


Theorem 1.5.2 (Uniform Convergence Theorem for R). If f varies regularly 
with index p, then (in the case p>0, assuming f bounded on each interval 
(0, XJ), 
SAX)/f lx) > 2? (x > œ) uniformly in å 

on each [a,b] (0<axb<om) if p=0, 

on each (0,b] (0<b<a) if p>0, 

on each [a, œ) (0<a< œ) if p<0. 
Proof. The case p =0 is Theorem 1.2.1. We prove only the case p >0, the case 
p<0 being handled similarly. In view of Theorem 1.2.1 we may confine 


attention to 4e (0, 1]. 
Choose ¢€(0, 1), set A := ($e)!/"*), then 


0<AP <te, 0<44 t1 xie (0<4<4). (153) 
We may find X, so that the functions in (1.5.1) satisfy 
+<c(x) <2, etx) <r Ge x"). (1.5.4) 


Thus for 0<A<A and x> X,/4, (1.5.4) is satisfied both at x and Ax, whence 
f(Ax)/flx) <44 +t, and then (1.5.3) gives 


| MAx)/flo) —A?|<e (0<A<A,x>X,/A). (1.5.5) 


Set M :=supo<;<x, f(t)< œ, then we may find X, so that M/f(x)<4e for all 
x2 X,. Hence, again using (1.5.3), 


| MAx)/flx)—A?|<e (O<A<A,X,<x<X,/d). (1.5.6) 
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For the slowly varying /(x) := f(x)/x? we may by Theorem 1.2.1 find X, such 
that 
|Z(Ax)/4(x) —I|<e (A<4<1,x> X3). 
Then 
| fAx)/flx) —AP| = A? |E(Ax)/¢(x) — 1| 
LNS A 1x > X.,). 
On combining this with (1.5.5) and (1.5.6), 
| f(Ax)/flx) —19|<2e (0<4< 1,x>max(X,, X;)), 
yielding the desired uniformity. m 


2. Monotone equivalents 


The next result gives a useful property of regular variation which follows 
easily: see Matuszewska (1962), Karamata (1930), pp. 45-6. 


Theorem 1.5.3. Let f€R,, and choose a>0 so that f is locally bounded on 
[a, 00). If p>0 then 
(i) flx) =sup{fl:a<t<x}~flx) (x> 0), 
(ii) f (x) =inf{ f(t):t>x} ~f (x) (x > 00). 
If p<0 then 
sup{ f(t):t>x}~f(x) (x> 0), 
inf{ f(t):a<t<x}~f(x) (x>). 


Proof. We prove only the p>0 case, the p <0 case being similar. 

After suitable alteration of f on a finite interval (which does not affect 
regular variation of f, nor the desired conclusion), Theorem 1.5.2 gives 
uniformity on (0, 1], whence 

sup f(Ax)/fix) > sup 4? (x> œ), 
Ae(0,1) Ae(0,1] 


that is, f(x) ~ f(x), giving (i); (ii) follows similarly. El 


By Theorem 1.5.3, any function f varying regularly with non-zero exponent 
is asymptotic to a monotone function. In particular, if / is slowly varying and 
a>0, x*/(x) is asymptotic to a non-decreasing function, x */(x) to a non- 
increasing one. Conversely, if / has this property for every «>0, it must be 
slowly varying (Matuszewska (1962)): 


Theorem 1.5.4. A (positive, measurable) function ¢ is slowly varying if and only 
if, for every «>Q, there exists a non-decreasing function ġ and a non-increasing 
function y with 

x*0(x) ~ P(x), x ¢(x)~W(x) (x> æ). (15.7) 
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Proof. The ‘only if’ part was proved above. For the ‘if’ part, for each « >0 and 
$, y as in (1.5.7), there exist functions c,(x),c(x) > 1 as x > œ with 


E(x) =C,(x)x "(x)= C2(x)x*(x). 


For A>1, 
c1(Ax) -a_l (x) 
C(x) U(x) (Ax) 
<L(Ax)/¢(x) 
ehh) WAX) _ €2(Ax) 4a 
C(x) W(x) cx) 
Let x > œ: 


A~* <lim inf 7(Ax)/¢(x) <lim sup 7(Ax)/¢(x) <2”. 


x co x 0 


Now let « > 0+ :/(Ax)/¢(x) > 1, and 7 is slowly varying as required. O 


3. The Zygmund class 


The following definition is sometimes useful in applications. 


Definition (after Zygmund (1968)). A (positive, measurable) function f belongs to the 
Zygmund class Z if, for every «>0, x*f(x) is ultimately increasing and x” f(x) is 
ultimately decreasing. 


Theorem 1.5.5 (Bojanic & Karamata (1963a)). The Z ygmund class coincides with that of 
the normalised slowly varying functions. 


Proof. Consider f in the Zygmund class. For each «>0 let X, be such that x*f(x)f and 
x “f(x)) on [X,, 00). Let h(x) :=log f(e”), and T,:=log X,, then h(x)+ax is non- 
decreasing, and h(x)—ax non-increasing, on [T,, 0). 

FOL xali 


—(y—x)<h(y)—h(x) <(y—x), 


hence h is absolutely continuous on [T,, ©), in the usual sense: 


y |h( yy) —h(x,)| <e 
k=1 


for every finite family of disjoint subintervals {(x,,y,)} with Y" (yp—xp)<ô(e). 
Therefore 


x 


h=) + | e(t)dt (Ti SxXx<00) 


Ti 
for some measurable function e(`), and e=h' almost everywhere in [T,, 00). We may 
re-define e(x) :=0 where h'(x) does not exist. The defining property of T, implies that 
—a<h'(x)<« for every x>T, at which h'(x) exists. Thus e(x) > 0 as x > œ. So 


S(x)=f(X,) exp) f e(log una (x>X,), 
xX, 
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which expresses f as normalised slowly varying. 


Conversely, it is easy to see that every normalised slowly varying function is in the 
Zygmund class. O 


4. Potter bounds 


Theorem 1.5.3 has other useful consequences. The next result (which is 


actually equivalent to Theorem 1.5.3) concerns global bounds for f(y) fx), 
extending Potter (1942): 


Theorem 1.5.6 (Potter’s Theorem) 
(i) If l is slowly varying then for any chosen constants A>1, 5>0 there 
exists X = X(A,6) such that 
¢(y)/¢(x) <A max{(y/x)’, (y/x)~9} (x>X, y> X). 
(ii) If, further, ¢ is bounded away from 0 and œ on every compact subset of 
[0, œ), then for every 6>0 there exists A'=A'(d)>1 such that 
¢(y)/¢(x) < A’ max{(y/x)’, (y/x)~°} (x>0, y>0). 
(iii) If f is regularly varying of index p then for any chosen A> 1,6>0 there 
exists X = X(A, ô) such that 
SOf) < A max{(y/x)?**, (y/x)?~?} (x 2X, y> xX). 


Proof. 


(i) This follows at once from the Representation Theorem or Theorem 
lS 


(ii) Pick A>1,6>0, and let X be such that (i) holds. By local boundedness 
there exists A*>1 such that 
(y)/¢(x)<A* (0<x<X,0<y<X). 
Then for 0<x<X <y, 
Ph D a(z) a <Aa‘(2), 
AeA eX) AEA) X x 
and similarly for0<y<X <x, 
EVEX) < AA*(y/x)~?. 
Combining, (ii) follows with A’ := AA*. 
(iii) Immediate from (i). g 


5. Properties 


Regularly varying functions possess a number of closure properties, along the lines of 
those in Proposition 1.3.5. The reader may readily prove 
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Proposition 1.5.7 
(i) If fix)ER,, then fx) ER 
(ii) If fieR, G=1,2), fo(x) > œ as x > œ, then f,(f2(x))ER,,, 
(iii) If fie R, (i=1,2), then fi +f,€R, where p=max(p,, p2). 
(iv) If FeR, ( (i=1 to k) and r(x,,...,x,) is a rational function with positive 
coefficients then r( f,(x),...,f,(x))ER. 


6. Karamata’s Theorem (direct half) 
The asymptotic behaviour of integrals of regularly varying functions will be of 
importance later. 


Proposition 1.5.8. If ¢ is slowly varying, X is so large that / (x) is locally bounded 
in [X, œ), and a> — 1, then 


ir t7¢(t)dt~x**17(x)/(a+1) (x> x). 
x% 


Proof. Choose 6€(0,a+1). With X(2,6) as in Potter’s Theorem, (i), take 
X :=max(X, X(2, 6)). Write 


Š l (ux) 
AOE A —— Try. d 
fea t*¢(t)dt/{x (x)} = |, 7(x) uxx 1(u)u7dx, 


then the integrand on the right tends pointwise to u*, and by Potter’s Theorem 
is dominated by 2u*~°. By dominated convergence, the integral converges to 
li u*řdu= 1/(x+ 1). We thus have the result, apart from X having been 
increased to X’. Since, in the result, the right-hand side tends to 00, we may 
alter X’ to X in the left. oO 


The result remains true for x= — 1 in the sense that then 
1 x 
— | ¢(t)dt/t > œ, (1.5.8) 
{(x) I 


but what is more important here is that the integral is now slowly, rather than 
regularly, varying. (We shall see in Chapter 3 that actually the integral is, more 
precisely, a de Haan function, to be defined in that chapter). 


Proposition 1.5.9a. Let ¢ be slowly varying and choose X so that €L}.[X,«). Then 
ie ¢(t)dt/t is slowly varying and (1.5.8) holds. 


Proof. We first prove (1.5.8). Choose c €(0, 1) arbitrarily; then 


f(x) = I, /(t)dt/t 


X 


>Í ¢(t)dt/t for large enough x 


1 
= | ¢(xt)dt/t 


1 
~co | dt/t 
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by the UCT. Thus 
lim inf 7(x)/7(x) >log(1/c), 


and as c is arbitrarily small, 7(x)//(x) > œ follows. 
Next, by Lemma 1.3.2 we can find Y > X so that /, hence also 7, is locally bounded 
away from 0 on [Y, œ). Write e(x) :=7(x)/7(x); then e(x) +0 as x > œ, and 
7'(x)=¢(x)/x=e(x)7(x)/x a.e. on [Y, œ). 
So 7’(x)/7(x)=e(x)/x a.e. Now Ž is (locally) absolutely continuous, hence so is log 7. 
Integrate: 


7(x)=7(Y) apf f sodri}, 


Y 


giving slow variation of 7 by the Representation Theorem. E 


With / slowly varying, |” /(t)dt/t may or may not converge. In the case of 
convergence, slow variation of ie /(t)dt/t is trivial; a more interesting result is 


Proposition 1.5.9b. If ¢ is slowly varying and ite {(t)dt/t< œ, then E /(t)dt/t is slowly 
varying, and 


1 co 
Fea {(t)dt/t> œ (x> œ). (1.5.9) 


This may be proved by an argument analogous to that above; cf. Potter (1942), 
Feller (1971), Chapter VIII, §9, Bingham & Doney (1974), §2. 
There is also an analogue of Proposition 1.5.7 in which we integrate up to 


infinity: 


Proposition 1.5.10. If ¢ is slowly varying and a< — 1 then |” t*/(t)dt converges 
and 
xe (x) 


eee eo S o0). 
[Eer t)dt i PREY 


Proof. Let p:=4(a+1)<0, then f(x) =x***Y7(x)eR,. Now 

{2re(t)dt œ f flux) w 

= +a+1= ———y? su? *du. 

x **o(x) 1 (Sx) 
On the right, as x > œ the bracketed term tends to zero uniformly in u, by 
Theorem 1.5.2. Since u?~! is integrable over (1, ©), the integral tends to 
0. oO 

The way to remember Proposition 1.5.8 is that /(t) can be taken out of the integral as 
if it were /(x): thus 
| raodo | ttdt (x> œ); 
X Xx 


similarly for Proposition 1.5.10. hi 
For later use, it is convenient to summarise Propositions 1.5.8—10 in slightly 


different form. 
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Theorem 1.5.11 (Karamata’s Theorem; direct half). Let f vary regularly with 
index p, and be locally bounded in [X, œ). Then 
(i) for any o> —(p +1), 


i | t*f(t}dt >o tpt (x 00); 
X é 
(ii) for any o< — (p+ 1) (and for o= —(p +1) if [° tY * Pf(t)\dt< w) 


xt) || t*f(t)dt > —(o+p+1) (x> œ). 


7. Asymptotic inversion and conjugacy 


If f is defined and locally bounded on [X, œ), and tends to œ as x > œ, the 
generalised inverse 


f ~ (x) =inf{ ye LX, 0): f(y) >x} (1.5.10) 
is defined on [ f(X), œ) and is monotone increasing to o 


Theorem 1.5.12. If f eR, with a>0, there exists ge R; with 
fa) ~g(f(x))~x (x > æ). (1.5.11) 


Here g (an ‘asymptotic inverse’ of f ) is determined uniquely to within asymptotic 
equivalence, and one version of g is f~. 


Proof. By (1.5.1), f(x) ~ f(x) := x77, (x) where 7, is as in Theorem 1.3.3. Thus 
h(x) :=log f,(e*) has h'(x) > «>0as x > æ. So hon some [X, œ) has inverse 
h“, with h“'(x) > 1/a as x > co. Define g(x) := exp h“ (log x) (on [e"™?, «0)), 
then g € R,,, and 


fig) =g (x) =x 

for large x. From this, f(g ak ee and g(f(x))~x by the UCT, 
yielding (1.5.11). If gp is another function with gọ(x)—> œ and f(go(x)) ~ x then 
g(f(Ggo(x)))~g(x) since geER,,,, hence gy~g by (1.5.11). Thus g is 
asymptotically unique. 

To see that f~ may be used for g it suffices by the last remarks above to 
show f( f~ (x) ~x. 

Choose A> 1, A> 1, ĝe(0, œ), then by Potter’s Theorem there exists uo 
such that 

ATSA FO < flu) < AA** fv) Woe [Aq u Au), u> uo. 

Choose x so large that f~(x)>upo, then by definition of f“ there exists 
ye[f* (x), Af“ (x)] such that f(y)>x, and there exists y’e[A~'f “(x), f “(x)] 
such that f(y’) <x. Taking u above to be f“ (x), and v to be y and then y’, we 
get 


AA E °F) SSF “()) < Ad? f(y’). 
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So the lim sup and lim inf as x > œ of f(f'~(x))/x lie between 44**? and its 
reciprocal. Let A, Al 1, hence f(f*~(x))/x > 1. E 


Theorem 1.5.13 (de Bruijn (1959)). If / varies slowly, there exists a slowly 
varying function Aip unique up to asymptotic equivalence, with 

AEA (x¢(x)) > 1, exc Oe (x) >11 (x> œ); (£512) 
then l** ~ 2. 


Proof. Existence and asymptotic uniqueness of 7* follow from Theorem 
1.5.12 on taking a= 1, f(x)=x7(x), g(x) =x7* (x). That 7* * ~ 7 follows by the 
symmetry between f and g. o 


The slowly varying function /* is the de Bruijn conjugate of 7; (¢,7*) isa 
conjugate pair. Such pairs are of common occurrence in problems connected 
with asymptotic inversion. Two typical areas of application, considered later, 
involve Laplace’s method for the asymptotics of Laplace transforms, and 
domain-of-attraction problems in probability theory. 

The reader may readily verify the following 


Proposition 1.5.14. If (¢,¢*) is a pair of conjugate slowly varying functions, A, 
B, «>0, each of the following is also such a pair: 


(¢(Ax), £ * (Bx)), 
(AZ(x), Av *7? @&)), 
({2(2)} E aa] 
We have seen above that the conjugacy relation between / and /* is 


essentially what is involved in the asymptotic inversion of functions in R,. The 
analogous result for an arbitrary positive index is: 


Proposition 1.5.15. Let a,b>0, let fix) ~ x*°¢%(x°) where is slowly varying, and 
let g be an asymptotic inverse of f as in Theorem 1.5.12. Then 


gx) ~x a) (x > o). 
Note. The converse also holds, by the symmetry of asymptotic inversion and 
conjugacy. 
Proof. If F has asymptotic inverse G as in Theorem 1.5.12 then immediately 
F.") has asymptotic inverse (G'/(-'"). Take F(x)=x/(x), 
G(x) =x¢* (x). c 


Methods of calculating 7* are in § 5.2 and Appendix 5. 
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1.6 Karamata’s Theorem 


1. Converse half 


Theorem 1.5.11 tells us in detail how slowly varying functions behave when 
multiplied by powers and integrated. It is a remarkable fact that such 
behaviour can only arise in the case of regular variation — that is, in the context 
of Theorem 1.5.11. This is of fundamental importance; the continuous case is 
due to Karamata (1930), the measurable case to de Haan (1970). 


Theorem 1.6.1 (Karamata’s Theorem; converse half). Let f be positive and 
locally integrable in [ X, œ). 
(i) If for some o> —(p +1), 


op) Cftdt>so+p+1 (x> œ), 
X 


then f varies regularly with index p. 
(ii) If for some o< —(p+1) 


x |” tflt}dt > —(g+p+1) (x> œ), 


x 


then again f varies regularly with index p. 
Proof. 
(i) Write g(x) := x°" *f(x)/[y t%f(d)dt. Pick Y >X, then 
| a yt/t=tog) | ertoaic| (x=); 


Y X 
where Coli t*f(t)dt. This is from both sides being absolutely continuous, 
with the same derivative. Then 


flx)= x7? 1g(x) | efod 
A 
AON O REA apd | air 
=CX a = G(x) exp | [g(t)—o— na. 
f 


But we are given g(x)—o—1- p, so regular variation of f with index p 
follows by the Representation Theorem; see (1.5.2). 
(ii) Defining g(x) :=x° **f(x)/[® tf(t)dt this time, we find for x>X that 


[_ateatie=tos} |” erod |” efod) 


whence, by an argument like that above, 
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fom K j efod bat) exp} — jii [g(t)t+o+ nar}, 


giving regular variation of f of index p, as g(x)+0 + 1> —p. g 

Suppose now that in case (i) of the Theorem, f is extended to be defined on 
(0, X) also in such a way that (p tf(t)ddt converges. Then case (i) of the 
Theorem, and Theorem 1.5.11, asserts that for o+p+1>0, 


1 1 
| ti f(xt)/ f(x) jdt > | t .?dt=1f(o+p+1) (x> œ), 
0 


0 
if and only if 


ftf) >? (xæ) Yee, 1), 


while case (ii) asserts that when on the other hand o +p + 1<0 this last holds if 
and only if 


| rifeid + |" t°.dt=—If(o+p+l) (x> 0). 
1 


1 
This formulation brings out very clearly how Karamata’s theorem characterises 
regular variation in terms of behaviour when integrating against powers. 


2. The Aljancic-Karamata Theorem 


It is interesting to compare the above with the following result, due to Aljančić 
& Karamata (1956); cf. Seneta (1976), Theorem 2.2, de Haan (1970), Theorem 
1.3.3, Bingham & Goldie (19826), Corollary 4.2. 


Theorem 1.6.2 (Aljancic-Karamata Theorem). Fix ¢>9. The following are 
equivalent, for f such that log Lj,.[X, ©): 
(i) f varies regularly with index p, 
(ii) after altering f on (0, X) so that if; u’ | log f(u)du converges, 
1 1 
| i log len fi)}ani- | t° log(t?)dt/t 
0 0 


=—p/o* (x>), 


(iii) | eroetxea | t log(t ?)dt/t 
0 JO 


=p/o? (x0). 
Karamata’s Theorem and the Aljancic-Karamata Theorem are the prototypes of 


much more general results, of a ‘Mercerian’ nature. For these, see § 5.2 — the Drasin— 
Shea Theorem — and § 5.1 respectively. 


Proof (ii) = (i). We have 


x 


log f(x) -x= Í y’ log fly)dy/y=po* +øelx), (1.6.1) 


0 
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where e(x) > 0 as x > œ, and by assumption e(`) is locally integrable. Divide 
through (1.6.1) by x and integrate over (1, x): 


x 


oe. i y? "log f(y)dy=(p/c) log x +0 | e(t)dt/t+const. 


0 1 
so exp{x “J>y’ ‘fly)dy} is regularly varying with index p/o, by the 
Representation Theorem. But from (1.6.1), 


f(x)= expan? | t y” log f( vidi} exp{pa ! +oelx)} 


0 


~exp} ox f y’ log flay 


0 
which is regularly varying with index p. 


(i) = (ii). The Representation Theorem gives 


x 


log{ f(xt)/f(x)} =n(xt) —n(x)+ p log t — | e(u)du/u 


xt 
where n(x)>ceR, e(x)>0 as x0; we may suppose e(x) bounded and 
vanishing near the origin. Now 


1 
| t’ log tdt/t= — 1/07, 


10) 
1 Be 
| eman =neo)di=o tx | nio™*)do—n¢| 
0 0 


SPOR (eee). 


1 ‘x 1 1 
| rota | soduju= | eia | e(xv)dv/v 
0 xt 0 t 


—0 (x> 0) 


by dominated convergence, yielding (ii). 
The proof of the equivalence of (i) and (iii) is analogous. E 


In terms of @ :=log f the Aljancic-Karamata Theorem can be reformulated 
as follows; this will turn out to be a special case of de Haan’s Theorem (§ 3.7). 


Corollary 1.6.3. Fix o >0. The following are equivalent, for ¢ locally integrable 
on [X, 0): 

(i) 6(Ax)— (x) > plogA (x70) VA>0, 

(ii) After suitably altering } on (0, X) if necessary, 


x 


P(x) — ax? | u’p(u)du/u— p/o (x> œ), 


0 


(iii) ox? (Pu *p(u)du/u—$(x) > p/o (x > æ). 
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3. Stieltjes-integral forms 


The general regularly varying function f need not be locally of bounded variation, 
because the function c() in the Representation Theorem need not be. But if f is locally 
of bounded variation (at least, far enough to the right) we may use it as a Lebesgue— 
Stieltjes integrator, which enables us to re-write the Karamata and Aljancic-Karamata 
Theorems in an alternative and perhaps simpler form. 

See Appendix 6 for details about bounded variation. In the notation given there, we 
assume f €BV,,.[X,0o) for some X>0. In particular, f is right-continuous. It is 
convenient to assume further that intervals of integration include (finite) right end 
points and exclude left end points. Then for integrating against powers the integration- 
by-parts formula becomes simply 


i tdf(t)=yf(y) —xf(x) -—¢ | t°f(t)dt/t, (1.6.2) 


x x 


for every finite interval on which f has bounded variation. 


Theorem 1.6.4. Let f be positive, and f € BV,,.[X, œ). If f is regularly varying of index 
p, and o+p>0, then 


f anono > ple +o) (x > 00). (1.6.3) 
x 


Conversely, if (1.6.3) holds, with o+p>0, and if either (i) o>0, or (ii) ¢<O and 
x°f(x) > co, then f varies regularly with index p. 


Proof. (1.6.3) is equivalent to 
X°f(X) +0 f> t7f(t)dt/t Eg 

xfx) o+p 
If f eR, then x’f(x) > œ, and (1.6.4) follows on applying the direct half of Karamata’s 
Theorem. Conversely if o#0 and x°f(x)— œ% then (1.6.3), via (1.6.4), implies 
lie t°f(t)dt/t~x°f(x)/(o+p), whence feR, by the converse half of Karamata’s 
Theorem. It remains to show that in case (i) of the converse we can dispense with the 
condition x°f(x) > œ. For in that case, ø being positive, if the integral in (1.6.4) 


converges as x > œ% then x’f(x) tends to some c € (0, o0). But then JX f (Ddt/t ~c log x, 
a contradiction. So the integral tends to infinity, whence so does x’f(x), by (1.6.4). O 


(x > 00). (1.6.4) 


There is, as one expects, an analogous result for integrals up to infinity. But here one 
hits trouble, in that the relevant integral |*t7df(t) need not exist, even though f is 
regularly varying of index p < — c, and locally of bounded variation on LX, œ). Foran 
easy example let f(x) be positive, converge to 1 as x > %, and such that its total 
variation on each interval [n,n+1],n=1,2,..., isn. (Use a zigzag!) This f is slowly 


varying, but 


n 


n+1 n+i 
f t ‘|df(t)|> | |df(t)|/n=1, 


so J%t~'|df(t)|=00 and ft *df(t) does not exist. 
By contrast the improper integral 
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| weap) = lim | ” fit) 


x y-? Ow hx 
is, when f € R, with p < —a, finite for x> X, for the right-hand side of (1.6.2) converges 
as y > œ. So the next theorem is couched in terms of improper integrals. In particular 
applications there may well be extra information, for instance monotonicity of f, which 
forces the proper and improper integrals to coincide, and then the results below carry 
over from one to the other. 


Theorem 1.6.5. Let f be positive, and f € BV,,,.[X,). If f is regularly varying of index 
p, and o+p<0O, then 


iy t°df(t)/{x°flx)} = —p/(o+p) (x7 0). (1.6.5) 


Conversely if o #0, and (1.6.5) holds for some (finite) p with o +p <0, then f varies 
regularly with index p. 


Proof. If feR, and o+p<0 then y’f(y) +0 as y > ~, so from (1.6.2) there exists 


| eos- f t*f(t)dt/t (x2 X), (1.6.6) 


x x 


where the integral on the right coincides with the corresponding improper integral. On 
dividing by x°f(x) and applying the direct half of Karamata’s Theorem, (1.6.5) follows. 

Conversely, assume (1.6.5), which says in part that the improper integral is finite. We 
must prove (1.6.6). If p #0 then (1.6.5) implies x’f(x) > 0 as x > œ, whence on fixing x 
in (1.6.2) we find that lim, ,. œ |” t?f(t)dt/t is finite, so [Ù 1°f(t)dt/t < æ. If p =0 then o <0, 
by assumption, and from (1.6.2), 


0<-o | “1efltdt/t <x°flx) + | " eedfit) > xfx) + | rdf) (y+). 


Since f? t’f(t)dt/t is monotone in y, it follows that it converges as y— œ, so 
f2t?flt)dt/t< oo. Then from (1.6.2), y’f(y) converges to c, say, as y > 00. If c>0 then 
f t?f(t)dt/t~ clog y as y> æ, a contradicton. So yf y) > 0. 

Thus in both cases p #0 and p =0, (1.6.6) holds. On dividing by x’f(x) and applying 
(1.6.5), the converse half of Karamata’s Theorem gives regular variation of f with 
index p. oO 


From Karamata’s Theorem or the latter two variants it is easy to obtain 
regular variation of the indefinite integrals from that of f. For instance, 
Proposition 1.5.8 gives regular variation of |, t*/(t)dt, while if f(x) = [} ¢7df(t) 
is positive, Theorem 1.6.4 gives fe R,+¢ provided p>0. In the latter case it is 
worth noting that the converse is straightforward, for we have f(x)=f(X)+ 
{3 t df(t), and Theorem 1.6.4 applies to give regular variation of f from that 
of f. Similar remarks apply in the setting of Theorem 1.6.5. For integrals 
| t*f(t)dt, though, such converses are less immediate; they are dealt with en 
passant in Theorem 1.7.2, and in the general setting of integrals of the form 
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JO k(x/t)W(t)dt and [?k(x/t)d¥(t), in Chapter 4. (Observe that on taking 
K(x) = x~ Tro .13(x), or k(x) := x "Iu, »(xX), one obtains all forms of integral 
considered above.) 


4. Frullani integrals 


The Aljancic-Karamata Theorem (in the form of Corollary 1.6.3) and Theorem 1.4.2 
may be usefully combined in the context of Frullani integrals. If y is locally integrable 
in (0, cc), and a,b>0, the Frullani integral I=I(W; a,b) of y is the improper integral 


oO — X 
| {W(at)—w(bt)}dt/t= lim | {w(at) —W(bt)}dt/t, 


04 £10,XT œ 
when the (finite) limit exists. Writing bt=u, we see that I(y;a,b)=I(y;a/b, 1)= 
I(W; a/b) say; we may thus restrict attention to 


œ -— 


I=1I(Ņ;4)= | {WAt)—y(o)}dt/t. 


O+ 


Now 
AE 


X AX 
| {y(At) —W(t)}dt/t= | W(t)dt/t — | Wt)dt/t (0<e<X). (1.6.7) 
E X 


So I exists if and only if the first term converges as X > œ, the second as e > 0. We 
shall deal with the two terms separately. For the first, keep X > 1; we may then suppose 
w=0 on (0, 1). For the second, keep e< 1; we may then suppose y =0 on (1, œ), and 
proceed analogously. 


Theorem 1.6.6 (Bingham & Goldie (1982b), § 6). For y integrable on compact subsets of 
(0, œ), I(Y; A) its Frullani integral, the following are equivalent: 
(i) I(w,A) exists for all A>0; 
(ii) I(w; A) exists for 2 in a set of positive measure; 
(iii) I(W;4) exists for A in a dense set in (0, ©) (or, for A,,A2 with (log A, )/log A, 
irrational), and 


Àx 
lim inf lim int | W(t)dt/t>0, 


A\l x 0 x 


Ax 
lim inf lim it | W(1/t)dt/t>0. 
A\1 x Oo x 
Each of (i)-(iii) holds if and only if both the following finite limits exist for some (all) 
o>0: 


M=M(w):= lim ox? |, u7W(u)du/u, (1.6.8) 
x0 f 

m=m(W):= lim ox” I, u°W(1/u)du/u. (1.6.9) 
x> 0 il 


Then 
I(w,A)=(M—m)log4 (A>0). 
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Corollary 1.6.7. (1.6.8,9) may be replaced by existence of 


M=M(w):= lim ox? r u` °W(u)du/u, (1.6.8) 


x> co E 


m=m(W):= lim ox” (l u` "y(1/u)du/u. (1.6.9) 


x—> o0 x 


Proof. The equivalence of (i)-(iii) follows from the remarks above on applying 
Theorem 1.4.2 to the functions exp{f} W(u)du/u}, exp{J{ W(1/u)du/u} in turn. Then 
I(w,A) is some multiple of log 2. Write 


ots) = | vendu ih eaii Ont OE s 
1 


then for fixed o>0, 


x 


TE wglnduu=x | wwy(u)duju (x> 1). 


0 1 


By Corollary 1.6.3, 


xÀ 
ox) — (x)= | W(t)dt/t 


>plogi (x70) YWA>0 
if and only if 


apg S (P u’W(u)du/ju>p (x> œ), 
1 


or alternatively if and only if 


oO 


ox? IR u=eya)duju= oè | u “d(ujdu/u—ag(x) > p (x> œ). 


Write M for p, and proceed similarly for the other term on the right of (1.6.2); the result 
follows. E] 


The equivalence of integral means such as (1.6.8), (1.6.8’) is due to Hardy & 
Littlewood (1924). 

For other extensions of Frullani’s integral, due to Ramanujan and to Hardy, see 
Berndt (1984), pp. 466-7. 


1.7 Tauberian Theorems 


We now turn aside from the development so far, which has largely centred 
around properties characterising regular variation, to prove some classical 
theorems in which regular variation plays a rôle. The first of these is 
Karamata’s Tauberian Theorem for Laplace-Stieltjes transforms (Karamata 
(1931a); Feller (1971), XIII § 5). 
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1. LS transforms 


If U:R—R has locally bounded variation (see Appendix 6), is right- 
continuous, and vanishes on (—o,0), we define its Laplace-Stieltjes 
transform (LS transform) 


U(s) = fi c= duis) | e* dU(x), (1.7.0a) 
[0, 0) 


where the integral converges absolutely for s>o (where o may be + œ) or 
more generally for all complex s with Res>o (see e.g. Widder (1941)). The 
most important case is when U is non-decreasing on R, with U=0 on 
(—0o,0). For such U, statements about U below are to be considered to 
include the assertion that it is finite for the arguments in question. 

Iff: R > Ris locally integrable, and vanishes on (— 00,0), it is convenient to 
define its ‘Laplace—Stieltjes transform’ 


o0 


fis) :=s | eRe | e-* f(x)dx, (1.7.0b) 


0 
again for all s (a half-line or half-plane) for which the integral converges 
absolutely. When f has locally bounded variation, On S df(t) for x20, 
Fubini’s Theorem shows that the two definitions coincide. 


2. Karamata’s Tauberian Theorem 


Theorem 1.7.1 (Karamata Tauberian Theorem). Let U be a non-decreasing 
right-continuous function on R with U(x)=0 for all x <0. If ¢ varies slowly and 
c>0, p=0, the following are equivalent: 


U(x)~cx?¢(x)/T(1+p) (x> œ), (1.7.1) 

Û(s)~cs™’/(1/s) (s>0+). (1.7.2) 

When c=0, (1.7.1) is to be interpreted as U(x)=0(x?¢(x)); similarly for 
(1.742). 


Proof. Assume (1.7.1). We have 


aum={ [+3] feravoy 


Š Ua) +e U(2"x) 


2¢ 
ee Anja ce 2  (2'xeeo x 
T(1+p) fx oo) e ) l 
for large x. By Potter’s Theorem, (iii), for large x this is at most 
| ESD 212"): sebaco ra +p), 
i 


so U(1/x)/{x?¢(x)} remains bounded as x > o. 
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Now for fixed x, U(yx) has LS transform U(s/x), so U(yx)/{x?/(x)} has 
transform U(s/x)/{x?/(x)}. But (1.7.1) and slow variation of / give, for each y, 


U(yx)/{x?¢(x)} > cy” /TA +p) (x 0), (1.7.1a) 


and this has transform 


erao | e- 9 d(y?)=c/s’. 


[0, 0) 
This holds even when p =0, in that for fixed y#0, the left of (1.7.1a) tends to 
clio,œ(Y), with transform c. 

The boundedness of U(1/x)/U(x) now enables the continuity theorem for 
LS transforms of (not necessarily bounded) positive measures to be applied 
(see e.g. Feller (1971), XIII 1, Theorem 2a), giving 

U(s/x)/{x?L(x)} > c/s? (x> aw) (1.7.2a) 
for each s>1. Taking s:=2 and then writing 2/s for x, we obtain (1.7.2). 

Conversely, if (1.7.2) holds, slow variation gives (1.7.2a) for each s>0. Now 

the left is the transform of U(yx)/{x’¢(x)}, the right is the transform of 


cy’/T(1+ ), and the left is bounded for s= 1; the continuity theorem then 
yields (1.7.1a). Taking y :=1, this is (1.7.1). go 


Note that either of (1.7.1), (1.7.2) yield, when c #0, 

U(x)/U(1/x) > 1/T(1+p) (x> œ). (1.7.3) 
This itself implies (1.7.12) (a result of Drasin: see Theorem 5.2.4). 

The method of proof above is due to Konig (1960) and Feller (1963). The 
passage from (1.7.1) to (1.7.2) is Abelian, in a sense which will be explained in 
Chapter 4, the converse is Tauberian. The continuity theorem for Laplace— 
Stieltjes transforms used above depends on the uniqueness theorem for such 
transforms, and it is in fact in the uniqueness theorem that the Tauberian 
properties are contained; see Chapter 4 below. 


We point out that the same method of proof yields a version of Theorem 1.7.1 with 
x>0+,s> 0: 


Theorem 1.7.1’ (Feller (1971), XII, § 5). Let U be non-decreasing on R, U(x)=0 for all 
x <0, and such that U(s)< œ for all large s. Let l e Rọ, c>0, p>0. The following are 
equivalent: 


U(x)~ex’/(1/x)r(1+p) (x>0+), (ETA 
U(s)~cs~?¢(s) (s> œ). SK) 


Monotonicity of U plays the role ofa Tauberian condition in Theorem 1.7.1. It may 
be weakened considerably; see Theorems 1.7.6 and 4.8.7 below. 


3. Monotone Density Theorem 


Suppose now that U is absolutely continuous, with density u, say: 
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U(x)= | u(y)dy. 


0 


The question arises of passing from (1.7.1) to a statement on u. If, for instance, 
p>0 and 


u(x)~cx? *¢(x)/T'(p) (x > 00), 
then Proposition 1.5.8 on ‘integrating asymptotic relations’ yields (1.7.1). In 
this direction the argument is Abelian; the converse, on ‘differentiating 
asymptotic relations’, is Tauberian, and needs a Tauberian condition on u. 


Questions of this sort will be considered in Chapter 4; we give here only the 
simplest Tauberian theorems to show the flavour of the arguments. 


Theorem 1.7.2 (Monotone Density Theorem). Let U(x)=f} u(y)dy. If 
U(x)~cx?¢(x) (x > œ), where cER, peR, 7ERo, and if u is ultimately 
monotone, then 


u(x)~cpx?14(x) (x> œ). (1.7.4) 


Note. If c>0 our assumptions say in part that U e R,. However, (1.7.4) does not imply 
regular variation of u unless cp>0. 


Proof. Suppose first that u is eventually non-decreasing. If 0<a<b<o, 
bx 


U(bx) — U(ax)= | u(y)dy 


so, for x large enough, 
(b—a)x u(ax) p U(bx) — U(ax) z (b—a)x u(bx) i (1.7.5) 
xP L(x) eX) x?L(x) 
The centre member is 
U(bx) J {(bx) á U(ax) gi {(ax) 
(bx}/(bx) L(x)  (ax)?¢(ax) x) 


so the left inequality of (1.7.5) yields 


— c(b? —a’) (Be =E oo), 


lim sup u(ax)/{x?~ 'Z(x)} <c(b? —a?)/(b—a); 


x 0 
taking a:=1 and letting b|1 gives 
lim sup u(x)/{x?~ *¢(x)} <cp. 
x> 00 
By a similar treatment of the right inequality with b := 1 and af 1 we find that 
the liminf is at least cp, and the conclusion follows. 
The argument when u is non-increasing is similar. o 
Variants of the Monotone Density Theorem involving integrals [F u(y)dy asx > œ, 
or fẹ u(y) as x}0, have almost exactly the same proof. We shall need the latter case: 


Theorem 1.7.2b. Let U be given on (0,X] by U(x)=J5u(y)dy for some uel’ [0,X]. If 
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U(x) ~cx?¢(x) (x10), where ce R, p>0, £ER (0+), and if u is monotone in some right 
neighbourhood of 0, then 


u(x)~cpx?*4(x) (x0). (1.7.4b) 


4. Power series 


One may specialise Theorem 1.7.1 to Dirichlet series $% 9 a,e 7". The case 
i, =nis particularly important; writing s in place of e™* one studies the power- 
series A(s):=) 9 a„s". The results above yield: 


Corollary 1.7.3 (Karamata’s Tauberian Theorem for Power Series). If a, >0 
and the power-series A(s)=¥.@ a," converges for s e[0, 1), then for c, p >0 and 
l slowly varying, 


ss a,~cn¢(n)/T(1+p) (n> œ) (1.7.6) 
k=0 


if and only if 
A(s)~c&(1/(1—s)/(i—s)? (sf 1). 
If cp >0 and a, is ultimately monotone, both are eqivalent to 
a,~cn? *¢(n)/T(p) (n> œ). (i277) 
Proof. Defining U(x) :=)%-9 a for n<x<n+1, (1.7.6) is equivalent to 
U(x)~cx?f(x)/TU+p) (x> œ) 
because /(x)~/(n)forn<x<n+ 1, by the UCT. Likewise (1.7.7) is equivalent 


to u(x)~cx?~14(x)/T'(p), where u(x) :=a, for n<x<n+1. The result now 
follows from Theorem 1.7.2. Ej 


5. Stieltjes transforms 


The Stieltjes transform S(f;s) me f(t)dt/(t+s) arises by two applications of the 
Laplace transform: S(f; s) := | e~“ g(t)dt, where g(t) = EET f(y)dy. One may thus 
expect Karamata’s ‘Laplace-Tauber’ Theorem 1.7.2 to be related to a ‘Stieltjes— 
Tauber’ theorem, as is indeed the case. The following result is due to Karamata 
(193 1a); cf. Titchmarsh (1927), Valiron (1913), Seneta (1976), Theorem 2.5. The case 


¢=1 is a classical result of Hardy & Littlewood (1914). 


Theorem 1.7.4. If U is non-decreasing, U(O0—)=0 and p>0, let S,(U; `) be the Stieltjes 
transform of order p: 


S,(U; x) = | dU(y)/(x+y) (x>0). 


[0, œ) 


Then if 0<a<p,c20 and f is slowly varying, 


cI (p) the 
COL RE ar: i) XE aC (x) = (e100) (1.7.8) 


if and only if 
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DAU Ams e (x00). (1.7.9) 
Proof. We proceed by reduction to the ‘Laplace-Tauber’ case, using 


(x+y) ?= | EPS dull o 


0 


Thus 


S,(U; x)= iL e “*V(t)dt, 


10) 
where 


V(t) = 0? * ir e~ dU(y)/T(p)=t?-U(t)/T(p). 
Suppose first that (1.7.9) rare Karamata Tauberian Theorem gives 
\, Vit)dt~cx?¢(1/x)/T(1+o0) (x04), 
or 


| ý O(t)d(t?)/T(1+ p)~cx*¢(1/x)/Pt+e) (x—>0+). 


0 
Now U is monotone; changing variables to v -=t and using Theorem 1.7.2b (clearly 
¢(x*/*) varies slowly at 0+) we obtain 
O(x)~ (P(p)/P(a)) ex? P(x) (x + 0+). 

By the Karamata Tauberian Theorem again, 
~ rp) 

Io) (p—0o+1) 
completing the Tauberian implication. The Abelian implication is similar but 
simpler. go 


U(x) XT) (x= o), 


6. Slow decrease 
To conclude this section we return to the Monotone Density and Karamata 
Tauberian Theorems and weaken their monotonicity assumptions, indeed in 
a ‘best-possible’ way (see the remarks below). 


Definition. The function f:[X, 0) > R is called slowly oscillating (in the sense 
of R. Schmidt (1925)) if 
lim lim sup sup | f(tx)—f(x)|=0, 
All x7o  te[1,A] 
slowing decreasing if 
lim liminf inf { f(tx)—f(x)}>0 (hence=0), 
A x=*oo, tell A] 


slowly increasing if —f is slowly decreasing. 
Obviously, slow oscillation is the same as slow increase and decrease together. 
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Note that a slowly decreasing function can increase as fast as maybe. The 


point is that its decrease, if any, can be no more than slow. 


Theorem 1.7.5. Let pe R, ce R, e Ro, U e LŁ.[0, ©) and either 
U(tx) — U(x) _ 


lim liminf inf 20 (1.7.10) 
Ad aero nweltal ) ee (x) 
or 
U(x)/{x?¢(x)} is slowly decreasing, (1.7.10’) 
or 
U is eventually positive and log U is slowly decreasing. (1.7.10") 
Then 
| U(t)dt~cx’**¢(x) (x 2) 
0 
implies 


U(x)~c(p + 1)x°¢(x) (x > œ). (1.7.11) 


Proof. Assume first (1.7.10). Then for each e>0 there exist X = X (e), 
A= A(e)> 1 such that 


U(y)—U(x) 2 —exe(x) (y2xeX, y/x<a). ey 2g 4) 
For be(1, A], 


bx 
| U(y)dy ~ (b?** — 1)ex? *14(x). 


x 


But the left-hand side is at least (bx — x)(U(x) —ex°/(x)) for large x. So 


lim sup U(x)/{x?¢(x)} <c(b?*! — 1)/(b— 1) +e. 
Let b|1 and ¢|0, hence the lim sup is at most c(p + 1). 
On the other hand, for be[1/A, 1), 


y 
i Uljas ~ (E o ey A (y > 00), 
by 

and the left side is for large y at most 


y il 
| (UO) +ox'daj}ax= (1b Uo)+el1 +o)" | tdt. 
b 


by 
Thus 


ART Be frar 


lim inf —=&(1-+-0(1)) 


yro Yely) 1-6 


Let bf 1, then ¢|0, hence the lim inf is at least c(p + 1). 
Under (1.7.10’) we use 
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Uly y ly) — U(x)/{x°¢(x)} > —e (y=x>X, y/x <A) 
instead of (1.7.12), and the conclusion follows similarly. 
Finally, under (1.7.10”) we may choose ôe (0, 1) and find 2> 1, X such that 


U(y)26U(x)>0 (y>x>X, y/x<A). 


Again, we can use this instead of (1.7.12) in the integrals {*U(y)dy, (AU )dx, 
and finally let b, 6 > 1. g 


The above is a prototype and typical ‘Tauberian Theorem’ with several 
possible ‘Tauberian conditions’ (1.7.10—-10”). Obviously, (1.7.10) can be 
replaced by the same condition on — U, and (1.7.10, 10”) by slow increase; 
further valid conditions are in § 1.11.14. Individually, no two of these 
conditions are comparable. However, each of them is necessary for the 
implication of the theorem in that (it is easy to see) each is a consequence of the 
final assertion (1.7.11). Thus each condition is non-restrictive: it does not 
restrict the class of functions U that the theorem covers, and all U to which the 
final assertion applies are so covered. 

‘Slow increase’ can often be used as a Tauberian condition just as well as ‘slow 
decrease’. We shall in what follows not feel obliged to point the fact out. 

Now for Karamata’s (1931b) Tauberian Theorem: 


Theorem 1.7.6 (Karamata’s Tauberian Theorem; extended form). Assume 
U(:)20, c20, p> =i U(s) ane [Tet U(x)dx convergent for s>0, and 
LER,. Then 

U(x)~ex’¢(x)/T(1+p) (x> œ) (127213) 
implies 

U(s)~cs°¢(1/s) (s{ 0). (1.7.14) 

Conversely, (1.7.14) implies (1.7.13) if and only if U satisfies one of the 
Tauberian conditions (1.7.10, 10’, 10”). 


Proof. Write V(x) := |% U(y)dy, then V is non-decreasing and 


n= fe e~* dV(x)= U(s)/s. 


0 
Thus (1.7.14) is equivalent to V(s)~cs~”*"/(1/s), which by the ‘monotone’ 
form of Karamata’s Tauberian Theorem is equivalent to 


Vix) ~ Seca). (1.7.15) 

(0+ D)P(U.+p) 
By Proposition 1.5.8, (1.7.13) implies (1.7.15), and if (1.7.10) holds we can go 
the other way, by the result above. Again, (1.7.10) is necessary for the latter 
implication, because (1.7.13) implies (1.7.10) as remarked earlier. Similarly 


with (1.7.10’, 10”). 0O 
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Karamata’s Tauberian Theorem in either of its forms is frequently called the Hardy— 
Littlewood—Karamata Theorem. In Chapter 4 we shall make systematic use of ‘best- 
possible’ Tauberian conditions, one-sided (such as (1.7.10)) or two-sided as the case 
may be. In fact in Theorem 4.8.7 we shall obtain a third form of Karamata’s Tauberian 
Theorem, replacing non-negativity of U by local boundedness. 


1.8 Smooth variation 


1. The Smooth Variation Theorem 


We return to properties of the type treated in Theorem 1.3.3, following 
Balkema et al. (1979), §7, de Haan (1977). 


Definition. A positive function f defined on some neighbourhood of infinity 
varies smoothly with index «ER, f e SR, if h(x) :=log f(e”) is C”, and 
h'(x) > a, h(x) +0 (n=2,3,...) (x 00). (1.8.1) 
If feSR,, xf'(x)/f(x)=h'(log x) >a and is continuous, whence f is 
normalised regularly varying (can be written in the form (1.5.1) with c(x) 
constant); in particular, SR, € R,. One may check that (1.8.1) is equivalent to 
x"f(x)/flx) > a(a—1)...(e-n+1) (x>00) (n=1,2,...).(1.8.1) 
Smooth variation is well-adapted to the processes of integration and 
differentiation. 


Proposition 1.8.1. 
(i) If f €SR,, «#0, then| f'|ESR,-1. 
(ii) If feSR,, then for «>—1, Jy fit\dteSR,,, for X large enough; for 
a< —1, |S f(t)dteSR,,. 


Proof. 

(i) Write F := f’, then for each n= 1,2,..., aS X > 00, 

npin) n+1f(n+1) 

3 aE _ o) ee + a(a—1)... (=n) =(- 1)...(a=n). 
If x>0 then F(x)~af(x)/x>0 for all large x and so FeSR,_,. If «<0 then 
—F(x)>0 for all large x and we have shown x"(—F)"(x)/(—F(x)) > 
(x—1)...(a—n) for each n so —FeSR,_,. 

(i) For «>-—1, F(x) =) f(t)dt exists for large enough X, and 
XE (x)/E (x) > «+1 by Theorem 1.5.11. For n=2, 3,...., 

Ee esx) exter) I) 
FORSEER) fix) 


as x > œ. Thus FeESR,_,. The proof when «< — 1 is similar. io 


> («+ 1):a(a—1)...(a—n+2) 
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Extending Theorem 1.3.3, the following result shows that for many 


purposes it suffices to restrict attention to the smoothly varying case. (And see 
also Theorem 7.4.3 below.) 


Theorem 1.8.2 (Smooth Variation Theorem). If f€R,, then there exist ie 


f,€SR, with fi~ fı and f;<f<f, on some neighbourhood of infinity. In 
particular, if f e R, there exists geSR, with g~f. 


Proof. Set h(x) ‘= log f(e*) —ax; thus h is locally bounded on [X — 1, œ), say, 
and satisfies 


h(A+x)—h(x) 0 (x> œ) locally uniformly in AER. 


We can take X to be an integer. Set H(x) = sUP,etx- 1,x +1J4(t), let p be as in the 
proof of Theorem 1.3.3 and define 
e(x):={H(n+ 1)—H(n)}p(x—n) (xe[n,n+1),n=X,X+4+1,...). 

Take h,(x) := H(X)+ J e(t)dt, then h, €C®(X, œ) and h(x) > 0 (x > œ) for 
each n> 1. We get h,(x) —H(x) > 0 (x > œ) by re-working the calculation in 
the proof of Theorem 1.3.3. Since also H(x)—h(x)—-0 we conclude 
h,(x) —h(x) > 0. And h,(x)>min(A([x]), H(Lx] + 1))>h(x) for x> X. Now 
define f (x) := x* exp h,(log x), then f, ESR,, f,(x) ~ f(x) and f(x) <f,(x). The 
construction of f, is analogous. a 

If feSR,anda¢{0,1,2,...},each derivative f” will ultimately have constant sign, 
so | f|eSR,_,. In particular, for «> 1 the first [x] — 1 derivatives will be ultimately 


convex and the [a]th derivative ultimately concave. A related result is the following (de 
Haan (1977)): 


Theorem 1.8.3. If f €R,,«¢{0, 1,2,...}, then there exists a C®-function g, all of whose 
derivatives are monotone, with f~g. 


Proof. We may assume f is defined, locally bounded and positive on [0, œ). Ifa <0, let 


g(x) -| e~*” f(1/y)dy/{yI(—a)}. 


0 
By (the Abelian half of) Karamata’s Tauberian Theorem (with 0+ and oo reversed), 
g(x) ~ fix) as x > oo. As the ordinary Laplace transform of a positive function, g(-) is 
completely monotone by (the easy half of) Bernstein’s Theorem (Widder (1941), 
p. 160), so all derivatives exist and are monotone. 
Ifn—1<a<n (n=1,2,...), let 
Jo(X) = | e™™ y" *f(l/y)dy/T(n—a); 
0 
the same argument yields go(x) ~ f(x)/x" and complete monotonicity of go. Now put 
Im(X) -| 9m-r(y)dy, m=1,2,...; 
0 


then by Proposition 1.5.8, 
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In(X) ~X"Go(x)/{a(a—1)...(a—n+ 1)}, 
thus g(x) :=a(a—1)...(«—n+ 1)g,(x) has the required properties. E 


2. Properties 
Proposition 1.8.4. If f €SR,,g€SRg, let 
(fog)(x) = fix), F D) = f(x) gx), 
then f'gESR,+p and if g(x) > œ (x > œ) then fog ESR,p. 


Proof. If F(x) :=log f(e*) and G, H, K are defined analogously for g, fog, fg, 
then 
A (x)=F(G(x)), K(x)=F(x)+ G(x). 


The desired properties then follow from the definition of smooth variation. [] 


Theorem 1.8.5. If f ESR, with «>0, then on some neighbourhood of infinity f 
possesses an inverse function g €SR,,, with f(g(x))=g(f(x)) =x. 


Proof. As f'(x) ~ «>0, we can find X so large that f’>0 on LX, œ). Then it is 
standard that f on (X, œ) has an inverse g:(f(X), 0) > (X, œ) such that 


g(f(x))=x (x>X); flg(x))=x (x>f(X)). 
Let h(x) :=log f(e”), k(x) := log g(e*), then k(h(x)) =x on (Y, œ). By induction, 
keC®(h(Y), œ), k’(x) > 1/x and k(x) +0 for each n>2, as x > œ. Thus 
g ESR ja: LJ 


Theorem 1.8.5 provides a substitute (in many ways a more convenient one) 
for the existence part of Theorem 1.5.12 on asymptotic inversion; see below. 


3. The group SR, 


Write R, :=(|),.o Ra for the class of functions varying regularly with positive index, 
and define SR, :=|)J,.9 SR, similarly. 

More precisely, let us consider f €e C”(X, 00) and g e C”(Y, œ) as equivalent if their 
restrictions to (max(X, Y ), 00) coincide; then SR , is to be the set of equivalence classes 
(of smoothly varying functions of positive index) under this relation. However we shall 
continue to refer to these classes by suitable representatives. 

Write e( f) for the index of regular variation of f € R ,. The next result now follows 
immediately from the last two. 


Theorem 1.8.6. SR, forms a group with respect to the operation © of functional 
composition, and a semigroup with respect to pointwise multiplication. For f,g¢SR,, 
the indices satisfy 


e(fog)=e(f) elg), ef g)=e(f)+e(g). 
The relation f~g of asymptotic equality is an equivalence relation; write 


RA :=R,/~ for the quotient space of equivalence classes, [ f] for the equivalence class 
of f. We can extend e from R, to 2, by writing e([f]) :=e(/). 
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Theorem 1.8.7. R, :=R./~ forms a group under composition and a semigroup under 
multiplication, defined by 


[flolfgl=[fog], (fl l=[fgl: 
the indices satisfy 
e(Lf] olg])=e(Lf] ellg]), 
e(Lf] Lg) = ell] + ell). 

Proof. If fi~f, gı~g, then (f,°9,)(x)~(f'g)(x), and the UCT gives 
(f1 091)(x)~(fog)(x). The assertions of the theorem are thus independent of the 
choice of representatives f and g, and the result follows as in Theorem 1.8.6. O 

Theorem 1.8.2 tells us that every equivalence class F € R, contains representatives 
f ESR ,. This enables us to define the operations of calculus on 2, , indeed in a purely 
algebraic form. If F € 2, , we can choose a representative f € SR ,, and ensure further 


that f is locally integrable on [1, 00). We may thus form I fit)dt/t e SR ,,and consider 
its equivalence class, which we write I(F). By an abuse of notation, we summarise this 


by writing 
I((f])= f soap | 
1 


Similarly, with Fe2, and f a representative of F in SR, we can form xf'(x), and 
consider its equivalence class which we write as D(F). Again, we summarise this by 
abuse of notation as 


DLD = bf (x)]. 
With this understanding of the choice of representatives f in the notations I([f]), 
D([f]), we have immediately 


Theorem 1.8.8. The operators I, D on R, are inverse to each other, and 
WLAD=CfVetLs)), DLAD=Cf1 elf). 


Proof. Choose the representation f so that f(1)=0, and put 
I(f)(x) -| fit)dt/t, — D(f)(x) = xf"). 
1 


Then (IoD)(f)=(DoI\(f)=f, and the result follows on taking equivalence 
classes. 0 


4. de Bruijn and Young conjugates 
The proof of de Bruijn’s Theorem 1.5.13 yields 


Theorem 1.8.9. If £€SRo, there exists £* €SRo with 
O(x)0* (x¢(x)) = 0% (x)¢(x0* (x)) = 1 
for all large enough x, and £** =? ultimately. Any two such ¢* agree on some 


neighbourhood of infinity. 
Suppose now that f:(0, 00) > (0, œ), and define f° by 
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f°(x) =sup{xy—f(y): y>0} (x>0). (1.8.3) 
One can show that f°° is the greatest lower semi-continuous convex function 
majorised by f (see e.g. Rockafellar (1970), §§ 5,7, 12). In particular, if f is 
lower semi-continuous and convex, f°°=f (Fenchel’s Duality Theorem; 
Rockafellar (1970), 110). For convex f, f° is called the (Young) conjugate of f; 
see e.g. Krasnoselskii & Rutickii (1961), § 2. 
The operation (1.8.3) has many uses for convex f, but is also particularly 
convenient when applied to functions f € |) SR,: here lower semicontinuity is 


a> 


automatic, and since by Proposition 1.8.1(i) 
xf"(x)/f'(x) ~a-1>0 (x> æ) 
we have in particular f”(x)>0 for large x, so f is ultimately convex. Altering 
f on some finite interval, we may suppose with little loss that f is convex, and 
then*f=°. 
We proceed to relate regular variation of f to that of f°. In this connection, 

for a>1 let B>1 be the conjugate index to « defined by 

Íl ail i 

7 + ga; (1.8.4) 
Theorem 1.8.10 (Bingham & Teugels (1975); cf. Matuszewska (1962), § 3). If a, 


B>1 are conjugate indices, ¢ and ¢* are conjugate slowly varying functions, 
then 


1 
fix)~= x*{F(x*)}@~ Vie (x = ao) (1.8.5) 
implies 


Pergit (x > œ). (1.8.6) 


Proof (after Seneta (1976)). Suppose first that f e SR,, and write g=f’; by 
Proposition 1.8.1, geSR,-;. By Theorem 1.8.5, g has a C® inverse g“ on 
some neighbourhood of infinity. 
The supremum in 
f(x) =sup{xy—fly): y>0} 
is attained where x = f’(y)=g(y), so ultimately where y= g~ (x). Thus for large 
x, 
b g` (x) 
f =x- | glu)du 
X 


x 


=x9°(6)=3) | vdg* (v) 
g(x) 


= Xg(X)—f(X)+ | g` (v)dv. 


g(X) 
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But (1.8.5) and f ESR, give 
g(x) ~x" {A(x} E De, 
this and Proposition 1.5.15 give 
CI A CS 
whence 


a—l 


po- 


which is (1.8.6) as required. 
In the general case, the Smooth Variation Theorem yields fis fa ESR, with 
fi Sf <Sf2, fi~ f~ fa. So fZ Kf? <f?, while by the case above 
SUITE SE MEGAT aoo) s(t 11,2), 
yielding (1.8.6) for f°. E 


> ieee DAC (Roe a 


Corollary 1.8.11. If f in Theorem 1.8.10 is lower semicontinuous and convex, or 
is regularly varying with index p>1, then (1.8.5) and (1.8.6) are equivalent. 


Proof. In the first case, f= f°°. Using the symmetry in a, $ and /, /* in (1.8.5) 
and (1.8.6), (1.8.5) follows from (1.8.6) by applying the theorem to f° in place 
of f. In the second case, by the Smooth Variation Theorem we may find 
convex fı, f2ESR, with f,<f<fo, fi~f~ho. Then SP =fi, 80 fP ~f. 
But f?° < f° <f9°, so f~ f° and as above we obtain (1.8.5) from (1.8.6) by 
applying Theorem 1.8.9 to f°. oO 


The implication from (1.8.5) to (1.8.6) has an Abelian character, the converse, which 
requires extra conditions, a Tauberian one. For further Abelian and Tauberian results 
linking f and f°, see the Balkema et al. (1979), §4. For results linking f° with the 
Kohlbecker transform (Kohlbecker (1958); see Chapters 4, 5 below) 


K(f;x) log} |, po may (x>0), 
0 


see Balkema et al. (1979), § 5. 


1.9 Sequences 
All the results so far have been with respect to a continuous variable. 
However, under suitable restrictions a discrete variable may be used — that is, 
one may pass to the limit along some suitable sequence. 
We begin with a ‘Croftian’ result, due to Kendall (1968), Kingman (1964), 
extending Croft (1957). 
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Theorem 1.9.1. Suppose 
lim sup c, = 00, lim sup (cp+1 ~ cn) =0. 
(i) If Gc Ris open and unbounded above, then for every open interval I there 
exists xel with c,-+xéG infinitely often. 
(ii) If f:R > Ris continuous and lim,,.,,, f(c, + x) exists for all x in some open 
interval I, then lim,_,,, f(x) exists. 


Proof. 

(i) Let I := (a,b) (a<b). There exists ng such that c,,,—c,<b—a for all 
n>n. Fix N>nv. We may find x €G such that x >cy+a. Now c,,.,+a>x 
for some n> N: let n(x) be the least such n, then Caw +a<X < Cr+: +a but 
Cx) +1 Cn ba, SO X—Cyyy€(a,b)=I. Thus the set Gy :=|)¥(G—c,) 
intersects I. Indeed, this holds for every N, because Gy decreases in N. Thus 
each Gy meets every open interval, so is dense. Also Gy is open. By Baire’s 
Theorem (see e.g. Oxtoby (1980), Theorem 1.3), H:=()\f.,Gy= 
(\n=1 Un (G—c,) is dense. So every open interval contains points x lying 
in infinitely many G—c,, proving (i). 

For (ii), let f, be the continuous function defined by f (x)= f(c, +x); then f, 
converges (to g, say) throughout the open interval J. Hence (Kuratowski 
(1966), § 31, IX, X Theorem 1) g has a continuity point x, €I. So for each e>0, 
|g(x) —g(xo)|<e for all x in some open sub-interval of I, J, say. 

_ We prove that f(x) > g(xo) as x > œ. For if not, for some e>0 the open set 
G, = {x:| f(x) —g(xo)| > £} is unbounded above. By (i), there is some x e€ J, with 
c, +x €G, infinitely often, that is, with | f(c, + x) —g(xo)| > for infinitely many 
n. But then |g(x)—g(xo)|>e, a contradiction, proving (ii). go 


As a consequence, we have the following result of Kendall (1968), Theorem 
16. 


Theorem 1.9.2. If 


lim sup x, = 00, lim sup\x, 5 4/x,— 1 (1.9.1) 


n> oo n> oo 
and for some continuous positive function f and 0<a<b<«, and some 
sequence (a,), 


a, f(AX,) > g(A)E(0, 00) (n> 00) Wie (a,b), 
then f varies regularly. 
Proof. Write h(x) :=log f(e*), c, := log x,, etc.; thus c, satisfies the condition of 
Theorem 1.9.1, and 
h(c, +u)+loga,—>k(u) (n> 00) Yue(a,«+26) 
where 6>0. Then for ve (0, ô) and ue(a,«+0), 
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A(c, +u+v)—h(c, +u) > h(u+v)—h(u). 
By Theorem 1.9.1, the set of v for which lim, „ {h(x +v) — h(x)} exists contains 
the open interval (0,5). The result follows by the Characterisation 
Theorem. m 
Theorem 1.9.2 is false without the condition lim supx, , ,/X, = 1, as is shown by the 
following counter-example, due to G. E. H. Reuter (Seneta (197, 1a), 566) Leth =e". 
f(x)=x°{1+a sin(2z log x)}, where |a|<1. Then f(Ax,)/flx,) =f), so SAXO) 
trivially converges, but not to a function of the required form 4°. To obviate this 

difficulty, the limit must be assumed to be of the required form. 


Proposition 1.9.3 (Seneta (1971a)). If f is a positive function, limsup x,= ©, 
Xn+1/Xn SC where 1<C< œ, and for some p, (a,), 
a, f(Ax,) > 2° (n> œ) uniformly on compact A-sets in (0, œ), 

then 

SAX)/flx) + 4° (x00) VWA>0, 
so f €R,[BR,] if measurable [Baire]. 
Proof. For t>x,, let n(t) be the smallest positive integer n with t<x,4 1,80 Xyq)<t< 
Xnty+1 Pick A>1. The ratios At/x,) and t/x,) fall in the interval [1,4C], so the 
uniform convergence gives, as t and therefore n(t) and x,,,, tend to oo, 

ft) Ang ft) eS (At/X,@)? +0(1) 

f(t) ana S(t) (t/X4)? + 0(1) 

In the right-hand term the numerator and denominator are asymptotic to (At/X,()? 
and (t/x, ))° respectively. Thus f(At)/f(t) > 4°. E 


The next result is intermediate between the last two, combining parts of the 
assumptions of each. 


Proposition 1.9.4. If f is positive and measurable [Baire], (x,) satisfies (1.9.1), and for 
some A> 1, (a,), 
a, fAX,) > g(A)E(0, 00) (n> co) uniformly for 1<A<A, 


where g is continuous on [1, A], then f is regularly varying [Baire regularly varying]. 


Proof. Let n(t) be as in the previous proof. Pick 4 e (1, A). Since t/X„ <A for all large t 
we have this time 
ft) _ any (At) _ g(At/Xnw) + o(1) 
fit) amf) g(t/X nn) + OC) 
Since t/x„ > Land g is continuous with g(1) 49, the right-hand side tends to g(A)/g(1). 
The conclusion now follows by the Characterisation Theorem. o 
For variants in which continuity of f is replaced by monotonicity here, see § 1.10 


below. 
We turn now to a somewhat different topic, the theory of regularly varying 


sequences. 
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Definition (Bojanic & Seneta (1973)). A sequence (c,)¢- 9 of positive numbers is 
regularly varying if 


Cram/Cn > WADE, 0) (n>) VWA>0. 


Theorem 1.9.5 (Bojanic & Seneta (1973)). If (c„) is regularly varying, 

(i) the above limit function (A) is of the form A? for some pER, 

(ii) the function f(x) :=c;,; varies regularly with index p. 

Thus every regularly varying sequence is embeddable, as in (11), as the integer 
values of a regularly varying function. We may call p in (i) the index of (c,,), and 
write (c,,) € R}. 

The simple proof which follows is due to Weissman (1976). 


Lemma 1.9.6. If (c,) varies regularly, c,—,/C, > 1 as n > œ. 


Proof. Write W,,(A) =Cran/Cns On(A) = Crpanqay/Cn» Then 


Val AW cany( 1/2) TLA <n — 5, (2), 
Cian) fn 
So as n> œ, 6,(A) > WA) W(1/A) €(0, œ), for all A>0. In particular, 6,(4) 
converges. But if n is even, 6,(5)=1, while if n is odd 6,(4)=c, _ 1/c,.- oO 


Proof of Theorem 1.9.5. We have 


WA) an pt) SEEL = a Clad)» “Caan 
Ctutan) Cn Cian) wand) 
=V,(Ap). 
But 0< [Aun] —[y[An]] <u + 1; using the lemma at most [u] + 1 times, we find 
Crauny/Ctutany 7 1. Letting n— œo this gives W(A)W(u)=W(Ay). But Yp 
being a step-function, is measurable, so wy=limyw, is measurable. As 
it is also multiplicative, y(A)= A? for some p, proving (i). 
Next, if f(x) := cix 


SAX) Chay Capen tax] 
= = Wey A 
f) Cup Cw Ctx 
Since 0< [4x] —[A[x]] <+ 1, repeated application of the lemma as above 
gives Ctax/ Cta > 1, so f(Ax)/f(x) > Y(4)=4°, proving (ii). O 


Theorem 1.9.7 (Representation Theorem for Sequences; Bojanic & Seneta 
(1973)). (c,)€R, if and only if c, may be written 


c—=nG exp} Silk 
1 
C, > CE (0, œ), 6, 270 asn—- oo. 


Proof. That such a sequence is regularly varying is easily checked (as in the 
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proof of the corresponding part of the Representation Theorem). Conversely, 
if f(x) =c,,; is represented as in (1.5.1), write 6,:=n ee &(y)dy/y; then 


[5,,<n sup |e(-)| los( 1457) +0, 
[n— 1,00) n—1 


yielding a representation of c, of the desired form. m 


The following result shows that the definition of regularly varying sequence used 
above is equivalent to the one used by Galambos & Seneta (1973). 


Theorem 1.9.8 (Bojanic & Seneta (1973)). (c,) ER, if and only if c,~b, where 
bn +1/b,=1+pn~'(1+0(1)) (n> œ). (1.9.2) 


Proof. First, if (c,)€R,, then using the representation of Theorem 1.9.7, 
C,~ Cn? exp{y' 6,/k}=b,, say, and 


Da+1 = 


1\? £ ô 1 
a(o) exp(ò„/n)= Ta 
b n non n 


giving (1.9.2). 

Conversely, if c, ~ b, with b, satisfying (1.9.2), write Pn+1 =(n+ 1)(b,,,/b,—1) > p. 
By altering bo,b,,...,by for some suitable N, for instance by re-defining all these 
elements to equal b, ,,, we ensure that |p,/n|<1 for all n. Then b, = bol} (1 + p,/k), 
whence 


log b, =log by + > {log(1 + py/k) — p,/k} +p >. 1/k +Y (0, —p)/k. 
1 1 1 


Since p„ > p, p, is bounded, whence the first sum converges as n > 00. The second sum 
is p{logn+y+o(1)}, y being Euler’s constant. Exponentiating, we obtain a 
representation for b, of the type in Theorem 1.9.7, so b, €R,, whence also c, € Vers 


Condition (1.9.2) is the sequence analogue of the condition xf’(x)/f(x) > p for f to 
be a normalised regularly varying function. Thus the theorem above shows that the 
distinction between ordinary and normalised (or Zygmund) regular variation 
disappears on passing from functions to sequences. 

We note that if the continuous variable À in the definition of a regularly 
varying sequence is restricted to integer values k, all the results above fail. 
Thus, there exist sequences c, with 

Cras 1 (n> œ) R= Se), 
a a 
For instance, if œ(n) is the number of prime divisors of n, c,=a@(n)+ 
/log logn will do; see Galambos & Seneta (1973), 112. However, for 
monotone c, such an approach is possible (de Haan (1970), Theorem 1.1.2; see 


§ 1.10 below). 
Since we may without loss regard a regularly varying sequence as a 
regularly varying function, we will usually not need to comment on sequence 


aspects in what follows. 
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1.10 Monotonicity 


Various aspects of the theory of regular variation are simplified if the functions 
in question are assumed monotone. 


Proposition 1.10.1 (Landau (1911)). If /(x) is defined, positive and monotone on 
CX, œ), and there exists a positive c#1 with 
U(cx)/¢(x) 71 (x00), 


then ¢ is slowly varying. 


Proof. Suppose c> 1. If / is non-decreasing, 

1<L(Ax)/C(x) <4(cex)/¢(x) > 1 (x> æ) VWre[l,c], 
with the reversed inequalities but the same convergence if / is non-increasing. 
The A-set on which /(Ax)/7(x) 1 is thus a multiplicative subgroup 
containing [1,c], and so must be (0,0) by Corollary 1.1.4; similarly if 
ei, E 


The same argument shows that, with / positive and monotone, if 
E(cx)/E(x)=O(1) (x > œ) 
for some positive c # 1, then the same is true for all positive c. This motivates 
the following. 


Definition (Feller (1969)). A positive monotone function f is of dominated 
variation if 

(i) f is non-decreasing and f(2x)/f(x)=O(1) (x > œ), 
or 

(ii) f is non-increasing and f(4x)/f(x)=O(1) (x > œ). 

This class will be subsumed in the class OR of ‘O-regularly varying 
functions’ of §2.1 below. 


Theorem 1.10.2 (after Karamata (1933)). If f is positive and monotone on some 
neighbourhood of infinity, and 


S(Ax)/f(x) > g(A)E(0, 00) (x> œ) 


for all à in some dense subset A of (0,00), or just for A=A,,A, with 
(log A,)/log A, finite and irrational, then f is regularly varying. 


Proof. Under the latter assumption the set S := {A114 m, n integers} is dense in 
(0, 0) by Kronecker’s Theorem (Hardy & Wright (1979), XXIII, Theorem 
438). The set A of A for which f(Ax)/f(x) converges (to a positive finite limit) 
contains S, so is also dense. 

Thus under either assumption g(A) :=lim,..,, f(Ax)/f(x) is a monotone 
function defined on a dense set A, so there exists a monotone function gis 
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defined on (0, 00), whose restriction to A is g. Now g, has at most countably 
many discontinuities, and at every 4 at which gı is continuous it is easy to use 


monotonicity of f to show f(Ax)/f(x) > g, (4). So f is regularly varying by the 
Characterisation Theorem. | 


One may also let x > œ through a suitable sequence, as in § 1.9. 


Theorem 1.10.3 (Feller (1971), VIII.8, Lemma 3). If f is positive and monotone 
on some neighbourhood of infinity, a,/a, 4, > 1, x, > œ and 
A, f(AX,) > g(A)E(0,00) (n> 0) Wed, 


for some dense subset A of (0, œ), then f varies regularly. 


Proof. We may assume 1 €A: for if ceA is chosen arbitrarily, we need only 
replace x, by cx,,. 
For x>x,, let r=r(x) be the largest integer with x,<x. If f is non- 
decreasing, 
FAX DVF(%r+ 1) SAF) Sfx, + 1)/f(%,)- (1.10.1) 
But the left is {a, f(Ax,)}(a, 4 :/a,)/{a, +1 f(x,+)} which tends to g(A)/g(1), for 
each A€A. Similarly for the right. Now use Theorem 1.10.2. Similarly if f is 
non-increasing. m 


We can drop the condition on (a,) in the above by assuming extra properties 
elsewhere (and see § 1.11.23). Í 


Proposition 1.10.4 (Rubin & Vere-Jones (1968)). If lim sup x, = 00, X,44/X,<C<o, 
and f is a positive monotone function such that for some p, (a,), 
a f(AX,) >A (n> x) 


for all 4 in some dense subset A of (0, œ), then f varies regularly. 


Proof. Monotonicity of f and continuity of the limit allow us to extend the 
convergence-set to all Ae(0,00). Since f,(A):=a, f(Ax,) are monotone functions 
converging pointwise to a continuous limit A”, the convergence is locally uniform, by an 
extension of Dini’s theorem due to Polya (see Polya & Szego (1972-76), Part II, 
Problem 127). Now use Proposition 1.9.3. oO 


Alternatively we can in suitable cases reduce the /-set in Feller’s Theorem 1.10.3: 


Proposition 1.10.5. If f is positive and monotone on some neighbourhood of infinity, 
Xn > o, S(Xn)/f (Xn +1) = 1 and 
SAXp)/f (Xn) > di € (0, oo) (n> o,1= 1; 2) 
where (log 4,)/log A, is finite and irrational, then f varies regularly. 
Proof. Let r=r(x) be as in the proof of Theorem 1.10.3, then for fT we have (1.10.1) for 


A=A,,A,. Its left-hand side is { f(A;x,)/f(x,)} {/(x)/f(%, + 1)} which tends to d;. Similarly 
for the right, and we can again use Theorem 1.10.2. oO 
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For monotone regularly varying sequences c,,, one may confine attention to 
integer variables throughout (not possible in general, as the example at the 
end of § 1.9 shows). We give two results. 


Proposition 1.10.6 (after Slack (1972)). Let c, be positive and monotone, 
Cn+1/Cy > 1, and suppose that 

Col Cn > 4;€(0, 00) (n> c0,i=1,2) 
where m,,m, are positive integers with (log m,)/log m, finite and irrational. 
Then c,, varies regularly. 


Proof. Apply Proposition 1.10.5 with x,=n, f(x) := ctg. E 


Theorem 1.10.7 (de Haan (1970), Theorem 1.1.2). A positive monotone 
sequence c, [function f(x)] varies regularly if there exist positive integers 
m,,m, with (log m,)/log m, irrational such that 

Cmn/Cn > m? [ f(mn)/f(n) > m?] (n integer > œ) 


for m=m;, m3. 


Proof. Consider the function case, from which that for sequences follows on 
defining f(x) :=c,,;. We may assume f fT (so p>0), as the other case is similar. 
Note first that on iterating the given limit relation for f we have 
lim, {(m?n)/f(n)=m?? for i=1,2 and any non-negative integer p. 

Choose A> 1. If p >0, Kronecker’s Theorem allows us to find integers p, p’ 
such that 1 <mems <1", One of p, p’, say p, must be positive, the other not; 
set q:= —p’. Thus 


m} >m, my? /m <A. 


When p=0 we set p:= 1, q :=0 and again obtain the displayed inequalities. 
Now for each n let r=r(n) := [n/m4], then rm4 <n and n+ 1< (r+ 1)m$,and for 
all large n the latter quantity will not exceed rm?. Then 


TANA: 1) elt) EA n _, mit 

fin) fom) flrm4)/f(r) m? 
asn — œ. The limit is less than A. Since 4 was arbitrary, lim,,.,, f(n + 1)/f(n) = 1. 
Now use Proposition 1.10.5, with x, =n, A;=m;. OC 


Having considered variants of the Uniform Convergence and Characterisation 
Theorems in the light of monotonicity, we turn now to representations. In the 
representation /(x)=c(x) exp{|* e(u)du/u}, with 0<c(x) ce, 0), e(u)>0, we 
know from Corollary 1.3.4 that if 7 is eventually non-decreasing then we may take ¢(:) 
non-negative. But we now show that it may be impossible to take c(:) non-decreasing. 
Consequently the class of monotone slowly varying functions is not one that is 
identifiable by particular individual properties of c(‘), e(:) in the representations. 
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Proposition 1.10.8. For every P20 there exists a non-decreasing f E R, such that in the 
representations 


F(x) =x?c(x) apf | sadula}, 


0<c(x)> ce(0, œ), elu) > 0, 


it is not possible to take c(:) non-decreasing. 


Proof. It suffices to assume p =0, for an example constructed for that case may then be 
multiplied by x° to give an example for any chosen p>0. We work with 
h(x) :=log f(e*), for which the representation becomes 


Hoy= nts) | C(t)dt, n(x)>d, &(t)0. 
b 


One example is 
[x] 
RCo wy ea wax =-0). 
k=1 


[:] denoting integer part. This satisfies h(x +t)—h(x) > 0, so f is slowly varying. 
Suppose h has a representation with n non-decreasing. For 0<e<1,n>[b]+1, 


n 


n` !=h(n)—h(n -omna | e(t)dt 


> n(n)—n(n—0) (el 0). 
So n(n) —n(n—0)=n t; consequently 


[x] 
nx) >n(b)+ }  {n(n)—n(n—0)} 


n=[b]+2 
[x] 
O EE 


n=[b]+2 


This tends to œ with x, contradicting the requirement n(x) > d. io 
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0. There exists a Borel subset of R whose difference set is not Borel (Rogers (1970)). 
There exist a compact A and a G,-set B with A + B not Borel (Erdős & Stone 
(1970)). 
There exists Ac R such that A+ A is Lebesgue-null but A—A contains an 
interval (Piccard (1939); cf. Haight (1984)). 

1. (a) Let H be a Hamel basis for R and let H* be the additive group generated by it. 
Let A be a set of positive measure or a non-meagre Baire-set. If k: R—> R is 
additive and is bounded above on A ^ H* then k is continuous (Kuczma (1984)). 

(b) If f:R—R is measurable, g:R*—R is continuous and f(x+y)= 
g( f(x), f(y), x, y) identically, then f is continuous (Raskovic (1983)). 

2. For any a>1, a slowly varying / has a representation with e-function 
log{¢(xa)/¢(x)}/log a (Bojanic & Seneta (1971)). [By extension of the first proof 
of the Representation Theorem. ] 
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. Let f(x) =exp{(log x) cos((log x)')}. Show that f is slowly varying but neither f 


nor 1/f is bounded. [h(x)=x'cos x; show h'(x) > 0.] 


. If Z is slowly varying and X is large enough, /,(x) =supry,.) 7(-) is slowly 


varying. 


. If Zin Proposition 1.3.4 is eventually convex then 7, can be taken eventually 


convex (cf. Adamović (1966)). 


. In the p >0 case of the Uniform Convergence Theorem for R, the need to alter f 


on some (0, X) cannot be suppressed: consider 


_ sx (x> 1) 
so =i (0<x<1) 


. l, measurable, is slowly varying iff, for every «>0, 


sup {y*¢(y)}~x*¢(x), 


O<y<x 


sup {y (y) ~x %4(x) (x> æ) 


y2x 


(Bojanic & Karamata (1963a)). 


. Let D*+, D, denote the upper and lower right-hand Dini derivatives. Show that 


measurable / is in the Zygmund class Z iff for large enough X, 
—0<D,¢(x)<D*t(x)<0o (x>X), 
xD* ¢(x)=0(¢(x)), xD ,¢(x)=0(¢(x)) 
(Bojanic & Karamata (1963a)). 


. If f is of normalised regular variation (the Zygmund class) of index «>0, then 


S(x+ yx/f))-—fx) aay (xæ) YyeR 
(Chow & Cuzick (1979)). 


Let f be non-decreasing and right-continuous on [0, œ), with f(0)=0. Let a>0, 
B>0, and define 


af (x) -| (x—t)*df(/T(a+1) (x>0). 
0 


Then f €R; iff ,f€R,,,, and each implies 


af (x)/{x7f(x)} > T(B+ D/T(at+B+1) (x> o) 
(Geluk (198 1b)). 


. If f is non-decreasing with f(0+)=0, «, B>0, the following are equivalent: 


(a) fERp, 


(b) | Vdf(y)ER, +55 
0 

© | y*"f(y)dy ER, +p, 
0 


(d) | y*—"f(y)dy/{x*f(x)} > 1/(a+ B), 
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(e) 1 sarin ifs > B/(a+B) 
(de Haan (1977)). 


12. If fı is non-decreasing, f, strictly increasing and continuous with f,(0+)=0, 
a, 8 >0,any two of the following imply the others. 


(a) f, ER, 
(b) f,ERg 


(c) | fi (Od fo(t) € Ry +5 
0 


(d) f plete fi F009 > B/(«+ B), 
0 


generalising the above (de Haan (1977)). 
13. Let f(x) + œ for x > œ, f be continuously differentiable in (X, 00). If 
Xf"(x)\/f(x) + p (x> 00) CET) 
then f € R,. Conversely if f € R, and f'(x) is monotone for large enough x, then 


(1.11.1) holds (Lamperti (1958a,b)). [From Karamata’s Theorem and the 
Monotone Density Theorem.] 


14. Show that, whatever o eR, the following condition can be used in place of 
(1.7.10) in Theorems 1.7.5, 6: 
aaa eine 
All x>% ye[x,Ax] KA) 


[Write iby U(y)dy= [|* (y~°U(y))y*dy, and replace y`"U(y) by its lower 
bound.] 


15. If f(x)— c (C,), that is, 


ZU. 


1 x 
| fly)\dy ac (x +00), 
x Jo 


then f(x) >c as x > œ iff f is slowly decreasing or slowly increasing (Hardy 
(1949), Theorem 68). Agreeing to impose one-sided Tauberian conditions 
‘below’ rather than ‘above’, slow decrease is thus what is needed to pass from 
Cesaro to ordinary convergence. 

16. If ® is continuous and strictly increasing to œ, and 


1 x 
—— d®(t) > c, 
Dx) |, s(t)d®(t) > c 


then s(x) > c as x > œ iff the Tauberian condition 


lim lim inf inf {s(y) —s(x)}>0 
All x70 ue[x,0*(A(x))] 
holds (Karamata (1937), Theorem V, p. 36). 
17. If f(-) +c (C,) and for some M>0 and d with (M —1)c<d 


limliminf inf {f(xu)—Mf(x)}>—-—d 


6|0 x>æ ue[l,1 +ô] 


18. 
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then 


+d 
Mc —d<liminf f(x) <lim sup fo) < — 


x> o x> o0 M 
(Parameswaran & Rajagopal (1962)). 


Show that (1.8.1) and (1.8.1’) are equivalent. [Induction, as in Balkema et al. 
(1979), or Faa di Bruno’s formula — see e.g. Roman (1980).] 
Write f Ñg if there exist positive constants X, a;, b; (i=1,2) with 
a, f(b, x) <g(x) <a, f(b2x) Wx2X. 

Show that £ is an equivalence relation. For strictly increasing continuous f, g 
vanishing at 0+ and unbounded at œ, show that f £g implies f“ £g“, but that 
f ~gneed not imply f~ ~g“ (take f(x) =log(1+x)) (Matuszewska (1962), § 2.4; 
cf. §3.7 below). 
If c, is a regularly varying sequence, a„}0, (1/¢n) Yn<k<in 4x CONVErgZes as n > %0 
for all A> 1 iff na,/c, converges (Higgins (1979), Drasin (1970)). 
Let (c,) be a bounded sequence, C(x) :=e *Yy9¢,x"/n! 

(i) Ifc,€R_, (P20), then C(x)~c,,,€R_,. 

(ii) Conversely, if (c,) is asymptotic to a non-decreasing sequence, C(x)€R_, 
implies 

C,~C(n)ER_- 

(Bingham & Hawkes (1983), extending Teugels (1977)). 
Prove the theorem of Polya used in proving Proposition 1.10.4: if for some real 


a<b the monotone functions f,,: [a,b] > R converge pointwise on [a,b] to a 
continuous limit, then the convergence is uniform. 


If f is positive and monotone, (x,) satisfies (1.9.1), and if for some A> 1, (a,) 
a, f(AX,) > gå) (x> œ) for 1<A<A, 

where g(‘) is continuous on [1, A], then f varies regularly. [Use the previous 

exercise and Proposition 1.9.4.] 

If, on some interval [X, oo), f is positive, non-decreasing, O((log x)*) as x > œ, 

and f(e*) is convex, then f is slowly varying (Drasin & Shea (1976)). 


2 


Further Karamata Theory 


2.0 Extensions: RC ERcCOR 


The main limitation of the theory so far developed is the need to assume the 
existence of the limits lim, ,, f(Ax)/f(x), lim, ,, A(x +u) —h(x) (as before, we 
write h(x) :=log f(e*)). We may instead consider the corresponding lim sup, 
which always exist (but, however, need not be measurable or Baire, even if f, h 
are). Write 


fax) fax) 


FFA): FTA Fix)’ A) ‘= lim inf Fo (A>0), 
h*(u):= lim sup {h(x +u) —h(x)}, 
h,(u) = lim inf {h(x +u)—h(x)} (ueR), 


so that f,(A)=1/f*(1/A), h,(u)= —h*(—u); 
P(A) = P(A, f) = lim sup at f(ux)/f(x) 


+o pell,a 
Y_(A)=P_(A, f) = P(A, I/f). 
Results not specifically attributed are from Bingham & Goldie (1982a,b). 


1. Uniformity theorems 


The first result extends Delange (1954), Csiszár & Erdős (1964). 


Theorem 2.0.1. Let f be positive, and measurable [Baire], with f*(A)< œ ona 
j-set in [1, ©) of positive measure [a non-meagre Baire set]. Then there exists 
ao2 1 with f*(A)< œ% for ADado, and for every a, b with aa<a<b, 
lim sup ee f(Ax)/f(x) < 00. (2.0.1) 
x>æœ Aela,b 


Also for a> aj there exists x, xn and a constant K with 
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SUX (x)<A* (>a, x> x) (2.0.2) 
and f is bounded away from 0 and œ on finite intervals sufficiently far to the 
right. 


Proof. From 
h(x +utv)—h(x)=h(u+v+x)—h(v+x)+h(v+x) —h(x) 

we obtain 

h*(u+v)<h*(u)+h*(v) (u,veR). (2.0.3) 
Hence the set on which h* < œ is closed under addition. As it contains a set of 
positive measure [a non-meagre Baire set] in [0, ©), Corollary 1.1.5 shows 
that it contains an interval [log ay, 00) for some ay > 1. All of this is true even 
when h* takes value — oo. 

To prove (2.0.1) write A, :=log ay), A:=log a, B:=log b; the measurable 

[Baire] function h has h*(u)< œ for u> Ag, and we must prove 
lim sup sup {h(x+u)—h(x)}<o. (2.0.1) 
x> ue[A,B] 
Suppose the contrary. Then there exist x, > œ and u,e[A, B] such that 
h(x, +u,) —h(x,)>nforn=1,2,.... Passing to a subsequence, we may take it 
that u, > ue[A, B]. Since A>2Ap, the interval I := [ 49, u— Ao] has positive 
length. For every yeI we know that h(x, + y) —h(x,,) <4n for all large n, hence 
h(x, +U,) —h(x, + y)>4n for large n. Thus I=|_)? I, where 
T,:=1T0{y:Wn>k, h(x, +u,) —h(x, + y)>4n}. 

Consider first the case that h is Baire. Then each I, is a Baire set, being the 
inverse image under h of a G;-set. There must be a non-meagre I,, say Ix, and 
so there is some interval J, of positive length, and some meagre set P, such that 
J\P CI x. Write J=(%—2c,«+2c), and pick N > K such that |u, — u| <c for all 
n>N. Let Z, :={u,—y: ye J\P}. Thus Z, = (u, —a —2c, u, —a + 2c)\P,,, where 
P,:=u,—P. The intervals (u,—a«—2c,u,—a+2c) for n>N all contain 
(u—a—c,u—a+c). So ()¥ Z,>(u—a—c,u—a+c)\Q, where Q =| )¥ P, is 
meagre. So (\? Z,, is non-empty: let z be some point in it. Then z> Ay and 
h(x, +u,) —h(x, +u, —2)>4n for all n> N, contradicting h*(z)< o. 

On the other hand if h is measurable then each J, is measurable, so there 
exists K such that |J,|>0, |:| denoting Lebesgue measure. Let Z, :=u, —Ix, 
then |Z,,| =|I|>0 for all n. Since all the Z,, are subsets of the bounded interval 
[A—B+ Ap, B— Apo], the set ()7, J, Z, is a subset of the same interval 
and has measure equal to dimes |)? Z,,|>\Ix|, and so is non-empty. Thus 
there exists z belonging to infinitely many Z,. Hence 
A(x, +U,) —h(x +U,—z)>4n for an infinite set of n, again contradicting 
h*(z)< oo. Thus (2.0.1) is proved in both cases. 

For (2.0.2), fix a>a2, then we may find x, and C>1 such that 


SAW OG. (CSN X= xd), 
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Choose A>a, then a"<J<a™*! for some m> 1, so for KN 
ME MOT IG) 
f(x) Saty) eaa x) 
where K := (log C)/loga. This is (2.0.2). For any interval [u,v] with 
ax, <u<v< oo it gives 
(av/t)*f(av) < f(t) < (t/x fx) (u<t<v), 
whence the local-boundedness assertion. E] 


LOAL 


The next result shows that we cannot in general take a= 1 in (2.0.1), A=0 in (2.0.1') — 
that is, (A) may be identically + o0. 


Proposition 2.0.2a (Delange (1954)). There exists a function h, continuous and piecewise 
linear, with 


h*(u)<co Vu>0, (2.0.4a) 
limsup sup h(x+u)—hA(x)=+0 Ve>0. (2.0.4b) 


x70 ue[0,e] 
Proof. Take h(n?)=h(n? +2/(3n))= —(n—1)*, h(n? +. 1/(3n))=h(n? + 1/n)= —n? 
(n=1,2,...) and complete h so as to be continuous and piecewise linear (see Fig. 1). 
Choose u>0. When nis so large that 1/(2n) <u, for all x >n? we find h(x + u) —h(x) <0. 
So h*(u) <0 (in fact =0). But when n is so large that 1/(3n)<e we have 
sup b(nts. tu) n(n? = ~(n—1)?+n?=2n-1 
ue(0,e] 3n 3n 


hence (2.0.4b). Oo 
Proposition 2.0.2b (Csiszár & Erdős (1964)). One may have (2.0.4a) for a continuous h but 
h*(0+)=00. 


Proof. Take h(0)=—2, h(2n—1)=h(2n)= —2"*' (n=1,2,...), h(2n—14+27*)= 
h(2n—1) +2" = —2"*1 4-2" (k=1,...,n), hQn—1—2"-")=h(2n—1+4+2°")= —2", and 


Fig. 1 
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complete h so as to be continuous and piecewise linear. One may check that 
h*(2~")=2", h*(u) <2" for u>2~". Thus (2.0.4a) holds but h*(0+)= œ. E 


That the cases ay = 1, ao > 1 in Theorem 2.0.1 are genuinely different is shown by the 
following result. 


Proposition 2.0.2c. For a continuous h, one may have h*(u)< œ on (U, œ) but h* (u) = œ 
on (0, U), for some U >Q. 


Proof. Take h(3n)=h(3n+2)= —(n—1)?, h(3n+ 1)= —n?. Then h*(u)= + œ on (0,2), 
but h(x+u)—h(x)<0 for u>2. O 


So far as the role of measurability or the Baire property is concerned, note 
that an additive h satisfies h*(u)=h(u). The Hamel additive functions of § 1.1 
thus have h* finite everywhere but unbounded on every interval, violating 
(2,0 ale) 

We now seek a minimal condition under which a, in Theorem 2.0.1 can be 
taken to be 1. First we show and ¥_ are submultiplicative. 


Lemma 2.0.3. If A,,A,21, ‘P(A,A,)<VP(A,)¥(A,). Further, if 
Y(A)< œ (=1) for some A> 1 then ‘¥(A)< œ (=1) for all A>1. The same 
conclusions hold for Y. 


Proof. Pick n> 1 and find X such that 
sup f(Ax)/f(x)<nP(A,) (i=1,2,x>X). 
Ae(1,A;] 
Then fonx= X, 


fax) _ flux) flux) 

sup = sup 
INAI JX) ael,A Jaena] Jux) f(x) 
Hence ‘P(A, A,)<7'¥(A,)¥(A,), whence submultiplicativity. Now if A> 1 
and ‘¥(A,)< œ then for any A> 1 we can find n with A <A}, hence Y(A) < 
Y(^0)"< œ. Similarly, ¥ is 1 identically in (1, o0), or never. Since ¥_(f)= 
Y(1/f), the conclusions carry over. [=] 


<n'¥(A,)¥(A,). 


A consequence of this is that we may speak unambiguously of the cases 
P=, ¥<o,'¥= co, and similarly for -P_. 


Theorem 2.0.4. If in Theorem 2.0.1 f,(Ao)>0 for some A)>a2, then for all 
ik 


WA, f)<0co, W_(A,f)<oo. (2.0.5) 


Proof. Fix a € (aĝ, A) and set Ag :=Ao/a> 1. From (2.0.1) we may find x, and 
C such that f(Ax)/f(x)<C whenever A€[A/Ag, 49] and x>x,. Then for 
Ae[1,Ao] and x> xo we have Ao/Ag <10/4 <å and 
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SOUF) = { fA0x)/f)}/{ M(Ao/A)Ax)/flAx)} 
2C~*f(Aox)/f(x), 
hence 
1/¥_(A,)=liminf inf ENED ZE *f, (Ao) >0. 
x00 Ae[1 Ag] 
By Lemma 2.0.3, Y_(A,f)<oo for all A>1. But now 1/f satisfies the 


conditions of the present theorem. So Y_(A, 1/f)<oo for all A>1, that is, 
Y(A, f)<o. O 


In additive notation this is 
limsup sup |h(x+u)—h(x)|<a YU>O0. (210759) 
x>æœ ue[0,U] 


In particular, h* is bounded on every compact set (recall h,(u)= —h*(u)), 
extending Csiszár & Erdős (1964), Theorem a. 


2. Extensions of regular variation 


The results above suggest the following extensions of the class R of regularly 
varying functions, using lim sup, lim inf instead of limit. 


Definition. The class ER of extended regularly varying functions is the set of 
positive measurable f with 


- =f af =A VAS I (2.0.6) 
for some constants c,d. 
The class OR of O-regularly varying functions is the set of positive 
measurable f with 
0<f,A<f*A)<oo Wiel. (2.0.7) 
The classes BER, BOR are defined analogously with the Baire property in 


place of measurability. 

The class OR was defined and studied by Avakumovic (1936), Karamata (1936); see 
also Matuszewska (1965), Feller (1969), Seneta (1976), Aljancic & Arandelovic (1977), 
Maller (1977). The class ER is implicit in the work of Matuszewska (1965). 

The next two corollaries, both immediate, show that f € OR under the hypotheses of 
Theorem 2.0.4. 


Corollary 2.0.5. In Theorem 2.0.1, f* is bounded away from 0 and œ on finite intervals 
far enough to the right. If also f,(Ao)>0 for some Ay>ag then f EOR and 


NICS FORA C) SCAG AS 1 XS Xo) 
for some constants C>1, c, d, Xo. 


Corollary 2.0.6 (Feller (1969)). If (positive) f is non-decreasing [non-increasing], 
finiteness of f*(Ao) [positivity of f,(Ao)] at one point A > 1 implies f EOR. 
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The classes ER, OR possess important uniformity properties: 
Theorem 2.0.7 (Uniform Convergence Theorem for ER). If fe ER [f € BER], 
then (2.0.6) holds locally uniformly in (1, œ): for all A> 1, 


{1+0(1)}A4 <fAx)/f(x) < {1+0(1)}4 (x> æ), 
uniformly in AE[1, A]. (2.0.8) 


Proof. A special case of Theorem 3.1.14, below. In (3.1.18), take g=1 and 
exponentiate. E 


Theorem 2.0.8 (Uniform Convergence Theorem for OR; Aljancic & 
Arandelovic (1977)). If f €OR [f € BOR] then, for every A> 1, (2.0.7) holds 
uniformly in Ae[1, A]: 0< 1/P_(A, f)< P(A, f)< œ for all A>1. 


Proof. Immediate from Theorem 2.0.4. g 


2.1 Karamata and Matuszewska indices 


The uniformity properties of the previous section allow us to define one-sided 
analogues of the index of regular variation. These are of two kinds: the 
Karamata indices (local, pertaining to the class ER), and the Matuszewska 
indices (global, pertaining to OR). Our results about them are special cases of 
certain theorems in Chapter 3, and we could, therefore, replace the proofs in 
this section by forward references. But there are good reasons against wholly 
following this approach, so we shall compromise by treating one pair of 
indices, the Matuszewskas, fully, and reserve forward reference for the others. 
In fact we have started this approach with Theorem 2.0.7. 

For connections with indices of Orlicz spaces see e.g. Boyd (1971), Maligranda (1985). 


1. Karamata indices 


Definition. Let f(:) be positive. Its upper Karamata index c( f ) is the infimum of 
those c for which for every A>1, 
f(AX)/f(x) <{1+0)}4° (x > œ), uniformly in Ae€[1, A]. (2.1.1a) 
Its lower Karamata index d( f) is the supremum of those d for which for every 
eee | 
f(Ax)/f (x)= {1+o0(D}a* (x> œ), uniformly in Ae[1,A]  (2.1.1b) 
(here inf Ø := + 00, sup Ø := — œ). 
The terminology here is that of Bingham & Goldie (19826). Matuszewska (1964) 
introduced indices reducing to c(f),d(f) when both are finite. 
Note that if c( f) is finite, (2.1.1a) holds with c=c(f). For, given A> 1,e>0 
we may choose ny >0 so small that A"<1+¢. Then choosing c<c(f)+n in 
(2.0.8) and X = X(A, e) large enough, we have for all Ae[1,A], x>X, 
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SxS) (1 +e) < (1+ 6A *n 
<(1+e)AUW 
<(1 +e) A0, 
yielding (2.1.1a) with c( f) in place of c. Similarly, if d( f) is finite, (2.1.1b) holds 
with d=d(f). 
We may re-state Theorem 2.0.7 as follows: 


Theorem 2.1.1 (Karamata Indices Theorem). For f positive and measurable, 
feER if and only if its Karamata indices c(f),d(f) are both finite. In 
particular, f € Rif and onlyif c( f)=d(f), finite, their common value p being the 
index of regular variation of f. 

The examples of Proposition 2.0.2a,b,c show that one cannot characterise 
c(f) in terms of f* alone. To incorporate the local uniformity implicit in the 
definition of c(f), one needs the functions ¥,‘¥_ defined above. 


Theorem 2.1.2. For f(-) positive, there exists 
W’(1) =lim{P(A) — 1}/(A — 1) =lim(log ‘P(A)) log 4 
All All 


=sup(log ¥(4))/log że [0, œ], 


A>1 
and the common value is c(f)* :=max(c(f), 9). ; 
If ¥(1+)>1 then c(f)= +œ. If Y(1+)=1 or ¥_(1+)=1 then there 


exists 
J” =lim{ f*()— 1}/(A— 1) =lim(log f*(2))/log 4 
All 


=sup(log f*(A))/log AEL[— œ, œ], 


A>1 
and c(f)=f*"(1). 
Proof. The special case of Theorems 3.3.2—3, below, in which the function g 
there is identically 1. Ei 


For f monotone this result is due to Matuszewska (1964). Note that the condition 
W(1+)=1 says that log f is slowly increasing, while ¥_(1+)=1 is log f slowly 
decreasing; see § 1.7.6. Note also that the objects named ’’(1), f*’(1) are only right- 


hand derivatives. 
From Theorem 2.1.2 we see that if (2.1.1a) holds for one A> 1, it holds for 


all. Thus c(f) has indeed a local character: knowledge of the limiting 
behaviour of f(Ax)/f(x) for A restricted to any interval [1, A] of positive length 
is enough, and similarly, by the next result, for d(f). 

We can read off the corresponding result for d(f) by applying the last 
theorem to 1/f. Recalling that f,(A)= 1/{(A/f)*A)}, Pe (fA) = VP (175A); 
c(1/f)= —d(f) we obtain 
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Corollary 2.1.3. For f(-) positive, there exists 


WY (1) =lim{¥ _ (4) — 1}/(A— 1) =lim(log  _ (A))/log 4 
A\l A\l1 


=sup(log ‘¥ _(A))/log A €[0, 2], 
A>1 
and the common value is d(f) := —min(d(f), 0). 
If ¥_(1+)>1 then d(f)= — œ. If ¥(1+)=1 or ¥_(1+)=1 then there exists 


fa) =limf f, (A) — 1}/(A — 1)=lim(log f, (A))Aog 4 
All Alt 


= inf (log f,(A))/log Ae [— œ, w], 
A>1 


and d(f)=f},(1). 


One may also characterise c(f) in terms of monotonicity: 


Theorem 2.1.4. For c>c(f), f (positive, measurable) may be represented as 
f)=fiOdfo(x),  f,€R,,f2>0 non-increasing. 
For c<c(f) such representations are not possible. 
Here of course the constant c is assumed finite; thus the first statement is 


vacuous if c( f)= + œ, the second if c( f)= — œ. Similar results hold also for 
d(f). For proof, specialise Theorem 3.8.1, below, by setting g=1. 


2. Matuszewska indices 
Definition (after Matuszewska (1964)). Let f() be positive. Its upper 
Matuszewska index «(f) is the infimum of those a for which there exists a 
constant C = C(x) such that for each A> 1, 
f(Ax)/f(x) <C{1+0(1)}4* (x— œ) uniformly in 2€[1, A]; (2.1.2a) 
its lower Matuszewska index B(f) is the supremum of those B for which, for some 
D=D(B)>0 and all A>1, 
f(Ax)/flx) => D{1+0(1)}A® (x— œ) uniformly in A€[1, A]. (2.1.2b) 
Unlike c(f),d(f), the indices «(f) and (f) have an essentially global 
character. The two pairs of indices are, however, linked, in that (2.1.1a,b) 
imply (2.1.2a,b) respectively, whence 
—0<d(f)<B(f)<a(f)<c(f)< +o. (25183) 
The index «(f ) may be partly EE in terms of ¥ by the following 


result; assuming a slow-increase or slow-decrease condition its value may be 
calculated in terms of f*. 


Theorem 2.1.5. For f(') positive, there exists 


lim (log ¥(4))/log A= w (log ¥(4))/log A€[0, œ]; 
>1 


A> œ 
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their common value is «(f)* :=max(a(f), 0). 
If ¥< œ or Y_ <œ, there exists 


ae (log f*(4))/log A= inf (log f*(A))/log AE[ — cw, 0]; 
> A>1 


their common value is a( f). 


Proof. Use additive arguments: h,h* as before, and now also 


M(u,v):=limsup sup {h(x+w)—h(x)} (0<u<v) 


x70 we[u,v] 
and N (v) := M(0,v)=log P(e"), N_(v) :=log YY _(e’). By definition, a( f) is the 
infimum of those « for which there exists K =K(x)<oo such that for each 
U0; 
h(x +u)—h(x)<K+aut+o(1) (x > oo), uniformly in ue[0, UJ. 


We are to prove first that there exists 


lim N(u)/u= inf N(u)/ue[0, œ], (2.1.4) 
u> oo u>0 
and that if N< œ or N_ < œ (for one iff all arguments) then there exists 
lim h*(u)/u= inf h*(u)/ue [— œ, œ]. 215) 
u> oo u> 0 


Then letting € denote the common value in (2.1.4), and 


Sith (N= 00) 
~ ) tim A*(u)/u= inf h*(u)/u (N< œ), 
u—> oo u>0O 


we are to show 
(i) a(f)* =¢; 
(ii) if N< œ then a(f)=a; 
(i) aie =o, N= co thenca( /) inf; h*(u)/u. 

First, by Lemma 2.0.3 N is subadditive, and, as it is non-negative and non- 
decreasing, standard theory (cf. § 2.12.4) gives (2.1.4). Now if N- <œ then 
either h*(u)= + œ for all u>0, when (2.1.5) is trivial, or h*(ug)< œ for some 
uo > 0, in which case Theorem 2.0.4 applies to 1/f, whence N < co. So we may 
prove(2.1.5) assuming N < œ. But then h* is locally bounded above on [0, «), 
so the subadditivity proved in (2.0.3) implies (2.1.5). 

Now, of (i)(iii), we have (iii) at once, for we have just seen that N_ < œ = N 
implies h*(u) = + œ for all u>0, whence obviously «(f) = œ. So instead of (i)— 
(iii) we may prove (i) and 

(ii)’ a(f)=o. 
In fact we shall prove (ii) and 
i) o* =€, 
for these together imply (i) and (ii)’. 
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First, (1). This is trivial when č = œ and easy when €=0, so we assume 
0<é&<oo. Fix d€(0, 1), then 
N(6u)/u=6N(6du)/(du) > ôE (u> oo) 
<6 
Since N(u)=N(ôu)v M(ôu,u) and €=lim,.,, N(u)/u it follows that 
lim, 0 M(du, u)=€. One easily obtains 
M(u,v)<h*(u)+N(v—u) (vžuž0), (2.1.6) 
so 
ôh*(ðu)/(ðu) =h*(du)/u 
> M (ôu, u)/u—N((1—6)u)/u 
=> § WE DE (eo): 
That is, c=&>0, which proves (1)’. 
As for (ii)', that o<a(f) is easy; we prove a, <o. The case with content is 
when ø< œ, hence N < œ. Pick s>co. By (2.1.6), 


M(u,ut+1)/u<h*(u)/u+ N(l)/u>a (u> œ), 
so we have M(u,u+1)<su for all u> U, say. Hence 


M(u,u+1)<K+su (u>0) (2307) 
where K := N(U + 1)+(—s)*U. So 
h(x +u)—h(x)<K+su+o(1) (x> æ) Vu>0. (2.1.8) 


Suppose this fails to hold locally uniformly, so there exist B>0, e>0, 
X, > 00, u, E [0, B] such that 
h(x, +u,) —h(x,)>K+su,te (n=1,2,...). 


Passing to a subsequence, we may take u, > uy € [0, B]. Choose u;, u, with 
O<u; <u <u, (if u>0; if not take u, =u) = 1<uy) and u, <u, +1. We may 
take u, so close to u; that inf,.;,, u] Su> su, —4¢. For large n, u, € [u;, u2], and 
then 

h(x, +u,) —h(x,) > K + (su, —4e) +8, 
whence M(u,,u, + 1)>K +su, +4e, contradicting (2.1.7). Thus (2.1.8) holds 
locally uniformly, so a(f)<s, whence a(f)<o as required. E 


Again we can read off the corresponding result for B(f) by applying this result to 1/f. 
Since B(1/f)= —a(f) we obtain 


Corollary 2.1.6. For f(°) positive, there exists 
lim log(‘¥ _(A))/log A= inf (log ¥ _(A))/log 4 e [0, œ]; 
A> œ A>1 


their common value is B(f)~ := —min(B(f), 0). 
If ¥<o or ¥_ <œ, there exists 
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fim (log f,(4))/log 4= sup(log f,(A))/log 4e [— œ, o0]; 
>00 A>1 


their common value is B(f). 


Theorem 2.1.7 (Matuszewska Indices Theorem). For f positive and measurable, 
(i) a(f)< oo iff ¥(f) <0; B(f)> -=o iff ¥_(f)<o, 
(ii) f EOR iff its Matuszewska indices a( f), B(f) are both finite. 


Proof. 
(i) That a(f)<co implies ¥< œ follows by the definition of a(f), the 
converse by Theorem 2.1.5; similarly for (f). 
(ii) By Theorem 2.0.8, fe€OR implies Y <œ and ¥_ < œ; the converse 
follows from the definition of OR. E 


Theorem 2.1.8. The indices are linked by (2.1.3), the classes by 


RcERcOR. 
For f EOR, 
OES A AAVA, (2.1.9) 
while for f EER, 
MO <f N SAES ENE S a 1. (2.1.10) 


Proof. (2.1.9) follows from the facts that æ(f) is the infimum of 
(log f,(4))/log A, and p(f) the supremum of (log f,(A))/log 4, for A>1 
(Theorem 2.1.5 and Corollary 2.1.6). Interchanging sup and inf one obtains 
c(f) and d(f) respectively (Theorem 2.1.2 and Corollary 2.1.3), whence 
(2.1.10). O 


It is useful to name the classes of functions having Matuszewska indices in 
certain ranges. The terminology is from de Haan & Resnick (1983), with 
monotonicity assumptions removed: 


Definition. The positive function f has bounded increase, or f € BI, if a(f)< a 
(equivalently ¥(f)< œ); 
has bounded decrease, or feEBD, if P(f)>—œ (equivalently 
Y _(f)< œ); 
has positive increase, or f € PI, if B(f)>0; 
has positive decrease, or f € PD, if «(f)<0. 


2.2 Further properties of ER and OR 
If f=O(g) and g=O(f), we will write f xg. 
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1. Almost increasing and almost decreasing functions 


Following Aljancic & Arandelovic (1977) we shall call a positive function f 
almost increasing on [X, œ) if for some constant m>0, 


S(y)2mf(x) (y2x2X). 
Leaving X unspecified, this may be written f(x)=O(inf,. , f(y)) as x > oo, or 
even f(x) <inf,., f(y). Define almost decreasing similarly, as 
f(x) X sup, f(y). The indices «(f), B(f) have a concise characterisation in 
terms of the almost increasing and decreasing properties, which will follow 


easily from the following useful result, analogous to the Potter-type bounds of 
Theorem 1.5.6. 


Proposition 2.2.1. Let f(') be positive. If f e BI then for every a>a(f) there 
exist positive constants C, X such that 


SOVS) <C(y/x)*_ (y>x>X). (2.2.1) 
If f € BD then for every P< B(f) there exist positive constants C', X’ such that 
SFE) C(y/xP_ (yEx2X’). (2.2.1’) 


If f €BIUBD then f is bounded away from 0 and œ on all finite intervals 
sufficiently far to the right. 


Proof. Suppose feBI, so that ¥=¥(f,:)<œ. By Theorem 2.1.12, 
a( f)=inf,, (log f*(A))/log å, so that there exists 2>1 such that f*(A)<A*. 
Hence there exists X such that f(Ax) <A’f(x) for all x> X. Choose y>x>X, 
then A"<y/x<A"*! for some integer n>0, and 


S/F) = ff f Akx)/f (a vo} FOSA") 
=1 


SAAKA): 
If ~>0 then 4**<(y/x)*, while if «<0 then 4" + De < (y/x)*. Thus 
SOVS) <(y/x)" max(1, 27E (4), 


giving the first conclusion. The result involving B(f) may be deduced using 
B(f)= —«a(1/f), etc. The boundedness remark follows. mi 


Theorem 2.2.2 (Almost-Monotonicity Theorem). For positive f, 
a( f)=inf{aeR:x~“f(x) is almost decreasing}, 
B(f)=sup{BeR:x f(x) is almost increasing}. 
Proof. If a(f)<oo then for every o>a(f) Proposition 2.2.1 gives x~ f(x) 
almost decreasing. Conversely if x *f(x) is almost decreasing then (2.2.1) 


holds for some C, X, hence a( f) <a by definition of a( f). The result for B(/) is 
similar. ia 
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Note that this result characterises the finiteness of a( f) and B(f), as well as 
their values, in terms of the almost increasing and decreasing properties, and 
hence gives a characterisation of membership of OR (cf. Theorems 1.5.3, 
1.5.4). This characterisation is due to Aljancic & Arandelovic (1977). 

There are close analogues of the above for the Karamata Indices. Thus, first, a one- 
sided version of the Potter-type bounds of Theorem 1.5.6: 


Proposition 2.2.3. Let f be positive. If c(f)< œ then for every c>c(f) and A>1 there 
exists X = X(A,c) such that 
SYA) <A(y/x (y>x>X). 
If d(f)>— œ then for every d<d(f) and A €(0, 1) there exists X = X(A, d) such that 
SOVI) > A(y/x)? (y>x>X). 
Proof. Choose c' €(c(f),c) and set A := A1/~°), By definition of c(f) we may find X so 


that f(Ax)/f(x) < Ad whenever 1<A<A,x>X. For y>x> X letn be the integer such 
that A"x <y<A"*1x, then 


F(WI%) < A(W/AlA"x)} I] { f(A‘) /f(A*~*x)} 


< A(y/(A"x))" (AAS "= A"* (y/x), 
Here the exponent n+ 1 is at most 1 + (log(y/x))/log A, whence the first conclusion on 
employing the defining formula for A. Similarly for the second conclusion. o 


Theorem 2.2.4. For positive f, 
e(f)=inf{c eR: x f(x)~ (x) for some non-increasing $}, 
d( f)=sup{deR:x~“f(x)~ (x) for some non-decreasing $. 


Proof. If c(f)< œ, Proposition 2.2.3 yields x f(x)~sup,,, y ‘f(y). Conversely if 
x Ff(x)~(x)| then it is easy to see sup, <<, ‘f(Ax)/f(x)<1+0(1), and the 
conclusion for c(f) follows. That for d(f) is similar. oO 


Note that in the above characterisation of c( f) the inf need not be attained (consider 
f=log). In Theorem 2.1.4, by contrast, the important point is that c(f) is attained as 
the inf of those c for which f=/, f2. : 

Again, Theorem 2.2.4 characterises finiteness of c( f), d(/), so in particular f € ER if 
and only if there exist finite c, d and non-decreasing positive functions ¢,, 2, such that 
x f(x) ~ 1/b,(x) and x ~“f(x)~ @,(x). This characterisation generalises and contains 
that of slow variation given in Theorem 1.5.4. 


2. Orders 


The upper order (often shorted to ‘order’) p(f) and lower order u(f) of a 
positive function f are often useful. They are defined by 
log f(x log f(x) 
pf) = lim sup SESO) 


:= lim inf : 
nanba uf) a ae 
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If a(f)<o and a>a(f), we see taking x=X in Proposition 2.2.1 that 
lim sup,- „(log f(y))/log y <a. Thus p(f) <a, for all a>a(f): 


Proposition 2.2.5. The orders and Matuszewska indices of f are related by 


BSUS) <p(f) <a(f). 


3. Representations 


Versions of the Representation Theorem hold for ER and OR, and the indices 
may be related to the representations. 


Theorem 2.2.6 (Representation Theorem for ER). f € ER if and only if 


fox) =exp} C+ nts) + | zode} (x2 1) 

1 

with C constant, n(x) > 0 as x > œ, č bounded and €,n both measurable. The 
Karamata indices are given by 


Ax 
cif) Him tim sup? = 1> | é(t)dt/t, 


ALI TSO 


d(f)=lim lim inf(A — 1) ~ Hh E(t)dt/t 


Ae RS cc! 


and satisfy 


lim inf €(x)<d(f), c(f)<lim sup &(x). 222) 
Proof. Use the proof of Theorem 3.6.3, below, taking g=1. 0 


The above expressions for c(f),d(f) are equivalent to certain Polya-type means 
considered by Rubel (1960): see §3.6 for details. Representations (called canonical 
ones) exist with equality in both parts of (2.2.2) and the canonical ones can be 
characterised; again see § 3.6. 

A less complete representation of ER is given in §§ 4.3.1—3 of Matuszewska & Orlicz 
(1965). Note how, when c(f)=d(/) =p, finite, we recover the Representation Theorem 
of § 1.3 for feR,. 


Theorem 2.2.7 (Representation Theorem for OR; Karamata (1936), Aljancic & 
Arandelovic (1977)). f €OR if and only if 


fs) =exp ns) + f coan} (x> 1) (223) 


where n, č are bounded on some [X, œ), and measurable. 

For every a, ß satisfying P< B(f) 3 (Wee representations exist with the 
function € in the integrand taking values only in [B,«]. Such a representation, 
with € bounded by « and ß, is not possible unless B<B(f) and a>a(f). 
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Proof. (2.2.3) implies 0< f (4) < f*(4)< œ for every A>1, that is, f EOR. 
Indeed, if č is bounded above by «, and C := sup|n(-)|, (2.2.3) yields 
S(Ax)/f(x) <exp{2C+alog at (A>1,x>1), 
log f*(A)<2C +a log A (A=1); 
so a(f)<a by the second part of Corollary 2.1.6. 
For the converse, assume f €OR and choose (finite) B<P(f) and a>a(f). 
By Corollary 2.1.6 there exists A> 1 with 
BlogA<f,(A)<f*(A) <a, 
hence there exists X with 
B<{H(Ax)—H(x)}/log A<a (x>X), 
where H(:)=log f(-). We may also make X so large that the bounds of 
Proposition 2.2.1 operate. Write 
E(x) i= {H(Ax)—H(x)}log A (x>X) 
a (=x< Xx), 


_ (“H(x)- H(t) dt 
n(x) -| ren : (x>X) 


so that x <č(x)<ß for x>1, while by Proposition 2.2.1, n is bounded on 
LX, œ). Now 


H(x)=C+n(x)+ I, E(t)dt/t (x>X). 
1 


With (°) :=C+n(-), we have represented f as required, at least for x > X. By 
defining y(:) suitably on [1,X), we force the representation to extend 
there. E 


Thus, in (2.2.3), a( f) is the infimum of the upper bounds of all the functions €, (f) 
the supremum of the lower bounds. Neither a( f) nor £(f) is in general attainable, as is 
shown by the following result. 


Proposition 2.2.8. There exists f EOR with a( f)=B(f)=0, not expressible as f(x)= 
exp{n(x)+ f{č(t)dt/t} with (x) + 0 as x > œ and n(x) bounded. 


Proof. Take h(x)=0 on [0, 1], and for each interval [2/,2/*"], j=0,1,..., take 
h(x) =h(2/) + (x-2 (24 <x<2/*1); 

take f(x) :=exp(h(log x)). 

Choose u>0. For all j with 2/>u, the difference h(x + u) —h(x) is decreasing in x for 
x €[2/,2/+1—u], so is maximised there by taking x=2/. For xe[2/*!—u, 2/*1], 
h(x +u) —h(x) =24 —(x —2/)!+ (x +u—2/*1)!, which has non-negative derivative, and 
so is maximised by taking x = 2/*!. Thus relative maxima of h(x + u) —h(x) occur only 
when x =2/,2/+!,..., and at each such point h(x +u) —h(x)=u’. So h*(u)=w’, f*(A)= 
exp{(log Ay}. Since h, f are non-decreasing, f,(A)>1.So f €OR, and Theorem 2.1.12 
yields a(f)=lim,..,,(log f*(A))/logA=0; similarly (2.1.12) yields B(f)>0. So 
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a( f)=B(f)=0. But if f had a representation f(x)=exp{n(x)+J} E(t)dt/t} with n 
bounded and &(x) > 0, |n(x)|<C say, then for A> 1 


AX 
SUX/fx) = exp (2) — (x) + | zoare} 


<exp}2C +o À sup &( | 


[x, 00) 
+e (x00), 


so f*(A)<e?° for all A> 1, contradicting f*(A)=exp{(log 4)’}. Oo 


2.3 Rates of convergence and growth 


1. Rates of slow variation 
A slowly varying / has ¢(Ax)/¢(x)-130 (xo). In imposing a 
strengthened form of this convergence one can do so ‘externally’: 
{¢(Ax)/¢(x) — 1}t(x) +0 (x> œ) (2.3.0a) 
or ‘internally’: 

L(u(x)x)/¢(x) 71 (x> æ), (2.3.0b) 
for some t(x), u(x) > œ. (The terminology is due to C. W. Anderson.) Classes 
of functions / satisfying either of these relations have their own versions of 
uniform convergence and representation theorems, which we discuss in § 3.12. 
These results depend on what asymptotic behaviour is given for the rate 
functions t, u. Where this behaviour is not given, but t, u are defined in terms of 
l itself, different uniformity and representation issues arise: one obtains 
‘Beurling slowly varying’ or ‘self-neglecting’ functions (see § 2.11). 

For the present we shall discuss connections between (2.3.0a) and (2.3.0b), 
and implications for the de Bruijn conjugate. We can be a little more general 
than above, in not always assuming t(x) or u(x) tends to oo. 


Theorem 2.3.1 (Bojanic & Seneta (1971); van der Steen (1972)). If the slowly 
varying function ¢ satisfies 
L(Aox) 
¢(x) ia 
for some A,>1, f(x)>0, then for y>0 
(i) if x’f(x) is eventually non-decreasing, 
E(xf?(x))/¢(x) > 1 (x 0), 
uniformly in 6€[0, A] for 0<A<1/y, 
(ii) if x f(x) is eventually non-increasing, 
xf ~°(x))/¢(x) > 1 (x > 00) 
uniformly in 6€[0,A] for 0<A<I1/y. 


flog f(x) 20 (x>w) (2.3.1) 
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Proof. We prove only case (i); case (ii) is similar. Change to additive notation 
by writing h(x)=log 7(e*), g(x) =log f(e”), up =log Ap, C=log X: 
h(x + Uo) —h(x)=o(1/g(x)) (x > œ), 
yx + g(x) increases on [C, 00). 
Since yd<1 it follows that x+ôg(x)> œ. Write n,:=[6|g(x)|/uo], 
S, = sgn g(x); then 


ny 


h(x + 6g(x)) —h(x)= 2 {h(x +s,kuo) —h(x +5,(k — 1)uo)} 


+ cng x + 6g(x)) —h(x +s,.n,Uo)}. 
Since the arguments in the second term on the right differ by at most ug, and 
x +6g(x) > oo, the second term on the right tends to zero by the Uniform 
Convergence Theorem (indeed, uniformly for ôe [0, A] for each A €(0, 1/y)). 
Choose ¢>0; then for x> X(e), say, 
e/|g(x+(k— 1)uo)| (g(x)>0) 


|h(x +s,kuo)—h(x +5,(k — 1)uo)| < pi — kuo)| (g(x)<0). 


Since yx + g(x) increases on [C, 00), there is some D such that for x> D, k Sny, 
g(x + kup) > g(x) —kugy > (1—yd)g(x)>(1—yA)g(x) if g(x) 20, 
g(x — kuo) <g(x) + kuoy <(1—yd)g(x) <(1—yA)g(x) if g(x) <9. 
So for x >max(0, X(e)) the sum above has modulus at most 
en,/{(1—yA)|g(x)|} <eA/{uo(1 —yA)}, 
giving h(x + 6g(x)) —h(x)—0, (xf °(x))/¢(x) 1, uniformly in 6. o 


Next, a simple sufficient condition for (2.3.1) to hold. 


Proposition 2.3.2. If f is non-decreasing, f(x)>1, and f is continuously 
differentiable, then 

xl" (x)//(x)=o0(1/l0g f(x) (2.3.2) 
implies (2.3.1). 


Proof. For A> 1, (2.3.2) gives 
Ax 


log{¢(Ax)/¢(x)} = | 4'(t)dt/£(t) 


x 


= (| dt/{t log so) 
1 Ax 
-ofra |. *") 


=o(I/log f(x)), 
giving (2.3.1) for every A)>1 on exponentiating. i) 


78 2. Further Karamata Theory 


Now we take f in (2.3.1) to be Z: 


Theorem 2.3.3 (Bojanic & Seneta (1971)). If / varies slowly and for some 
hens 


{os Á i (ed gcoyas One Sec) (2.3.3) 
1 (x) 
then 


L(x¢*(x))/Z(x) > 1 (x > œ) locally uniformly in «ER. (2.3.4) 


Proof. Let ¢(x)=c(x) exp{f{ e(u)du/u} as in the Representation Theorem, 

¢,(x)=c exp{f} e(u)du/u} where c=lim c(x)€(0, 00). Then (2.3.3) and slow 
variation of / give 

C(Aox) 

¢(x) 

But since ¢(x) 0, for any y>0 we have x’/,(x) eventually increasing, 

x ’/ (x) eventually decreasing. The result follows by Theorem 2.3.1. E 


— tliog fı(x)>0 (x> œ). 


Notice that not every slowly varying / can satisfy (2.3.3). Thus if /(x)=exp{(log x} }, 
0<ß<1,«#0, 
1 if0<ß<4, 
exp(aB) if B=3, 
if «<0 and4+<f<1, 


E(x0(x))/C(x) > 


00 if «>0 and4<f<1 
(Bojanic & Seneta (1971)). 


2. de Bruijn conjugates 


One use of Theorem 2.3.3 is in the context of de Bruijn’s Theorem 1.5.13. 
Writing m(x) for the slowly varying function 7*(x), (2.3.4) is m(xm(x)) ~ m(x). If 
m* is the conjugate of m, the asymptotic uniqueness assertion in Theorem 
1.5.13 gives m* ~ 1/m: 


Corollary 2.3.4. If (2.3.4) holds for some «40 then (¢*)* ~1/¢*, and if 
x1/*¢(x)=y then x~ y*/¢%(y*) (x, y > 00). 

Another sufficient condition enabling one to find asymptotic inverses in 
similar fashion is 


Proposition 2.3.5. (Békéssy (1957)). If ¢ is slowly varying, define f (x) := 
U(x/¢(X)), «5b 44 (x) = C(x/C,(x)) (n= 2,3, ...). Then each f, is slowly varying. 
If la+ (x) ~ll) as x > œ for some n, then 0*(x)~ 1/Z,(x). 


Proof. ¢,(Ax)=¢(Ax/¢(Ax)) = C(Ax{ 1+ 0(1)}/4(x)) ~ ¢(x/¢(x)) =7,(x) (using 
slow variation of / and the Uniform Convergence Theorem), so /, varies 
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slowly; one may show similarly by induction that f, varies slowly. If now 
Cn dae oe 


ay, ee 1 
Z 5- ioia 


E OOL 21 a o) 


by Theorem 1.5.13, whence /* ~ 1/¢, by asymptotic uniqueness of /*. [J 
See Appendix 5 for further methods of calculating the de Bruijn conjugate. 


But also 


3. Rates of growth 


Next, some results relating the rates of growth of slowly varying functions and 
powers. Compare Hardy (1924), Chapter 1. 


Theorem 2.3.6 (Vuilleumier (1963)). If f(x)/x* > 0 as x > œ for every a>0, 
then f(x)/¢(x) +0 for some slowly varying function f. 


Proof. We may replace f(-) by max(| f(-)|, 1), for the condition on f implies the 
same condition on its replacement, while the conclusion for the replacement 
implies the conclusion for f. Thus from now on, f(x)> 1 for all x. 

For every k=1,2,...,x1/*/f(x) > œ as x > œ. So we can find a, so that 
ESR OON for x >a,. Put ay= 1. Increasing a,,a,,... successively if need be, 
we can ensure that (a,) is strictly increasing to oo. Set 

=}, (x €[d,4;)) 4 
&(x) = 
Wk (xefa,;a,.,),kK=1,2,..:) 
Then e(x)—>0, so that ¢(x):=exp{f{ e(y)dy/y} defines a slowly varying 
function. 
Fix m and take x>a,,. If n is the integer with x €[a,,a,+,) then 


| T 
1 


>No) (e is non-increasing) 
= x!" 
>nf(x) (by definition of a,,) 
>mf(x). 
Thus ¢(x)>mf(x) for x> am, whence ¢(x)/f(x) > œ. E 


There is an integrability version of this result. Integrals, as throughout, are Lebesgue 


integrals. 


Proposition 2.3.7. If f is measurable, and Jf f(x)dx/x* is finite for every a>0O, then 
{2 f(x)dx/¢(x) is finite for some slowly varying f. 
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Proof. The assumption is equivalent to |*°|f(x)|dx/x*< œ. Pick ag=1,a,,42,..., 
successively such that a,>a,-,+1 and fẹ | f(x)|dx/x'*<2~", k=1,2,.... Set 
eae 1  (xe[ao,a;)) 
1/k (x €[a,,4,41),kK=1,2,...). 
Then for xe[a,,a,,,), n>1, we have ¢(x):=exp fă e(y)dy/y>x"” as in the proof 
above, and / is slowly varying. Further, 
ie faxes |” |flx)|dx/xt"<2-" (n=1,2,...) 


whence the result, on adding. O 


Theorem 2.3.8 (Vuilleumier (1963)). If f is such that f(x)¢(x)=O(1) as x > œ 
for every non-decreasing slowly varying ¢, then 


x"f(x)=O(1) (x > œ) 
for some «>Q. 


Proof. We show that if lim supy- œ x*|f(x)|=0o for each «>0, then also 
lim sup, ¢(x)| f(x)|= 00 for some non-decreasing /€ Ro. Set aọ= 1. Since 
lim sup x'/*| f(x)| = 00 for each k= 1,2 ,..., we may successively find a,,a3,... 
such that a, >a,_,+1and aj!" f(a,)|> i Pa 1,2,.... Then define e(a,) as 1/k, 
and complete «(x) so as to be continuous and piecewise linear. Then e(x)}0 as 
x > 00, while lim supy- œ x*™| f(x)| = 00. If /(x) = exp fă] e(y)dy/y, ¢ is slowly 
varying, and 


LFO =|f0)| exp | 2 7 l> x*f(x) 
is unbounded as x > o. oO 


Again, there is an integrability version: 


Proposition 2.3.9. Let f e LŁ.[1, œ). Suppose that IPA) f(x)dx is finite for every slowly 
varying ¢ locally bounded on [1, œ). Then JPxf(x)dx is finite for some «>Q. 


Proof. We show that if J*| f(x)|dx = œ for every «>0, t> 1, then there exists a locally 
bounded /€ Ry such that {/°7(x)| f(x)|dx = 00. 
Set ay := 1. Make 


an+ 


An+124,+1 and such that | ' x'/"| f(x)|dx> 1. 


Then set 
< 
Da 1 (ao <X<a,) 
lin” CES DE N oo 
so that e(x)}0 and ¢(x) := exp ihe y)dy/y is slowly varying. Also (as before) /(x)> x!” 
for 4,5 X% <4, .4,N= 1,2, 522550 i 
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i tl fdx> F f Marz o. F 
n= JG, 


The Laplace-transform version is immediate. If / ER, then L(x):=Z¢(e*) is an 
‘additive-argument slowly varying function’: positive, measurable, with 
lim,- o L(x +u)/L(x)= 1 for every real u. 


Corollary 2.3.10. Let f eLŁ.[0, œ). Suppose that (S L(x)f(x)dx is finite for every 
additive-argument slowly varying L locally bounded on [0, œ). Then fe e**f(x)dx is finite 
for some «>0. 


4. Approximation by a regularly varying function 


We end with a result that will be important in the complex analysis of Chapter 
7. Recall the notion of (upper) order (§ 2.2.2). 


Theorem 2.3.11. Let g be a positive function of finite order p. Then there exists 
f eR, such that 


lim sup f(x)/g(x)= 1. 
x00 
Remarks. Note that the function g is not even assumed measurable. The 
constructed f has extra properties, namely 
(i) f(x)>g(x) for all large x, 
(ii) 4x, — œ such that each point (x,, f(x,)) is at zero distance in R? from 
the graph of g. 

Compare e.g. Levin (1964), pp.35-9 (where there are unstated continuity 

assumptions). 


Proof. By considering x °g(x),x °f(x) we see that a proof for the case p=0 
suffices, so we restrict ourselves to that case. Write G(t):=log g(e), 
F(t) :=log f(e’), then we start with G: R > R with the property 
(iii) lim sup G(t)/t=0 
t—> œ 
and must find (measurable) F: R — R such that 
(iv) Vue R, lim {F(t+u)—F(t)}=0 
t> œ 
and 
(v) lim sup {G(t) — F(t)} =0. 
t> œ 
Let Y denote the graph of G in R?. The distance of t e R? from this set is 
d(t, Y) = inf, .4|t —g|where |:| is Euclidean norm. 
Let uo :=0. By (iii) we may find u, > 1 such that G(t)<t for all t>u,. So 
c:=inf, ,,,(t— G(t)) is non-negative and finite. Let 
V,(t)s=t—c (t>u), 
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then V,(t)>G(t) on [u,, œ), but there exists s; >u; such that d((s,, V;(s;)), 
Gy=(0. 

Now for n=2,3,... we seek constants u, and functions V,:[u,, 00) > R 
such that 

(vi) u,2u,-,+1, 
(vii) V,(t)> G(t) (t> u), 
(viii) ds, >u, such that d((s,, V,(s,)),4)=9, 
(ix) 3t, >u, such that U,(t)—V,(t,)=(t—t,)/n (t> tn). 
We have done this for n= 1 (with t; :=u,). So suppose V,,..., V,-, have been 
defined. Let r,,:=max(u,_,+1,5,-1,¢,-1) and 
Za = sup{G(t) x eee (Tn) Tx (t TA r„)/n}- 
t2r, 
If z,>0 we define 
Valt) = Vn- (Un) +(t—u,)/n (t> tn) 

where by taking u, € [r„, 00) sufficiently large we can by (iii) ensure that (vii) is 
satisfied, and by taking u, to be the infimum of such values we ensure (viii) 
also. In this case (ix) holds with t, :=u,. See Fig. 2. 

In the other case, when z,, <0, set u, :=r, and define 

V(t) = Va -1 (Up) — (ta —U,)/n+|t—t,|/n (t> u) 

with t, yet to be chosen. Here, when 0 < t, —u, < —4nz, we will have (vii). But if 
t, is sufficiently large, (iii) forces V, as defined to fail (vii). Thus let t, be the 
supremum of the values for which (vii) holds. Then (viii) holds also. The 
induction step is complete. 

Having constructed V,, V,,... we set 

F(t) = V(t) (u, <t<u,>,;n=1,2,....), 
UOR E 

so that F(t)>G(t) for t>u, and d((s,,F(s,)),9)=0 for all n. This ensures (v), 
and (iv) is immediate because F is continuous and made of a sequence of line 
segments whose slopes tend to 0. f=] 


Case z, > 0 Case z, <0 
Fig. 2. The lower dotted line is V, _ ,(r,,)+(t—r,)/n. 
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Note. (ii) is equivalent to (ix) because under the mapping between (0, 00)? and R? given 
by (t, t’) > (log t, log t’), Euclidean metric on one space induces a metric equivalent to 
Euclidean metric on the other space. 


2.4 Rapid variation 


1. Function classes 


Following de Haan (1970) we say that a measurable function 
f:(0, œ) > (0, œ) is rapidly varying of index œ, notation f €R, if 


Om OSA 
SAxVf(x) > 4 1 (A=1) as x> oo, (2.4.1) 
co (A>1) 
and is rapidly varying of index — œ, notation feR_,,, if 
co (0<A<1) 
FAVI S A =1) asx > oO. (2.4.2) 
Op At) 


Together the functions in these clases are called rapidly varying. (‘Regular 
variation’ will always mean of finite index.) Substituting the Baire property for 
measurability there are the analogous classes BR „, BR _,,. The right of (2.4.1) 
is the limit of 1”? as p > œœ; it may thus be written conventionally as 1”, and 
likewise the right of (2.4.2) may be written 47”. To establish (2.4.1), only 
S(Ax)/f(x) > œ for A> 1 has to be proved. 

Some of the standard theorems for regularly varying functions have partial 
analogues for rapid variation. Thus an attenuated UCT holds, due to Heiberg 
(1971b), but it is not strong enough to imply that the Matuszewska indices are 
both infinite. This is in contrast to regular variation, which does imply 
finiteness of Matuszewska indices, viz: RC OR. To emphasise the contrast we 
shall denote the class of measurable f whose Matuszewska indices «( f) and 
B(f) are both + oo by MR,, rather than OR „. Likewise we denote the class of 
measurable f whose Karamata indices c(f) and d( f) are both + by 
KR,,. If ever needed, MR_,, and KR_.,, have their obvious meanings. One 
has the inclusion 

KREeCMR CK, (2.4.3) 


to be contrasted with (2.0.8). The left-hand inclusion of (2.4.3) is a 
consequence of (2.1.3), and the right-hand inclusion follows from the 
definition of (f), or more easily from Proposition 2.4.4 below. Both 
inclusions are strict: see Proposition 2.4.4. Both MR,, and, in a stronger 
sense, KR,,, may be considered as classes of ‘uniform’ rapid variation. 
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2. Uniform Convergence Theorem 


Here is Heiberg’s result, slightly extended. For the same in a more general 
setting see Theorem 3.1.17. 


Theorem 2.4.1 (Uniform Convergence Theorem for R,,). Let f be measurable 
[Baire] and positive, and assume that for some A,>1, 

lim f(Ax)/f(x)=00 (AZAv¢). (2.4.4) 
Then (2.4.4) holds uniformly in A over every interval [A, œ), where A> AG. 
Further, f is bounded away from0 and œ on every finite interval sufficiently far 
to the right. 


Proof. (A variation of the fourth proof of Theorem 1.2.1.). We prove-uniformity 
initially over an interval [A,A?], where A>Aĝ. Equivalently, in terms of 
h(x)=log f(e*), we are given that 

lim {h(x +u) —h(x)}=00 (u> Uo), (2.4.5) 
and must prove this holds uniformly over [U, 2U], where U>2U,>0. Supposing this 
fails, there exist K<oo, x, 00, u,€[U,2U] such that h(x,+u,)—h(x,)<K for 
n=1,2,.... Passing to a subsequence, we may take it that u, > ue[U,2U]. Let I 
denote the interval [U,, u— Uo], which therefore has positive length. For each yeI we 
know h(x,+y)—A(x,) > 00, so that h(x,+u,)—h(x,+y)<0 for all large n. Thus 
I= |) Ix where 

T,:=IA{y:Wn>k, h(x, +u,) —h(x, + y) <0}. 

We may now argue exactly as in the fourth proof of Theorem 1.2.1 that there exists K 
such that I, has positive measure [is non-meagre], and then that there exists a point z 
belonging to infinitely many of the sets u, —I,, n=1,2,.... So for some sequence of 
integers n’ > 00, Z=Uy—Yy, Yw EI. Therefore z>lim inf u,,—(u—U,)= Uo, and we 
have 


A(Xq + Uy) — A(X +U_ —Z) <0 
contradicting (2.4.5). 
To deduce uniformity over [A, 00) choose K > 1, then there exists xg such that 


SAx)/flx)>K (x2X9,A<A<A?). (2.4.6) 


Pick „>A, then for some n=0, 1,... we have 1=A"A where A <A <A?. So for x> xo: 


SS= {SASO TI (AAAA 1Ax)} 


k=1 
So 
by (2.4.6). So (2.4.6) holds for all Ae[A, 00), giving the desired uniformity. 
To prove f locally bounded, the above gives the existence of x, such that f(Ax)> f(x) 
for all ADA, x>x,. Thus f is bounded below on [Ax,, 00), and on the other hand 
given b>a>x, we get f(x)<f(Ab) for xe[a, b]. E 
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Corollary 2.4.2. If f€R,, [BR] then (2.4.1) holds uniformly in A over all 
intervals (0,A~') and (A, œ), for every A>1. Further, f is bounded and 
bounded away from 0 on every finite interval sufficiently far to the right. 


3. Characterisations and representations 


We characterise the classes MR,,, KR,,. The two parts of the following are immediate 
from Propositions 2.2.1 and 2.2.3 respectively. 


Proposition 2.4.3. Let f be measurable. 
(i) fe MR, if and only if for every BER, 
lim inf inf Sx) 
x70 Asl A f(x) 
(ii) f€ KR,, if and only if for every deR, 
fax) 


lim inf inf —— > =); A. 
imin ut IT 1 (and so =1) (2.4.8) 


The next result shows that (and the proof is instructive as to how) the classes R,,, 
MR, KR,, differ, and gives simple criteria for membership of the latter two. The 
condition ‘¥ _(1+)=0 in (iv) is equivalent to slow decrease of log f: see §§ 1.7.6, 2.1.1. 


>0. (2.4.7) 


Proposition 2.4.4. 
(i) There exists f €R,,\MR,,. 
(ii) There exists f—€eMR,\KR,,. 
(iii) f eMR,, if and only if fEeBDAR,. 
(iv) feEKR,, if and only if ¥_(1+,f)=1 and feR,, (in particular if f is non- 
decreasing and f ER). 


Proof. 

(i) We work with h(x) :=log f(e”). Take h(x):=x°, except that on each interval 
(n—1/n,n], h(x) is to equal x3 —n (n=1,2,...). Then for fixed te (0, 1), the value of 
h(x+t)—h(x), for x €(n—1,n], is everywhere at least 

(x+1)?—x3—n—1=3tx?+3t?x+0%?—-n-1 
>3t(n—1)? -n-1-> œ. 
So feR,,. Yet for any t>0, 
inf h(n—n~!+r)—h(n—n~')=—n, 
re[0,t] 
so lim inf, ,, inf, 50,4) {h(x +17) —h(x)} = — œ, and, for A>1, 


Y (Ae) 1 fiim inf inf fuis- +00. 
x>æœ pe[l1,A] 
Thus f(f)= — by Corollary 2.1.6, and so f MR. 
(iii) The assumption f € BD is equivalent to finiteness of ‘¥_, using Corollary 2.1.6. 
When this is so, B(/)=sup,, ; (log f,(A))/log 4, and so when feR it follows that 


B(f)= +00. 
(iv) When ¥ _(1+)= 1 we have d(f)=lim, , (log f,(A))log A by Corollary 2.1.3. Thus 
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d(f)= +œ when also f € R„. Conversely, the same corollary says d(f)= — o0 when 
W_(1+)41. 
(ii) For n—1<x<n set h(x) := x° —n. Then for 0<t<1, 

h(x +t) —h(x)>(x+t)?-—x3-1> 0, 

sof eR. Further, i 
liminf inf {h(x+t)—h(x)}}=—1 (0<t<1) 
x>æœ re[0,t] 

so 


liminf inf O (1<i<e) 


x70 @Oe[1,A 
whence P _(A, f)=e for 1<i<e. tg (iii), f EMR» but since Y(1+)# 1, d(f)= — œ 
and f¢KR,,. [=] 
We now give a representation theorem for KR „. As usual, we assume the domain of 
f includes [1, 00), by making an arbitrary definition on a bounded interval, if 
necessary. 


Theorem 2.4.5. f EKR if and only if 


fls)=exp} 2s) +l) + | i c(t) a xz il (2.4.9) 


where the measurable functions z,n, č are such that z() is non-decreasing, n(x) > 0 and 
E(x) > œ as x > œ. 


Proof. Proposition 2.4.4(iv) may be used to show f given by (2.4.9) is in KR,,. 
Conversely, assume d(f)= +00, then for every real d, Proposition 2.2.3 yields 
x~4f(x) ~ b4(x) where @,(x) := int. y “f(y)ft. Write h(x) :=log f(e*) as usual, and set 
Ca(x) =log hale”). Then 
h(x) =C4(x)+ng(x)+dx (x>0) (2.4.10) 

where ¢4 is non-decreasing and n,(x)>0 as x> œ. 

Set xo :=0. For each n=1,2,..., find x,>x,-,+1 such that |”,(x)|<2~" for all 
x2X,. Then C :=19(0)+ Yo (4,(Xn+1)—N,(X,)) is finite. For k=0, 1,... we define 


C(x) =Co(0) + D E EE ER eE EAE SS] 
j=0 


k=1 


n(x) =no(0)+ ) ( (nj) —njlx) +m) —m 04) -—C (Xk Xx) 


So 
C(x) = Ey (X) (Xk X< Xk+). 

Then ¢ is non-decreasing and n(x) 0, E(x) > œ, as x > œ. And for k=0,1,..., 

Xk SX< Xp 445 


k= 
h(x)=h(O0)+ X (hx) —h(x)) thx) h(x) 
j=0 
=r | €(t)dt 
0 


by (2.4.10). The representation for f follows. [E] 
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4. Maximum and inverse 


We turn now to connections between a slowly or rapidly varying f, its 
cumulative maximum function 


f(x) =sup{ f(y):0<y <x}, 
and, as in (1.5.10), its (generalised) inverse 


f° (x) =infly: f(y)> x}. 

In order that f be well defined it is necessary that f be locally bounded on 
[0, co): since this is implied for finite intervals far to the right by slow or rapid 
variation it is no real loss to assume it in general. In order that f“ be well- 
defined it is necessary that f be unbounded on [0, «). 

While we shall discuss only f and f“, similar results hold, under assumptions as 
above on 1/f, for variants of these functions such as 

inf{ f(y):0<y<x}. sup{ f(y): y>x}, inf{ y: f(y)<x}. 
First a result for f, to be compared with Theorem 1.5.3 and § 1.11.4. 


Proposition 2.4.6. Let f be locally bounded on [0, 0). If feER, then feKR,,. If 
feKR,, (but not in general) then f~ f. 


Proof. Assume first f € R,,. Pick A> 1, A> 1. By Theorem 2.4.1 there exists X such that 
flv)/fw>A_ (v/uzd,u>X). (2.4.11) 
Again by Theorem 2.4.1, f(x) > œ% as x > œ. Since also f is locally bounded we may 
find X’>X such that 
f(Ax)> Asupf(y) (x2 X’). 


y< 


By (2.4.11), 
f(Ax)2A sup f(y) (x>X). 


ye(X,x] 
Combining, we find that f(Ax) > Af(x) for all x > X’, and so f(Ax)> Af(x) for all x> X’, 
whence feRņ„. Since f is non-decreasing, Proposition 2.4.4(iv) gives f EKR. 
Now suppose f € KR „. Choose €e (0, 1), then by (2.4.8), with d= 1, there exists X 
such that 
f(y)2(—e)f(x) (y2x2X). 
Again, there exists X’>X such that 


Kly)2 sup fz) >X’), 


and combining these inequalities yields f(y) > (1—e)f(y) forall y> X’. Since f(y) < fly) 

it follows that f~/f. This cannot be so for general feMR,,, for it would imply 

MR,,=KR,,, contradicting Theorem 2.4.4(ii). oO 
Now for the relationship between f and f~. 


Theorem 2.4.7 (extending de Haan (1970), p. 22, Seneta (1976) Theorem 1.11). 
Let f be positive, locally bounded, and (globally) unbounded on [0, œ). 
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(i) If fe Ro then f EKR,. 
(ii) If fER,, then f~ €Ro. 
Proof. 
(i) Pick p>1, A>1, then by Theorem 1.2.1 there exists X such that 
fay fy<u (1<4<2A, y> xX). (2.4.12) 
Since f“ increases to co we may find X’ such that f ~ (x)>2X for all x> X”. 
For such an x, set t:=4f ~ (x), then by definition of f7, 
f(z)<x (z<t), 
and by (2.4.12), 
ft) <uf()<yx (1<4<24A). 
These together give f(z)<px for all z<2 At, whence 
f- (ux) =inf{ y: f(y) > ux} >2At= Af“ (x). 
Thus f“ (ux)/ f7 (x)—> œ as x> œ, so f~ ER,,. Finally f~, being non- 
decreasing, is in KR,,, by Theorem 2.4.4(iv). 
(ii) Pick u> 1, 6>1, then by Theorem 2.4.1 there exists X such that 
fw/fw eu (wuz ð, u> X). (2.4.13) 
Since f“(x)— œ there exists X’ such that f~ (x)>X for all x> X’. By 
definition of f~, there must exist te[ f(x), 6?f “(x)] such that f(t)>x. By 
(2.4.13), 
S(Of (x) 2 uft) > ux, 
so 
ôf ~(x)2inf{ y: f(y) > ux} =f“ (ux). 
Since 6>1 was arbitrary, and f“ is non-decreasing, it follows that 
f- (ux) f- (x)> 1 as x > œ, whence f* eRo. E 
An important subclass of KR „ is the class I of de Haan: see § 3.10 below. 


2.5 Pólya peaks 


This section is devoted to the theorem of Drasin & Shea (1972) which links 
Pólya peaks, a concept originating in complex variable theory, to the 
Matuszewska indices of a positive function. Using the method of Drasin & 
Shea we give a re-worked proof which exhibits the simple pictorial idea lying 
behind it and avoids the detour via continuous functions that appears in the 
original. An extension to one-sided Pólya peaks is also made, these simpler 
entities being useful elsewhere in the present book in cases where Pólya peaks 
themselves do not exist. 


Definition (Edrei (1964), (1965), Shea (1966), after Polya (1923)). For f 
positive on [X, œ), sequences r„, S, > œ such that 
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LAr ML) APUS) (art <ha), 
FAS WI(Sn) > A?(L—5,) (ar <ha) 


hold for some a, > œ, ô, > 0 are called Polya peaks of order p, of the first and 
second kinds respectively, for f. 


Definition. For f positive on [X, œ), sequences r,,1,, S,, s4, all tending to oo, 
such that 
I frf) APA) (az? <A<D), 

I AA/AAA) (1<4<a,), 

III flas,)/fis,)2AP(1—5,) (a7! <4<1), 

IV SASAPU) (1<4<a,), 
hold for some a, > ©, 6, > 0 are called one-sided peaks of order p, of Types 
LIV respectively, for f. 

We can now state the existence theorems for the peaks. Both use the weak 
Tauberian condition of Theorem 2.1.12: that not both of P=(f, A) and 
Y_=Y_(f,4) are infinite, or equivalently that f has either B(f)>—oo or 
a(f)< œ (or both). 


Theorem 2.5.1. Let f be positive, and f€BIUBD. Then for every finite 
p= B(f), and for no other p, there exist one-sided peaks of order p of Types II 
and III, while for every finite p<a(f), and for no other p, there exist one-sided 
peaks of order p of Types I and IV. 


Theorem 2.5.2 (Polya Peak Theorem). Let f be positive,and f € BI O BD. Then 
for every finite p satisfying B(f)<p<«(f) there exist Polya peaks of order p of 
the first and second kinds, while for other p there exist Polya peaks of neither 
kind. 

Both theorems depend wholly on the following lemma. 


Lemma 2.5.3. Let h be real on [X, œ) and such that 


h(y)—h(x)> A(y-x)-B_ (y>x>X) (2.5.1) 
holds for some finite A, B. Let x, > ©, u, + © be given, and define pẹ, by 
h(x, +u a aes ere). (2.5.2) 


Then there exist sequences Tn, Vi, Sn» Sh» An, All tending to œ, and e, > 0, 6, +0 
such that 
(a) hir, —U) hr) S On — Pal — En)u 
(b) hlr, +u)—h(r,) <6, +p,(1 + €,)u 
(c) h(s,—u) —A(s,) > — Ôn — Pall + €,)u 
(d) h(s,+u)—h(si,) > — ôn +P, (1 —€,)u 
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Proof. Assume first that (2.5.1) holds with A= 1: 
h(y)-h(x)>y-x-B (y2x2X), (2.5.1’) 
so that liminf,.,, p, > 1. 
Choose 6,|0. Choose ¢,<1, ¢,)0 so slowly that ¢,u,— œ. Because 


lim inf p, > 1 we have for all large n that p, >0 and e, p,u, > B. Fixing such an n, 
let S denote the straight line 


S(x):=h(x, +u,)+p,(1—¢,)(x—xX,—u,) (xeER), 
and define 
z:=inf{x E[x,,X,+U,]:h(x)>S(x)}. 
A glance at Fig. 3 may help. Now h(x) — S(x) is non-negative at some point in 


[z,z+ 1], and by virtue of (2.5.1’) is bounded above on that interval, hence we 
may choose r, in the interval such that 


h(r,,) — S(r,,) > max fo, ay pag —S(x))— a 
This and the definition of z give straightforwardly 
h(x) —A(r,) <d, + S(x) — S(r,) 

=6,+p,(1—é,)(x—r,) (Xn SX <r). (2.5.4) 
From (2.5.2), S(x„) lies at height ¢, p,,u,, above h(x,,). To the left of x„, the effect 
of (2.5.1’) is that h is nowhere above the straight line T defined by 

T(x) :=h(x,)+ B+x—x, (xeR). 

If the slope p,(1—«,) of S is not greater than 1, S and T never meet to the left of 


x,» While if p,(1—¢,)> 1 then the straight lines meet at t:= x„— (€n Prun — B)/ 
(p,(1—«,) — 1). Define 


ES Se El eS 


Fig. 3. The jagged line is h. 
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a, 


r,—X if p,(1—¢é,) <1 
kaam PA) A= eea, 
then T(x) is nowhere above S(x) on the interval [r,—a,„, x,], and so 
h(x) —S(x) <0 <h(r,) —S(r,), 
that is, 
h(x)—h(r,) <p,(1—é,)(%—1,) (Tn — Gn SX <X,), 
which with (2.5.4) gives (2.5.3a). Additionally, r,—X > œ, while if 
p,(1—«,)> 1 then 
Ty —t >X, —t=(E, Ppl) — B)/(p,(1 —€,) — 1) 
> (En Prun — B)/(D,(1 —€,)) 
= (¢,u,, — B/p,)/(1—€,) 
and the latter tends to œ because ¢,u,, > 00, B/p, <B+o(1) (note B>0), and 
1—¢, > 1. Thus a, > œ. 

The proof of (2.5.3b) is easier. We use some of the same notation as above, 
with altered values. With ¢,, 6, chosen as before, the straight line S is to be 
given by 

S(x) = h(Xq) + Pall + €,)(% — Xn) 
and 
z:=sup{x € [Xn x, +u,]:h(x) > S(x)}. 
Again, h(x)—S(x) is bounded above in [z—1,z], and non-negative 
somewhere there, hence we may choose r’ e[z— 1,z] such that 
Hr) ~Sles)> max40, ar thes) —Stx) ay. 


With the defining property of z this gives 

h(x) = hlr) <6, + S(x) =S) 

= 0p + Pall F EX Th) (Ta SX SXq_ t+ Uy). 
Defining a, (anew) to be x,+u, we have (2.5.3b) provided we can show 
x, tu, — r, > 00. Now 
—B<h(x,+u,)—hA(r,) (by 2.5.1’) 

S(X, + Un) — En Prun — A(T) 
<S(Xq + Un) — En Prin — Sn) 
= Pph 1+ En) (Xn + Un — Tn) — En Pnn, 


so that 
Xn Uy — ly = Enin (I +&,)—B/{p,(1+¢,)} =o (n> 00), 


completing (2.5.3b). . . 
The proof of (2.5.3d) is similar to that of (2.5.3a), the line S now being 
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S(x) = h(x,) + Pal =£,) (x eR), 
and 
z:=sup{x E [xn Xn +U,]:h(x) <S(x)}, 


so that we can choose s},€[z—1,z] such that 


Hs) =566;)<min{o, inf tix) Stu) +dyh 


velz iz] 
and continue similarly to the proof of (2.5.3a). 
Finally, with 


S(x) =h(x, + @,) + pe O ER) 


z:=inf{x e [xn x, +u,]:h(x) <S(x)}, 


we can choose s,, €[z,z+1] such that 


iss) —Sts)<min} 0, inf tie) Sta) +d}, 


xe[z,z+1] 
and (2.5.3c) can be obtained in the same manner as (2.5.3b). 

When h satisfies (2.5.1) but not (2.5.1’), define H(x) :=h(x)+(1—A)x. Then 
H satisfies (2.5.1’), and (2.5.2) with p, replaced by p,+1—A, hence by the 
above proof there exist the r,,, etc., sequences with the right properties, such 
that 
H(r, —u)—H(r,)<6,—(p, + 1-—A)U—¢,)u (O<us<a,,n=1,2,...) (2.5.3a’) 
and similarly for the other three parts of (2.5.3). Decreasing the a, if necessary 
to force lim,,.,, &,4, =9, (2.5.3a’) gives 


A(r,, =m) AG) LO (1 — A)eé,u Pale Eu 


whence (2.5.3a) with ô„ replaced by 6, + (1 — A)e„a„, > 0. Similarly for the other 
parts of (2.5.3). E 


Proof of Theorem 2.5.1. If IV holds then f*(4):= lim supy- ,, f(Ax)/f(x) > 4? 
for all A> 1, hence by Theorem 2.1.5, a(f)> p. Likewise if I holds then for any 
6>1, limsup,..,, f(r,)/f(0~'r,)> 0" (setting A= 1/0) hence f*(0)>6? and 
again a(f)>p. Similarly statements II and II each imply $(f)<p, using 
Corollary 2.1.6. 

For the converse, we shall first demonstrate the existence of one-sided peaks 
under the assumption f € BD. For then by the second part of Proposition 
2.2.1, h(x) =log f(e*) satisfies (2.5.1), and we can apply Lemma 2.5.3. Choose 
p (finite) with p<a(f). Choose any sequence 0< å, > oo, and set u, :=log A,. 
If a( f) is finite then by Theorem 2.1.5, log f*(4,) ~ a(f) log 4, so log f*(A,,) = 
a(f)6,, log A, where 0, > 1. In terms of h this becomes 

lim sup {h(x + u,,) —h(x)} =a(f)6,u,,. 


x> 0 
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We can choose x, > œ so that 

a( f)6,(1 =I Da < h(x, aF Un) Fa h(X,) <a(f)0,(1 Hens Š Jún, 
and then p, defined by (2.5.2) will satisfy p, > «(f). The other possibility is 
that a«(f)=+00, in which case f*(4)=+%o for all n, so 
lim sups- œ {h(x +u,,) —h(x)}=0o for every n, and we choose x, so that 
A(x, +u,)—h(x,)2nu,. Then again, p, defined by (2.5.2) will satisfy 


Pn > © =a(f). So in both cases there exist n„ļ0 such that p—n,<p,. By 
(2.5.3a), 


hkra —u) —h(r,) <6, —(p—n,)(1—e,Ju (O<u<a,,n=1,2,...). 


Decreasing a, if necessary so that 7,,(1—¢,)a, > 0, 
h(r, —u)—h(r,)<6* —pu (0<u<a,), 
where 6* > 0. Setting A=e “ this is equivalent to 
JEW EJEA (e-™<A<}), 
whence I after suitable notation changes. The establishment of IV is similar, 
from (2.5.3d). 

EAA if (f) is finite (there being nothing to prove in cases II, III if 
B(f)= +œ) we can choose finite p> B(f), and then for any sequence u,, > œ 
and a suitable sequence x,, > œ, the p,, defined by (2.5.2) will satisfy p, > B(/). 
So p+n,,>P, for some sequence y„}0, and the existence of one-sided peaks of 
order p of Types II and III follows on applying (2.5.3b and c) as above. 

Finally, suppose that the Tauberian condition is ¥ = ¥( f)< oo rather than ¥_ < oo. 
In that case ‘¥ _(1/f)=‘P¥(f) < œ, so the above proof gives one-sided peaks for 1/f, of 
every order p> B(1/f) for Types II and III, and of every order p<a(1/f) for Types I and 
IV. It is immediate that a one-sided peak for 1/f of order p of Type I [respectively II, 
III, IV] is a one-sided peak for f of order —p of Type II [IV, I, II]. Also 
B(A/f)= —a(f), «(1/f)= —B(f), hence the four one-sided peaks exist for f, of all 
appropriate orders. E 


Proof of Theorem 2.5.2. Choose finite p, if possible, satisfying B(f)<p<a(f). 
By Theorem 2.5.1 there exist one-sided peaks of order p, namely (r,,), (r7), (Sn), 
(s4), of Types I-IV respectively. From (r,,) and (r;,) we construct (R,,), a Pólya- 
peak sequence of the first kind of order p. First, by replacing r, by a 
subsequence if necessary, we may assume r, < rp, and by adjusting a, and ô, we 
still have I and II, for all n. The condition ‘P < œ or Y_ < œ’ forces f to be 
eventually locally bounded, by Proposition 2.2.1, so we may pick R, € [rn fn 
such that 
R, ?f(R,)=9, > sup x ?f(x) 


xe(r, rn] 
where 6,,| 1. Then 


S(XV/F(Rn) SOn(X/Rn)? (ra SX <n)» 


while for a, tr, <x <fn, 
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fix) _ f(x) SE) ý 

ô„)0 
TR) fe) f(R,) = <(; e : ze) 


NE. 
-(ž) (1 T On)Ons 


and similarly for r, <x <a,r,. Combining, 
SOFR) S (X/R PA + A,) (an Ry <x <a,R,,), 
where 1+ A, :=max(6,, (1+6,)0,) > 1. 
So (R,,) is a sequence of Pólya peaks of the first kind, and Polya peaks of the 
second kind may similarly be constructed from (s,,) and (s),). T 


2.6 ‘Karamata’s Theorem’ for one-sided indices 


We now extend the ideas of § 1.5, 1.6 (Karamata’s Theorem’) to wider classes 
of functions than regularly varying. The Karamata and Matuszewska indices 
provide a natural tool, allowing clarification and extension of previously 
known results. 

For previous accounts of aspects of the present topic see Aljancic & Arandelovic 
(1977), de Haan & Ridder (1979), Maller (1977), Matuszewska & Orlicz (1965), 
Simons & Stout (1978), together with further references mentioned below. 


1. Ratio of function and integral 


Theorem 2.6.1 Let f be positive and locally integrable on [X,œ). Let 
fix) = fy fdt/t. 

(a) If f € BI then limsup,..,, f(x)/f(x)< «x 

(b) If f © PI then liminf,., ,, f(x)/f(x)>0. 

(c) c(f)<lim sup,..,, f(x)/f(x) (so that if the limsup is finite then 

feERCOR). 

(d) liminf, ,, flo)/Flx) <d(f) (< %0). 

(e) If f ePI then «(f)<limsup,..,, f(x)/f(x) (< 0). 

(f) If fe BIUBD then liminf,..,, f(x)/f(x)<B(f)*. 

Before the proof let us comment on the result. The condition for (f) is the weak 
Tauberian condition often used above, equivalent to ‘¥# < œ or P_ < oo’. If it holds 
one may combine (b) and (f) to obtain that B(/) and lim inf f/f are positive, or not, 
together. For f € PI one may combine (a) and (e) to obtain that a( f) and lim sup f/f 
are finite or infinite together. Many other combinations of parts of the theorem can be 
made, yielding results about OR (see Corollary 2.6.2 and § 2.12.15). 

Previous expositions of the relation between f and f have involved integrands 
f(t)=t'F(t) for some fixed 0 and function F. These are included in our formulation 
because a(f) and B(f) are just 0+a(F) and 6+ B(F) respectively. In other expositions 
the function F is often assumed monotone, but this again is a special case, for if F is 
non-increasing then f has c( f)< oo and so a(f)< o0, while if F is non-decreasing and 
0>0 then d(f)>0 and so B(f)>0. 
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The side-conditions imposed in (e) and (f) cannot be significantly weakened. For 
instance, to assume f non-decreasing in (e) is not enough, as is shown by the following. 


Example. We construct a non-decreasing f for which a(f)=co but f/x) > 0. In 
terms of F(x):=f(e*), and taking X=1, we need F non-decreasing, 
lim sup, ,, F(x + 1)/F(x)= œ, but F(x) F(t)dt > 0. If (a,) is any strictly increasing 
sequence the first two properties are achieved by setting F(x) :=1 for ay=0<x <a, 
letting F be constant except at the points a,, and making F(a,) :=nF (a, —). Then for 


Ay, SX <A, 41, 
F(x) | | F(t)dt < F(x) | | " F(t)dt 
0 0 


=n: | D (4, — a, —,)(k—1)!, 
k=1 
and this will tend to 0 if a,—a,_, is made sufficiently large. 


Proof of Theorem 2.6.1. 
(a) Choose «a>max(«(f),0) and apply Proposition 2.2.1: 


mat (t) Taf doae 
IDe KEE) i OE Ca 
as x > œ. Hence lim sup f/f<Ca. 
(b) Choose f satisfying 0<f<f(f) and apply the second result of 
Proposition 2.2.1. 
(c) Set y:=limsup,..,, f(x)/f(x). If y=% there is nothing to prove, so 
assume otherwise. Given ¢>0 there exists X, such that f(x)/7(x)<y+e for all 


x> Xo. Now fis absolutely continuous and f’(x)=f(x)/x a.e.; we have just 
remarked that f’(x)/f(x) <(y+e)/x for almost all x> Xo. Integrating, 
log f(Ax) —log f(x) < (y + e)(log Ax —log x), 
Jaxa (AB1,x>Xo). 

Therefore c(f)<y+e. Since ¢>0 was arbitrary, c(f)<y. 

(d) Similar to (c). 

(e) Choose a finite p satisfying 0<p<a(f). Since B(f)> — œ, by Theorem 
2.5.1 f has a one-sided peak of order p of Type I, 

LAr) SO) APAS) (a, SAS 1), 


where r,, a, > 00, 6, > 0. We may reduce a, in order that r,/a, > 00. Then 


Fn) =F n/ay) + | í f(t)dt/t 
r,/Qn 


r, 


<f(r,/a,) + | " (t/r,)?(1+6,)f(r,)dt/t 


Falan 
1 


-Jesa +n | u”™'du 


1/a, 


= f(r p/a) + (p~ * +0(1)) f(r). (2.6.1) 
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Now for any fixed A> 1, because f is non-decreasing 
lim inf f(r,,)/f(r,,/a,) > lim inf f(Ax)/f(x) > aw. 


Because B(f)>0, parts (b) and (d) give d(f)>0. Thus f(r,)/f(r,/a,) > ©. 
Hence, from (2.6.1), 


1<o(1)+(p*+o(1)fr,)/frn), 
and thus lim sup,- œ f(,)/f(r,,) > p. Since p may be taken to be a(f) (if finite), 
or arbitrarily large (if a(f)= 00), part (e) is complete. 
(f) If B(/) = + oo there is nothing to prove, so assume otherwise and pick p 
satisfying max(B(f),0)<p< œ. Theorem 2.6.1 gives a one-sided peak (s„) of 
order p of Type III, and then 


jis,)> | ` ft)dt/t 
Sn/an 
> | (EsP —5,)fls,)dt/t= (p~ + 0(1))fls,). 
Sn/an 
Hence lim inf, ,, f(x)/f(x) <p, and the result follows. g 


Corollary 2.6.2. Let f be positive and locally integrable on [X, œ), and set 


f(x) :=  f(t)dt/t. Then f(x) f(x) if and only if f €OR and B(f)>0 (that is, 
f €BICPI). In that case, f€ ER and 


lim inf f(x)/F(%) <d(f)<B(f)=B(S)<a(f) 
=a(f)<c(F )<lim sup FOT). (2.6.2) 


Proof. If fe€OR and B(f)>0 then fX f from parts (a) and (b) above. 
Conversely if f X f then 


0<liminf f/f<d(f)<c(f)<lim sup f/f < o0 


by parts (c) and (d). The inequality d(f)<B(7)<a(f)<c(f) is always true, 
and since the relation preserves Matuszewska indices we have (if f X f) that 


B(f)=B(f) and a(f)=a(f). o 


There are close analogues of the above for integrals [E f(a)dt/t. Proofs are similar, 
and we omit them. 


Theorem 2.6.3. Let f be positive and measurable, and set f(x) = SE f(tdt/t< oO. 
(a) If f EPD then f(x)<o for all large x, and lim inf... f(x)/flx)>0. 
(b) If f EBD then limsup,..,, f(x)/f(x)< %0. 
(c) If f(x)< for all large x then — œ < —lim SUPy + o S(x)/flx) <d(f) <c(f) < 
—lim inf, ,, f(x)/f (x) <0, (so that if the lim sup is finite then JEER). 
(4) If f €BIUBD then liminf, , ,, f(x)/f(x)<max(—«(f), 0). 
(e) If f €PD then lim supy- w flx)/f0x)> —B{). 
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Again, if the condition of (d) holds then one may combine (a) and (d) to obtain that 
lim Nf, + o ff and —a(f) are positive, or not, together; likewise if f e PD then (b) and 
(e) give that lim sup,» f/f and —(f) are finite or +00 together. 


Corollary 2.6.4. Let f be positive and measurable, and set f(x) = [S f(Odt/t. Then 


f(x) 8 F(x) if and only if f €OR and a(f)<0 (that is, f € BD PD). In, that case f EER 
and 


pHSED F/M) <d(F) < BP) = BP) <a f) =a F) <e(F) < —lim inf f(xe)/ Fle). 


A straightforward consequence of the above two corollaries is the following (cf. 
Seneta (1976), Theorems A2(b), A3; Bingham & Goldie (19825), Proposition 4.7). For 
related index calculations see § 2.12.16. 


Theorem 2.6.5 (‘Karamata’s Theorem’ for OR). Let f be positive and locally integrable 
on [X, œ). The following are equivalent: 
(i) f €OR; 
(ii) there exists t such that [fs u'f(u)du/u x'f(x) (x > œ); 
(iii) there exists t such that [Su ‘f(u)du/ux~*f(x) (x > æ). 


2. Stieltjes versions 


So far in the present section we have avoided assuming monotonicity because 
conditions on the Matuszewska indices have sufficed, these imposing no 
restrictions on the local behaviour of f. But when using f as a Stieltjes 
integrator, imposing monotonicity makes df or —df a measure instead of a 
signed measure, and leads to some surprisingly complete results. 

Let v be a Borel measure (measure that assigns finite mass to every compact 
set) on [0, œ). We want to study the asymptotic behaviour of indefinite 
integrals f t’dv(t), and to avoid complications at the origin we assume 
v[0,4)=0, whereas to avoid the trivialities of division by zero we assume 
v(0,x]>0 and 0<v(x,00)<oo for every x>1. As in § 1.6, intervals of 
integration include (finite) right end-points and exclude left end-points. 

Define sets 


fom Jaen: | rago}, T :=RVo, 


10) 
so that I, and J, are disjoint intervals, with Io to the left of I; . Either of Io or I, 
may be empty but their union is R. Define 


\, t?dv(t) (cel,,x21), 
Kae) = 4 ns 
| t?dv(t) (celo, xÈ 1). 


We shall compare K, with K,, where o—t=p>0. Note that K, can stand for 
any positive function f that either increases to œ or decreases to 0, and then 
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K, stands for [§t~ °df(t) or, as appropriate, |% t~”|df (t)|. Alternatively K, can 
be thought of as the basic monotone function f, in which case K, stands for 
whichever is appropriate of f% 1|df(t)| and r?|df(t)| and feldo). 

Three cases arise: 

I o,teEl,, 

II o,tElo, 

HI oel,, tel. 
Cases I and II are similar and we omit most of the proof of Theorem 2.6.7 
which pertains to Case II. Case III is the one considered by Feller (1967), 
(1969), (1971, p.289), but our results go much further, and some of the 
formulations in the latter two references need correction, as will be shown. A 
precursor of some of the Case II results is Goldie (1977), § 3.2. 


Case I. o,tel,. Here K, and K, are non-decreasing to œ, and 
0<f(K,)<a(K,)<~0; 


similarly for K,. Basic relationships are 


KIX) f t?dK (t)=x?K,(t)—p i tK (t)dt/t, (2.6.3a) 
0 0 


K(x)= | ” $-PdK.(t)=x7-?K,(x) +p | “t-"K,(t)dt/t.  (2.6.3b) 
10) 0 


Note also 
Ke ax Rox) ed). (2.6.4) 


Theorem 2.6.6. In Case I, 
(a) B(K,)=(B(K,)—p)*; 
(b) a(K,)<a(K,)—p, with equality if B(K,)>0; 
(c) B(K,)>0 if and only if lim sup, x’K,(x)/K,(x)< œ; 
(d) «(K,)<oo if and only if lim inf, x° K (x)/K,(x)>1; 
(e) lim sup, x?K,(x)/K,(x)> 1+ p/B(K,); 
(f) lim inf, x°K,(x)/K,(x)<1+ p/a(K,). 

(Note that infinitary cases are included.) 


Proof. 
(a) Pick $ < B(K,), then there exists c>0 such that K,(Ax)/K,(x)>c/? for all 
XAS 1. Thus 


K (4x)=4 Px PK (Ax) +p | A Pt °K (At)at/t 
0 


x 


>c) orf PK 9 +p | 


0 


=c) -°K (x) +0(1), (2.6.5) 


(K Ddi} +011) 
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hence f(K,)>B—p, and so B(K,)>(B(K,)—p)*. 

To prove the reverse inequality we can restrict matters to the case B(K,)>0. 
Choose (finite) B satisfying 0< B<B(K,). Then for a large enough A, 
K (Ax)/K,(x)> A? for all x>x (A). Hence for NRG) KI eh oy ee 

A"x 


K,(Ax)> | tPdK (t) 


Atty 
> AM NexPlK (A"x) —K,(A"~!x)} 
>A" OESE] —A~*)K (A"x) 
>A VPx°(1 —A PAK (x) 
ZA? PUL ASP) Ete (x), 
Thus for A fixed, 
log im inf Klis) Kats) >log(A~ 7? 4(1—A~*)) + (B+ p) log A 
| ~(B+p)loga (A> œ), 
hence B(K,)>f +p. Thus (B(K,)—p)* > B(K,), and (a) is complete. 
(c) By applying Theorem 2.6.1(b), (f), we find 


iimsüp Me K (t)dt/t 
x= 0 EKSOS) 
if and only if f(x °K,(x))>0. But this index equals B(K,) —p, which by (a) is 
positive if and only if B(K,)>0. On using (2.6.6) in (2.6.3b) we conclude (c). 
(d) Similar to (c), on dividing (2.6.3a) by x°’ K(x) and applying parts (a) and 
(e) of Theorem 2.6.1. 
(e),(f) These are most easily got by dividing (2.6.3a) by x° K(x) and applying 
Theorem 2.6. 1(f), (e). 
(b) To prove first a(K,)<a(K,)—p, we may assume a(K,)< 0, pick 
a >a(K,), find C such that K ,(Ax)/K,(x) < C4" for all 4, x> 1, and employ this 
inequality in (2.6.5) exactly as in the proof of (a). 
Now assume f(K,)>0. By (2.6.4) and (c), K,(x)x?K,(x), so a(K,)= 
a(x’K,(x))=p+a(K,). E 


(2.6.6) 


Example. This demonstrates that equality can be violated in (b). Take v to be atomic, 
with an atom of mass 1/n at the point e” (n=1,2,...). With t=0 we have 
K.xj= 7k * for e <x<e"t)” so K, > œ and a(K,)=0. Taking o=1 we have 
K,(x)=¥" & /k for e” <x <e"*”, and it is easily seen that K,(e")/K,(e" ~1) > 00, so 


a(K,)=c. 
See § 2.12.18 for an example in which B(K,) <p, showing that the + operator in (a) is 


needed. 


Case II. o,t EI. Here K, and K, are non-increasing and tend to 0, and 
— œ <B(K,) <a(K,) <0; 
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similarly for K,. Basic relations are 


K.(x)= I t?\dK .(t)| =x?K (x)+p | tK (t)dt/t, (2.6.7a) 
K= [lK oj=xK- | t °K, (t)dt/t, (2.6.7b) 

and now | 
KONEX K(x) (x21): (2.6.8) 


Theorem 2.6.7. In Case II, 
(a) «(K,)=min(a(K,) + p,0); 
(b) B(K,)>B(K,) +p, with equality if a(K,)<0; 
(c) a(K,)<0 if and only if lim sup, x` ?K,(x)/K(x)< a; 
(d) B(K,)> — if and only if liminf, x~ ’K,(x)/K,(x)> 1; 
(e) lim sup, x ?K,(x)/K,(x)2> 1—p/a(K,); 
(f) lim inf, x~?K ,(x)/K (x) < 1—p/B(K,). 
Proof. Apart from half of the proof of (a), an exact analogy of the previous proof can be 
used. We therefore give only the proof that a(K,)>min(a(K,)+),0). It suffices to 
restrict matters to the case a(K,) <0. Choose « satisfying «(K,)<a<0. Then fora large 
enough A, K,(Ax)/K,(x) <A% for all x>x (A). Hence for A"<1<A"*!, XE Xo» 
K (Ax) < K (A"x) 
Noro EK (AE) 
SAKTREK (X) 
LASTO SRIENE ARK EOE RKAS) 


Ax 


TE tater |  PlaK (0) 


<(1—A*%)~ tA" AK (x) 

<N ANA "2" = °K (x). 
Hence, as for part (a) of the previous theorem, «(K,)<a—p, whence «(K,)> 
min(«(K,)+,0), as asserted. oO 


As in Case I, an example can be given with strict inequality in (b) (see § 2.12.19). 


Case III. oel, telg. Here K, is non-decreasing to œ, K, non-increasing to 0, and 
— 0 <B(K,) <a(K,) <0 <P(K,)<a(K,)< ©. 


The integration-by-parts relations now are 


Ka) | t?\dK ,(t)| = —x?K.(x)+p | t K (t)dt/t, (2.6.9a) 
0 0 


co 


KS | t °dK,(t)= —x °K,(x)+p | t °K (t)dt/t. (2.6.9b) 


x x 


There is no analogue of (2.6.4) or (2.6.8). 
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Theorem 2.6.8. In Case III, 
(a) a(K,)>min(a(K,)—p,0), with equality if B(K,)>—p; 
(b) B(K,)<max(B(K,)+p,0), with equality if «(K,)<p; 
(c) a(K,)<p if and only if liminf, x~°K,(x)/K,(x)>0; 
(4) B(K,)>—p if and only if lim inf, x° K (x)/K,(x)>0; 
(e) lim inf, x ?°K,,(x)/K,(x) <(p/a(K,)—1)*; 
(f) lim inf, x°K,(x)/K,(x) <(—p/B(K,)—1)*. 


Proof. (c), (e). From Theorem 2.6.3(a), (d) we find that 


lim inf x~-°K,(x) | K eK (aut 


is positive if and only if «(K,)<p, and in that case its value is at most —a(K,)+ p. 
Putting these results into (2.6.9b) we obtain (c), and also (e) for the case a(K,)<p. But 
the other case of (e) is merely a re-statement of part of (c). 

(d), (f). Similar to the above, on applying Theorem 2.6.1(b), (f) to 


lim inf x?K (x) | f | : Kodi, 
x 0 


and then using (2.6.9a). 

(a). First the inequality. Assume a(K,)<0, the only case with content. Pick « 
satisfying a(K,)<a<0, then for sufficiently large A we have K,(Ax) <A°K,,(x) for all 
x> xo(A). Hence for such x, and for A"<A<A"*?, 

n AES 


K,(Ax)<K,(x)+ } t?\dK.(t)| 


k=0 JAtx 


SOK A(x) 4 DACA ex? Ki (A*x) 


k=0 


RAS eK Aka pg AS be 


k=0 


If «(K,) < —p then the above a may be taken less than — p, and the right-hand side will 
remain bounded as À > œ (for x fixed), which contradicts the assumptions of Case III. 
So a(K,)> —p, hence «+>0, and the bound becomes 


K, (Ax) <Ko(x) +A°(A?*4— 1) AMT DOF XPK (x). 
Now for x>AXo, 
a K 1)x?K (x) <x?{K(A~ 4) — K,(x)} 


Amex 


=x? | t~ "dK, (t)<A°K,(x), 


so 
K (Ax) < {1+4 +A Aete— ls (| 5) py Lod at 69) 
Keeping A fixed we find 
log fiim sup BA <(o+«a) log A+o(1) 


as 1 > co. Thus a(K,)<p +a, and so a(K,)>min(a(K,)—p,0), as required. 
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Now, assuming f(K,)>—p, we must prove a(K,)<min(a(K,)—p,0). This is 
immediate if «(K,)>p, while if «(K,)<p then K,(x)x?K,(x) by (c) and (d), so 
a(K,)=p+a(K,). 

(b) To prove the inequality, we need consider only the case B(K,) >0. Choose f such 
that 0<£<(K,), then for large A we have K,(Ax) > A’K,(x) for all x >x (A). Hence 
fon A= AN 


o Antktly 
K(Ax)> Y | t~°dK,(t) 
k=1 Attky 


> Agi ee Dex EEK (AEN E KANE) 


1MM s8 


x 
= 


4 sini? gai Va KAAS x) 


W 
1 M 8 


_ 


AW @tk+ Vey 0(AB — 1)A"K (A*x) 


WV 
Mes 


x 
Il 
m 


œ A*x 
>(A2—1)A"6 -9 Ş A-t Dey- | lak (2)| 


k=1 Aree 
> (AP —1)A"6 A Y A-2°LK (A 1x) — K(A*x)} 
k=1 


AT ?°(A8 — 1)A"6 -AK (x) 
>A~2°(AP — 1) min(1, A?~*)4?-PK (x). 
Therefore B(K,)>B—p, and so B(K,)<(B(K,)+:)*, as claimed. 


When «(K,)<p we have equality, for this is immediate if B(K,)+p<0, while 
otherwise (c) and (d) both hold, so K,(x)Xx’K,(x) and B(K,)=,(K,)+p. = 


Example. This will exhibit strict inequality in (a). (A similar example can be 
constructed for (b): see §2.12.20.) With o=0, define 
0 (0<x<1), 
K,(x)=v0, x] = 4 xn!/a, (a,<x<(n+ La,), 
(n+1)! ((n+l)a,<x <a, 1), 
for some sequence a, with a, = 1 and a,,,>(n+1)?a,.So o eI, and «(K,)=1. Taking 
p=2 we find 


iil (k + 1 ja, 


| “PaK, (t)= y t~2(k!/a,)dt 


1 k=1 Ja 
=o 
= È k!k/{(k+ 1a?}, 
k=1 


which converges if, say, a, =(k!)?. So t € Io. The existence of intervals of constancy of 
unbounded log-length implies «(K,)=0, yet min(a(K,)—p,0)= —1. 
In Feller (1969), (1971, p. 289) it is claimed that in Case III the statement 
lim inf x~-?K,(x)/K (x)>0 


is equivalent to dominated variation of K,, that is, a(K,)<0o. However Theorem 
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2.6.8(c) shows that the proper equivalent is a(K,)<p. In the proof of Feller (1969), 
Theorem 1, and in the earlier paper Feller (1967), only this more limited equivalent is 
considered. However it is possible, within Case III, to have p <a(K,)< œ, as the next 
example will show. So Feller’s conclusions have to be amended. Similar remarks apply 
to the statement lim inf, x?K,(x)/K,(x)>0, which is equivalent to B(K,)> —p rather 
than to the whole of dominated variation of K,. 


Example. Start with K, as in the last example above, so that 0=ce€/, and a(K,)=1. 
Taking p=}, 
n-1 ((k+1)a, 


> t*(k!/a,)dt 
Fi 


ak 


| 1-PdK,(t)= 


1 k 
n-1 

=Y kla, 4{(k+ 1 — We 
k=1 


and this converges if, say, a,=k*(k!)*. Thus we are in Case III, yet p<a(K,)<oo. 

The results for Case III are analogous to, and substantially as strong as, those for the 
other cases, despite the absence of a version of the simple relations (2.6.4), (2.6.8). 
Taken together, the theorems for the three cases are a definitive formulation of 
‘Karamata’s theorem’ for one-sided relationships between a monotone f and its 
integrals f t°df(t) for all 040. 

Having reached this formulation we can discern the ‘symmetry’ between bounds on 
f(Ax)/f(x) and on ft Pdf(t)/{x~°f(x)} that Feller (1967), (1969) commented was 
lacking. Thus considering Case III, with f(x)f oo and f? t~°df(t)10, if we define a(A) for 
A> 1 by ; 

lim sup f(Ax)/f(x)=2™, 
then a(f) <a(A), and indeed we can ensure a(A) <a(f)+¢ by taking A sufficiently large. 
If a(A)<p+e, Theorem 2.6.8(e) gives 


c := lim sup fe t Pdf(t)/{x Pf(x)} zal f)/(p —a(f)) 


> (a(A) —«)/(p —a(A) +€). 
Conversely, given this lim sup has value c < œ it follows that a(f)<pce/(c + 1), hence 
for sufficiently large A, 


lim sup f(Ax)/f(x) KA+” + 9, 


and so a(A)<e+pc/(c+1). This is equivalent to the inequality 
c>(a(A)—«)/(p —a(A) +e) obtained above. 


3. Rapid variation 


de Haan (1970) has extended Karamata’s theorem to monotone rapidly varying 
functions multiplied by powers. We extend his results to the classes MR,,, MR _ œ, and 
this is the most one can do, for one may show by example that the corresponding 
assertions for R,, and R_.,, fail (see § 2.12.22). 


Proposition 2.6.9. Let f be positive and measurable and f €BD, consequently being 
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locally bounded on [X, œ), say. Then f EMR „ if and only if f(x)/{f% f(t)dt/t} + œ as 
x>. 


Proof. Let f(x)-denote the integral. If f(x)/f(x) + œ then B(f)= +% by Theorem 
2.6.1(f), that is, feMR,,. 

Conversely if feMR„ then by Proposition 2.4.3 there exists c>0 such that 
f(Ax)/f(x)> cA for all A>1, x> X, hence the integrand in 


Fix) _ (** fle/t) dt 


fix) Ji fl) t 
is bounded by c` !t~ 7. By dominated convergence, since the integrand tends pointwise 


to 0, so does f(x)/f(x). E 


Proposition 2.6.10. Let f be positive and measurable and have a(f)<œ. Then 
feMR_.,, if and only if f(x)/{J?f(t)dt/t} > œ as x > o. 


Proof. Omitted. 


2.7 Quasi- and near-monotonicity 


1. Definitions 


We have already seen a characterisation of slow variation involving 
monotonicity (Theorem 1.5.4), and the use of monotonicity in Tauberian 
conditions involving regular variation (§ 1.7); we turn now to other aspects 
involving monotonicity. 

We shall be concerned with slowly varying functions that are locally of 
bounded variation on [0, œ). The general slowly varying / does not have this 
property, as the function c(‘) in the Representation Theorem need not. So this 
condition imposes a smoothness requirement on the component c(°) in the 
representation of 7. This is hardly restrictive: replacing c(-) by its limit 
c €(0, œ) to obtain the corresponding normalised slowly varying function, we 
certainly obtain local bounded variation (after altering 7 in some [0, X] if 
necessary). 

We shall make use of the notation and results of Appendix 6.1. 


Definition. Let f € BV,,,[0, ©) be positive; f is quasi-monotone if for some 
6>0, 


| Cldf(t)|=O(x*f(x)) (x > 0), 


near-monotone if for some 6>0, 


| PJO =f) (x + 00). 


These definitions are due to Bojanic & Karamata (1963a) (who used the 
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term ‘pure quasi-monotone’ for our ‘near-monotone’); they also gave the 


representation to be found in the next two theorems below (but our proofs are 
different). 


A word first about the terminology and its use of the word ‘monotone’. If f 
is non-decreasing then 


< | “eldfto|= | EOR | “df 
0 0 0 


=x°( f(x) — f(0)); 
thus f is quasi-monotone. But if f is non-increasing then on integrating by 
parts, 


o< f Platel= | ea —f(t))= —x°f(x) +6 | t?-4(t)dt, (2.7.1) 
0 


g(x) < g(x), 

writing g(x) for x°f(x), g(x) for f% g(t)dt/t as in § 2.6; thus g = O(g). Corollary 
- È 2. tells us that g= O(g) (so g XQ) iff B(g)>0. That is, the right of (2.7.1) is 

O(x°f(x)) iff B(f) > — ô. Thus functions which decrease ‘too fast’ are not quasi- 
monotone. Similar remarks apply a fortiori to near-monotonicity. However, 
for slowly varying functions, which is the context we shall always be in, 
monotonicity does imply near- (and hence quasi-) monotonicity. Indeed we 
have 


Lemma 2.7.1. If f is near-monotone then it is slowly varying. If f is monotone 
and slowly varying then it is near-monotone. 


Proof. Suppose f is near-monotone, then 


| | i tdf(t)|= | ó tia * (t)—df~(t)} 


< \, {df *(t)+df~(t)} 


z | OTE 
0 
So 
| * af(t)=o(x°Flx)) ez) 
0 


and this implies slow variation by Theorem 1.6.4. On the other hand if f is 
monotone then f% t°df(t) exists, and |df(t)| is either df(t) (if fT), or — df(t) Gf f 1); 
if f is also slowly varying then Theorem 1.6.4 gives (2.7.2), and near- 
monotonicity follows. E 
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Clearly there are quasi-monotone functions that are not near-monotone: 
any non-decreasing not-slowly-varying function will serve. Of more relevance 
is whether there exist slowly varying functions of locally bounded variation 
that are not quasi-monotone, and whether there exist slowly varying quasi- 
monotone functions that are not near-monotone. The answer to both 
questions is yes, and instances will be given below. 


2. Representation 


Theorem 2.7.2 (Quasi-Monotonicity Theorem). Let f € Ry OBV,,,[0, ©). Then 
¢ is quasi-monotone if and only if there exist two positive non-decreasing 
functions $,, 2 with 


pi(2x)=O(P;(x)) (i=1,2) (x> æ), 
(that is, two ġ; of dominated variation) such that 


C(x) = bi (x)/h2(x) (x20). (2.7.3) 


Proof. ¢ being slowly varying, we may find X > 1 such that / is bounded away 
from 0 and œ on all finite subintervals of [X, œ). Set 7(x) := /(max(x, X)), 
then 7 is slowly varying, and it is clear that / satisfies (2.7.3) if and only if 7 
satisfies it (for altered ¢;). Again, for x> X, 6>0, 


‘x x X 
| t?|d¢(t)| — | t?|d7(t)| = | t?|d¢(t)| 
0 0 (0) 


and thus is o(x?/(x)) because x?/(x)—> œ by Proposition 1.3.6(v). Thus / is 
quasi-monotone if and only if 7 is. Consider 7 from now on — but omit the 
tilde. 

Set L:=log/ and apply Proposition A6.2 with f(x):= L(x), m(x) := e, 
g(x) =x, h(x):=min(x~’, 1), for all x>0. Since / is constant on [0, 1], 


|, eacol= | elezo) 
0 1 


-| t~°t?*ld expo L(0)| 


1 


=n {tote} le t*|dL(t)| 


te[1,x] 1 


= inf (tao) | elaro 


te[1,x] 0 


> 


~x9¢(x) | "PAL (t) 
0 
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using Theorem 1.5.3 for the last line. Similarly 


| eaccol= | t? t¥ldexp o L(t) 
(0) 1 
< ue 08200) | t|dL(0)| 


~x?/(x) |. t|dL(t)). 
0 
Thus 


lim sup si t?*|dL(t)| <lim sup = | t°|d¢(t)| 
o x> X¢(x) Jo 


x 0 


<lim sup x” | p? (2.7.4) 
0 


x> oO 


First, suppose / is quasi-monotone, then the left-hand side of (2.7.4) is finite. 
The function L is of locally bounded variation (as shown for mo / in general); 
so has Jordan decomposition L=L,—L_. 

Set ®, =L,, ®,=L_, so that the ®; are non-decreasing, L= ®, —@®,, and 
the measure |dL] is the sum of the measures d®, and d®,. For i= 1, 2 it follows 
that 


x7 28 | tdo (t) <x? | 14d L(t)| <M < æ (2.7.5) 
0 0 


for x> xo, say. But 


x x 


2% 2x 
®,(2x) — (x)= | dO; (t) <x” | t?°d®,(t) <27°M 
so that ġ;:= exp ®; satisfy 
bi(2x)/Pi(x) <exp(2”M) <0 (x> xo), 
and /=¢,/¢», giving a representation of the required form. 

Conversely, suppose “= ¢,/, is such a representation, then L=®, —®, 
where L :=log /, ®;:=log ¢;. This decomposition of L is not necessarily its 
Jordan decomposition, so from (A6.2) we have |dL(t)| <d®, (t) + d®,(t) rather 
than equality as above. Since the ®; are non-decreasing, dominated variation 
of ġ; gives 

0<@(2x)-—O(x)<M<a (x20). (2.7.6) 


Then for 2*xx<2"", 


I, fd@,(t)<®,(1) + 5 20+ DiD (2+1) —,(24)} 
0 


ae 


(1) +M ¥ 288040 
0 
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<@,(1)+M °2?:2”*/(2? — 1) 

<,(1)+.M °2°x®/(2 — 1) =O(x*). 
Hence f% t”|dL(t)|=O(x*), and by the right-hand inequality of (2.7.4), / is 
quasi-monotone. Si 


Theorem 2.7.3 (Near-Monotonicity Theorem). 7¢€BV,,.[0,00) is near- 
monotone if and only if there exist non-decreasing slowly varying functions 
t1,¢9, With 7=¢,/75. 


Proof. First, modify / as in the previous proof. Again, /=/,//, if and only if 7 
has a decomposition of the same form, and / is near-monotone if and only if 7 
is. So we may undertake the proof on the assumption that / is constant on 
[0, 1], as before. 

First, assume / near-monotone, so that the middle term, hence the left, of 
(2.7.4) are zero. Defining ®,,®, as before, we find instead of (2.7.5) that 


x | Pain +0 (x00) (i=1,2). 


0 
So 
2 


(2x) —®,(x) <x >? | t°d®,(t) > 0, 


and ġ;:= exp ®; satisfy 
Pi(2x)/P(x) +1 (x> æ) (i=1,2). 
Since ġ; is non-decreasing, Proposition 1.10.1 gives.ġ; slowly varying, and we 
obtain the desired representation with /;= @;. 
Conversely, if =¢,/, with ġ; non-decreasing and slowly varying, then 


with M replaced by an arbitrary e>0, (2.7.6) holds for x sufficiently large, 
whence 


0 


by an obvious modification of the argument after (2.7.6). So 
| t?|dL(t)| =0(x”) (x> œ), 
0 


and the right-hand inequality of (2.7.4) gives 7 near monotone. E 


Note that the characterisations of the above two theorems do not depend on ô. 
Hence for quasi-monotone slowly varying functions, and for all nearly-monotone 
functions, the phrase ‘for some 6>0’ may be replaced by ‘for all ô> 0’. 

By combining the last two theorems with the Representation Theorem for slowly 
varying functions we obtain somewhat more. 
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Corollary 2.7.4. 
(a) A function f is quasi-monotone slowly varying if and only if 


W(x) 
f(x)=——— n(x) (x20) DT 
y(x) i ) 
where n( `) is a normalised slowly varying function and W,, Y, are non-decreasing positive 
Junctions of dominated variation with the property that 


Yi (x)/pa(x)>ce(0, %0) (x 0). 
(b) A function f is near-monotone if and only if it is represented as in (a) but with the 
words ‘dominated variation’ replaced by ‘slow variation’. 
(c) In particular, all normalised slowly varying functions are near-monotone. 


Proof. 

(c) Let n(x)=exp{ f% e(t)dt/t}, then exp{f} e(t)*dt/t} and exp{ f% e(t)” dt/t} are non- 
decreasing slowly varying functions and n(°) is their quotient, so is near-monotone by 
Theorem 2.7.3. 

(a) If f satisfies (2.7.7) then n(-) is near-monotone by (c), so n=/,/¢, where /; are 
non-decreasing slowly varying, and then f=(W,7,)/(W272), the quotient of non- 
decreasing dominated-variation functions. Obviously f is slowly varying, so f is quasi- 
monotone by Theorem 2.7.2. 

Conversely, if f is slowly varying and quasi-monotone then there exist @,, , as in 
Theorem 2.7.2, and c(x) > c, n(x) normalised slowly varying, such that 

$1(x)/h2(x)= f(x) =c(x)n(x) (x20), 
and by (c), n(-)=7,(")/¢2(-) where 7,, 7, are non-decreasing slowly varying functions. 
Setting Y; =¢, 72,W.=¢. l1, we find w,, Y2 non-decreasing of dominated variation, 
and 


c(x)=W(x)/P2(x) > c, 
whence (2.7.7). 


(b) As for (a), with ‘dominated variation’ replaced by ‘slow variation’ 
throughout. go 


3. Examples 


We finally must demonstrate that the classes discussed above do not coincide. 


Proposition 2.7.5. 
(a) There exist f, slowly varying and locally of bounded variation, but not quasi- 


monotone. 
(b) There exist functions ¢ that are quasi-monotone but not near monotone. 


Proof. 
(a) We construct h(x) (=log f(e*)). Let 
h(x):=n7! (n+(2k—1)/(2n?)<x<n+k/n?) (k=1,2,....n°;n=1,2,...), 
and let h be zero elsewhere. Then for 0<t<1, 
h(x +t) —h(x)| < 1/[x] > 0, (2.7.8) 
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so f € Rg. Also h, hence f, is flat except for finite jumps, and there are only finitely many 
jumps in any finite interval, hence h and f have locally bounded variation. But if 
h=h, —h, where h; are both non-decreasing, then 


h,(n+k/n?) —h, (n+ (2k — 1)/(2n”)) > h(n + k/n?) —h(n + (2k — 1)/(2n?)) 
=n Fl 


so 
1 
hy(n+ I)—hy(n)>n? =n 00. 


Hence if f=¢,/, where the ġ; are non-decreasing, identifying h,(x)=log ;(e*) we 
find #,(e:e")/¢,(e") > œ, so $, is not of dominated variation, and f is not quasi- 
monotone. 

(b) The construction is similar. Let 


h(x):=n7! (n+(2k—1)/(2n)<x<nt+k/n; k=1,2,...,n;n=1,2,...), 


and zero elsewhere. If h=h, —h, where h; are non-decreasing then by the method 
above we find h,(n+ 1)—h,(x)>1. Thus if f=¢,/f, with ¢; non-decreasing then 
o,(e'e")/o,(e")>e, so , is not slowly varying, and f is not near-monotone. 
However (2.7.8) remains in force, so f € Ro, and there is a particular choice of h, , h3, 
namely, h, is the cumulative sum of the upward jumps of h, and h, the cumulative sum 
of the downward jumps, for which 


h(x+1)—h(x)<1 (xeR,i=1,2). 


The corresponding @; satisfy ġ;(ex)/ġ;(x) <e for all x >0, whence dominated variation, 
and so f is quasi-monotone. go 


The classes of quasi- and near-monotone slowly varying functions are exactly the 
classes needed in certain important Abelian theorems for integral transforms, to be 
considered in §§ 4.1, 4.4. 


2.8 Gauge-functions 


For some purposes, the class of slowly varying functions R, is too large, and 
one needs to single out subclasses with suitable asymptotic properties. The 
quasi- and near-monotonicity properties of §2.7 are well suited to this 
purpose. We continue our study of them, with a view to applications in 
Chapter 4; we follow Bojanic & Karamata (1963a). We restrict attention 
throughout to / € Rg; since we shall require at least quasi-monotonicity we 
also assume throughout that / e BV,,,[0, 00), without further comment. 

The definitions of quasi- and near-monotonicity involve 6>0, but the 
characterisations of the Quasi-Monotonicity and Near-Monotonicity 
Theorems do not. We study the dependence on ô. This will, in particular, 
allow us to replace all integrals f% by suitable integrals tee 
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First, Karamata’s Theorem tells us that slow variation of 7 is equivalent to 
le t"d¢(t)=o(x"¢(x)) (x00) for some (all) n>0, (2.8.1) 

or to 
ip $ t "d¢(t)=o(x "¢(x)) (x—> œ) for some (all) n>0, (2.8.2) 


using the variant Theorems 1.6.4, 5. We consider now the effect of replacing d/ 
by |d¢| here. 


Definition. The left and right gauge-functions k(n)=k(n, £), K(C)=K(¢, £) of 
l eR, are defined by 


k(n) = an teup 7 l t"|d¢(t)| (n>0), 


K(G) =timsup | "deie | (>0). 


Thus / is quasi-monotone iff k(n) < œ for some (all) n >0 (briefly, k(°)< œ), 
near-monotone iff k(:)=0. That the same is true with k replaced by K follows 
from the next result: 


Theorem 2.8.1. For f € Ro, 
(i) k(n) is non-increasing, nk(n) non-decreasing in n, 
K(€) is non-increasing, (K(¢) non-decreasing in ¢. 
(ii) For n,¢>0, 
+ 
KO< ko), 


k< KO. 


In particular, we have 


Corollary 2.8.2 
(i) 2€R, is quasi-monotone iff one (and then both) its gauge-functions is 


finite-valued, 
(ii) f € Ro is near-monotone iff one (and then both) its gauge-functions vanishes 


identically. 


Proof. 
(i) The function 


1 
k(n) = aaa}, t"\d¢(t)| 
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may be checked to be non-increasing in 7; hence so is its limsup on 
x, k(n). 
Integrating by parts, for n,n’ >0 


| ` rlde(o|= \, tn mn | wd) 
0 0 0 


=x" k(n) x) + (1—1') | t" 1k (n) (t)dt. 
0 


That is, 
Ce i 
a LG) 1G 


Fix 0<n'<n, split the integral into [> and f%, and take lim sup on x to obtain 


k.(n')=k,(n) + tik (n)¢(t)dt. 


1 a E 
k(n’) <k(n) +k(n)(n —n’) lim wr |, t" —1¢(t)dt. 


By Karamata’s Theorem, the lim sup on the right (which may be replaced by 
limit) is 1/ny’. This yields 

n'k(n') <nk(n), 
and yk(yn) is non-decreasing. The assertions for K are proved similarly 
using 


C fo) 
k= 75 | acto). 


(ii) From (i), if k(n)< œ for some n>0, k(ņn)< œ for all y>0, so we may 
speak unambiguously of ‘k(:)<0o’, and similarly for K(:)< œ. 

The required upper bound on K(:) is vacuous unless k(:)< oo, so suppose 
that is the case. Integrating by parts, we have for ¢,y>0 


KO=75 | cigal | wae) 
x 0 


xt f _ foula Ostet 
“a5 {7 “ser Len i m! ‘one 


G feo] 
= Sk EEH 75 | t1 -4/(t)k,(n)dt 


(the integrated term vanishes at infinity as k(ņn)< œ, (>0, f e Rọ). But by 
Karamata’s Theorem 


(x) 


Taking lim sup on x, we thus find 


G œ 
75 | I(t (x =>.00), 


x 


Kos k(n), 
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giving the first part. For the second, proceed analogously with 


SRA t" 1 ¢(t)K,(t)dt. A 


k(n) I a K,(¢) F x"/(x) y 


2.9 Exceptional sets 

We know from § 1.5 that for p>0, f e Ro, f(x)~x°¢(x) implies f} f(t)dt/t~ 
x?¢(x)/p. One interprets this as saying that the asymptotic relation 
f(x) ~x?¢(x) may be integrated (in effect treated as if / were constant). It is not 
in general possible to reverse the implication: asymptotic relations may not in 
general be differentiated. But a partial result of this nature may be obtained, in 
which a certain exceptional set is excluded from the limit. 

Let Ec (0,0) be measurable. We say it has relative measure or linear 
density m*(E) if 

|En [0, x]|/x > m*(E) (x > œ). 

When it exists, the relative measure satisfies 0<m*(E) < 1. If a limit relation 
holds as x tends to infinity avoiding a set E of relative measure zero, we indicate 
this by the notation ‘lim*’. Thus ‘lim*,, „ means ‘lim for some set E of 
relative measure zero’. 


xX 00,x¢E 


Theorem 2.9.1 (Levin (1964), III.2). If p>0, 7ERo, f e Lb.[1, ©), 


lim sup f(x)/{x°¢(x)} =c < 00 (2.9.0) 
and 
i f(t)dt/t~cx’?¢(x)/p (x 0), (2.9.1) 
1 
then 
lim* f(x)/{x°¢(x)} =c. (2.9.2) 


Under the same hypotheses but with liminf replacing lim sup in (2.9.0), the 


conclusion continues to hold. 
The proof needs the following lemma. It will be convenient to abbreviate 


Eq{0,x] to Ez: 


Lemma 2.9.2. 


lim* f(x)=c 


if and only if for each e>0 there exists E(e) of relative measure 0 with 


|f(x)—cl<e (x¢E(e)). 
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Proof. The condition is clearly necessary. To prove sufficiency note that the 
condition shows us that for each i= 1,2,... we can find sets M; of relative 
measure 1 with | f(x)-c¢|< 1/i (xe M;). As the finite intersection of sets of 
relative measure 1 has relative measure 1, we may (by an induction argument) 
take M, >M3> .... Write mr) for |M;(0,7r)|: then we can find 0<r,< 
a<... Fa > 00 with 


m;(r) >(1 -;)r (r>r;,). 


Set M¥:=M;0(0, 741], M:=), M¥, mr) =|Mn00,n. For r;<r<r;+1, 
m(r)>m,(r)>(1—1/i)r, whence M has density 1. If xe M and r;<x<r;.,, x 
belongs to at least one M; o (0,7r;+4,], where j >i; then M; -M;,so xe M,, and 
so |f(x)—c|<1/i. Consequently, f(x) >c as x0, xeM, and 


lim* f(x) =c. o 


Proof of Theorem 2.9.1. By considering instead f(x)—cx°/(x), we may 
suppose c=0. Choose ¢>0. Let E be the set of x>0 with f(x) < —ex’/(x). 
Now for r>1, 


r 


| I,(t)t?¢(t)dt/t> | 


1 br 


~¢(r) TO idt 
ty 


>ct(r)r?~'(\E"|—|E*)), 
where c= 1/2°~' if p>1, 1 if p<1. Since f(x) < —ex°¢(x) on E, 


| I,(t)f(t)dt/t < —ec¢(r)r?~ + (|E"] — |E”). 
0 


For each y >0, there exists X = X (n) with f(x)<nx°¢(x) for x> X. Writing F 
for the complement of E and C for fY I,-(t)f(t)dt/t, 


|, I-(t)f(t)dt/t<C+n i: t?¢(t)dt/t 
= neco +o(r°/(r)) (r— œ). 
By hypothesis, 
| “fldjdt/t= 00°44). 


Thus 
o(r?¢(r)) <yr?d(r)/p —ecr?¢(r)(|E"| — 


E*|)/r. 


Divide by r?/(r) and let r > co: we must thus have 
(\E"|—|E*|)/r +0 (r> æ). 
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Then 
lim a sup|Er|/r= lim (|E 


=} lim supļ|E"|/r, 


so both sides (being finite) are zero, and the relative measure of E is zero. Since 
lim sup f(x)/{x?¢(x)}=0 by assumption, we thus have that | f(x)/{x°¢(x)}| <e 
except on a set of relative measure zero. By the lemma, lim* f(x)/{x?/(x)} =0 
follows. 

The case with liminf in place of limsup in (2.9.0) is immediate on 
considering — f. E] 


One cannot in general pass in the reverse direction from (2.9.2) to (2.9.1): for 
instance, consider 


X for n—1<x<n—1/,/n 
osf a for n—1/,/n<x<n Galera) 


By a suitable smooth approximation in the neighbourhood of the discontinuities, one 
may construct similar examples in which f(x) is C”. Matters are, however, quite 
different in a complex-variable setting. We quote the following result from complex 
function theory. 


Theorem 2.9.3 (Levin (1964), III.2). If p>0, f € Ro, f(z) is holomorphic, and 
lim sup f(x)/{x?¢(x)} =c, 


then 
lim* f(x)/{x?¢(x)} =c 


implies 
I, f(t)dt/t~cx?¢(x)/p (x > 0). 
1 


As well as linear density of a measurable set E c (0, 0) we shall occasionally 
need the logarithmic density, defined as 


1 | dt 
xo ol02X Jentina © 


log dens E := lim 


if the limit exists. 
If E has linear density m then it has log density m. In partial converse, if 


log dens E= 1 then 
JEN (0, x]|~x 


as x > outside a set F of log density 0. For this and other relationships 
between linear and logarithmic densities see Drasin & Shea (1976), § 2. 
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2.10 Tauberian Theorems 
1. Ratio Tauberian Theorem 


This is a useful extension of Karamata’s Tauberian Theorem in which regular 
variation of the ratio of two functions is linked to regular variation of the ratio 
of their LS transforms (see § 1.7), without the functions themselves having to 
be regularly varying. 


Theorem 2.10.1 (Ratio Tauberian Theorem). Let U be non-decreasing, vanish 
on (— 00,0) and belong to OR, so 
U*(A) :=lim sup U(Ax)/U(x)< 00 (A> 1). 
Let V:R— [0, œ) be non-decreasing and vanish on (— œ,0); let ¢ be slowly 
varying and c>0. . 
(i) If 
V(x)~c¢(x)U(x) (x> œ) (2.10.1) 
then 
V(s)~c¢(1/s)U(s) (s+0+). (2.10.2) 
(ii) If U*¥(1+)=1 then (2.10.2) implies (2.10.1). 
(iii) The Tauberian condition is necessary in (ii), in that if U is as specified at the 
beginning of the theorem but has U*(1+)>1 then there exist V,¢,c 
satisfying (2.10.2) but not (2.10.1). 


Remarks 

(i) in the form given here is due to Feller (1963). 

(ii) for the case £=1 is due to Korenblum (1955). A new proof was given by 
Stadtmtiller & Trautner (1979), and we have adapted it to the general case. 

(iii) is due to the latter authors. 

For multidimensional, and non-monotone, generalisations see Stadtmiller & 
Trautner (1981, 1985). General-kernel versions were given by Korenblum (1953, 1958). 


Proof. We may assume U(x,.)>0 for some Xo. 

(i) Since U EOR, the functions y> U(xy)/U(x) are uniformly bounded on 
compact y-sets. By the selection principle (applied on, say, [0,k] for 
k=1,2,..., followed by a diagonalisation), from any sequence x), co we 
may find a subsequence x,, > œ such that the functions U,,(y) == U(yx,,)/U(x,) 
converge to some (finite non-decreasing) limit-function U,(y) at each y at 
which the limit is continuous. By the continuity theorem for LS transforms, 
U,(s) + U,(s) pointwise, that is, 


U(s/x,)/U(x,) > Ug(s) (n>00) Vs>0. (2.10.3) 


Define V,,(y) = V(yx,)/{4(x,)U(x,)}; then (2.10.1) shows that V,(y)~cU,(y) 
for each y, so V, converges to Uy at each continuity point of the limit. By the 
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continuity theorem again, V,(s) > cU,(s), that is, 
V(s/x,)/{C(x,)U(x,)} +cUo(s) (n> 00) Ys>0. 

Since U,(1)#0, we conclude that V(1/x,)/¢(x,)~cU(1/x,). Because every 
sequence x, > © has a subsequence with this property, it follows that 
V(1/x)/¢(x)~cU(1/x) as x > œ, which is (2.10.2). 

(ii) We can start as in (i): take x/,, x,, U„ and V, as before, and show (2.10.3). 
The assumption U*(1+)=1 implies easily that U,(1+)=1, and also, since 

lim inf U(Ax)/U(x)=1/U*(1/A) (0<A<1), 


that U,(1—)=1. 

Now (2.10.2) and slow variation of / yield that for each fixed s>0, 

Ws/x,) ~ c¢(x,)O(s/x,) as n> co, so 

V,(s)~cU,(s) > cUg(s) (n> o). 
The continuity theorem for LS transforms now implies V, > cU, pointwise at 
each continuity point of the limit. Since 1 is such a point we conclude 
V,(1) > c, that is, V(x,,)~c?¢(x,,) U(x,), and the conclusion (2.10.1) follows. 

(iii) Assume U*(1+)> 1; then we can find sequences aj, b} > œ such that 
1<b}/a} > 1 but U(b),)/U(a},) > p> 1. Note that pis finite because U e OR. We 
can then select a sequence of integers n,— 00 such that a, =a), and by := b, 
satisfy 

U(b,)/U(a,) <2p, Oy +1/Q,2k, bea, 4 wee, ae.) 12.10:4) 
Define 
U(b,) for a,<x<b,,k=1,2,.... 
V(x)e= 
we otherwise; 
then V(x)/U(x) # 1 as x> œ. 

Let G(x):= V(x)— U(x) and G,(y):= G(xy)/U(x). Since V(x)<2pU(x) we 
have G,(y)<2pU(yx)/U(x), and then since U is non-decreasing and in OR 
there must exist C, p< œ such that 

0<G,(y)<2pC(1+y’), (y>0,x>X). (2.10.5) 
We shall show that as x > œ, G,(’) converges in measure to 0 on every fixed 
interval (0, T). Since, by (2.10.5), we can choose T to make the integrals 
{2e-”G,(y)dy uniformly small, it will follow that 


If e ’G,(y)dy +70 (x> œ). (2.10.6) 


0 
Choose 0<e<T, and let k=k(x) be the smallest integer such that ¢ <a,/x. 
Then by (2.10.4), 
Ay + 1/X = (4 /X)(Ax + ,/a,) > ek, 
which exceeds T for sufficiently large x, since k(x) > œ. Applying the same 
argument on b, one finds that for sufficiently large x there exists at most one 
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index k such that a, or b, is within the interval [x, x7]. Thus the subset of 
(0, T) where G,(-) is positive has measure less than 

e+ (b; —a,)/x =é+a,€,/x SE + Tep, 
where b, =a,(1+¢,) and e=0(1). This confirms that G, converges to zero in 


measure on (0, T). 
We now have (2.10.6), which says that 


ik e* G(t)dt=o(xU(x)) (x> œ). 


(0 


Since 


(2.0) 


| e`" U(t)dt> U(x) | e "*dt=e 1 xU(x), 
0 x 


the first of these Laplace transforms is asymptotically negligible compared to 
the second, so that 


i OPENA A= fa e~" (U(t)+ G(t))dt 
0 


0 


-Í e~'/*U(t)dt, 


0 
or V(1/x)~ U(1/x), as required. ry 
2. A Tauberian theorem for dominated variation 


The result following is due to de Haan & Stadtmiiller (1985), and substitutes 
dominated for regular variation in the Karamata Tauberian Theorem. 


Theorem 2.10.2 (de Haan-Stadtmtller Theorem). Let U be non-decreasing, and 
vanish on (— 00,0). The following are equivalent: 
(i) UEOR; 
(ii) U(1/:)€OR; 
(iii) U(1/t) U(t) (t > œ). 
Proof. First, 


00)= | e?” U(y/s)dy (2.10.7) 
0 
and the right-hand side is at least U(x/s) |e’ dy, so 


U(t)<e* U(x/t) (t,x>0). (2.10.8) 


(i) = (iii). Since U(xt)/U(t) < Cx? for x> 1, t> T (Proposition 2.2.1), we find 
oaov- | e *{U(xt)/U(t)}dx 


1 œ 
<| erdx+c| CCEA ME ST), 
0 1 


and by (2.10.8), U(1/t)/U(t)>e7!. 
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(ii) > (i). By Proposition 2.2.1, U(1/(Ax))/O(1/x) < C'A” for A> 1,x>X. Pick 
a> 1, then by (2.10.7), 


0 


U(s) < U (a/s) ik edy+e | e™ Û(s/y)dy 
0 a 


o0 


<U(a/s)+e U(s) | eC'y*dy (if s<1/X). 


We may make a so large that e[”e~” C’y*dy <4. Thus 
U(s)<2U(a/s) O<s<1/X). 
Combine this with (2.10.8), with x :=2: 
U(2t)/U(t) <2e? U(1/t)/O(a/t) (t>aX) 
<2e?, 

so U (non-decreasing) is in OR. 
(iii) = (i). By (2.10.8), 

U(2t)/U(t) <e? U(1/t)/U(t) 
which by assumption is bounded, hence (i). 


Finally, (i) plus (iii) imply (11) which completes the proof. m 


It is notable how easy the converse assertion ((iii) implies (i) and (ii)) is here, in 
contrast to the situation for regular variation (see Theorem 5.2.4). For the extent to 
which monotonicity of U can be weakened, see de Haan & Stadtmiiller (1985); slow 
decrease is not enough as Theorem 1.7.6 would suggest. 


3. O-version of Monotone Density Theorem 


As we saw in § 1.7, the Monotone Density Theorem has an essentially Tauberian 
character. Of various possible O-formulations, the following is one that will be needed 
in Chapter 5. For another, see § 2.12.26. 


Proposition 2.10.3. Let U(x)= fg u(t)dt (x>0), where u(-) is eventually positive and 
satisfies the weak Tauberian condition ue BIO BD. If UE BI PI then 


u(x) U(x)/x (x 0). 
Proof. We assume u € BD, as the case u e BI is similar. Choose «, B with0<B<f(U)< 
a(U)<a<o. Applying Proposition 2.2.1 to U, and taking 4>1 so large that 
A’ :=C’'A’>1, we find 
1<A'<U(Ax)/U(x)<A<o (x2X). 
Since ue BD we may choose finite b< f(u), and then by Proposition 2.2.1 there exist 
positive constants c, x, such that 
u(y)/u(x)>c(y/x)’ (y>x> Xo). 
Thus for large y, 


1 y 
c tyu(y) I x’dx> | u(x)dx 
1/A pla 
= U(y)— U(y/A)2 (1 —1/4')U(y), 
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so that lim inf, yu(y)/U(y)>0. A similar calculation on JPu(x)ax shows that the 
corresponding lim sup is finite. H 


2.11 Beurling slow variation and its relatives 


Let ¢:R— (0,0) be measurable. It is called Beurling slowly varying if 
(x)= 0(x) (x > 00) and 
vte R, o(x+td(x))/o(x) > 1 (x> æ). (22m 


Such functions were employed by Beurling in an extension of Wiener’s 
Tauberian theorem (see Bloom (1976) and its references). For some purposes, 


Vt>0, o(x +to(x))/o(x) 7 1 (x > æ) (2.11.1a) 


will suffice instead of Beurling slow variation, as we shall see. However, for 
probability applications a uniform version is often needed: 


o(x + to(x))/o(x) > 1 (x > ow) locally uniformly in teR. (2.11.2) 
When ¢ (positive, measurable) satisfies (2.11.2) we shall call it self-neglecting. 


As in regular variation, local uniformity is obtainable from the pointwise form 
when a smoothness condition operates: 


Theorem 2.11.1 (Uniform Convergence Theorem for Beurling Slow Variation) 
(after Bloom (1976)). If @:R-— (0, 00) is continuous, o(x) as x > œ and 
satisfies (2.11.la) then it is self-neglecting. 


Proof. We are extending Bloom’s proof slightly by assuming only (2.11.1a). 
Thus pick T>0 and suppose the convergence is not uniform in t e [ — T, 0]. So 
there exists ¢€(0,1) and x,>0, ¢t,€[—T7,0) such that 
On + trP(Xn))/P(X,) — 1 Se for all n. Since f,(t) = P(x, + tH(x,))/(X,) — 1 is 
continuous, and is zero at t=0, there must exist 4,¢[—T,0) such that 
|b(y,)/(x,) — 1] =« for all n, where y, =x, +/,0(x,). Then yp > œ (n> œ), 
because #(x)=o0(x). Write T’ := T/(1—e) and set 
W, = {u ELT, T' +1]: [On + HP n))/POn) — 1] <4e/(1 +e)}, 
Wa {An + HP(Vn)/P(Xn): u E WS 

The W, are measurable, and on applying dominated convergence to their 
indicator functions we find |W,| > 1. Therefore lim inf, „| W4] > 1—e. Now all 
the W, are subsets of the interval [0,(7’+1)(1+e)], and since 
Wi=()\>_, Un W; has. measure 


U 
k=n 


it must be non-empty. Thus there exists A belonging to an infinite sequence of 


|W|=lim >1-e>0, 
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Wn and for those n, setting u, = (A—1,)o(x,)/(y,) € W, 


Pe Xn t+AG(Xn)) A o» 
(Xn) P(Xn) 
SOn) 4] DOn) [On + enn) _ 1 
> lC) ) | OG) P(Yn) 


>e—(1+ese/(1+e)=4e, 
contradicting (2.11.1a). Thus we have uniform convergence on [ —T,0], and 
the proof for subintervals of R* is similar. O 


For the representation theorem we need first 


Lemma 2.11.2 (Bloom (1976)). Let ‘ be self-neglecting. For xo sufficiently 
large, the sequence (x,) defined by x, :=x,_,+(x,—1) (n> 1) tends to +a. 


Proof. Choose x9 so large that 
P(x +tH(x))>50(x) (—1<t<1,x>Xpo). (2.11.3) 


Suppose x, + +00. Thus x,, being increasing, converges to p, say, and 
Xo <p = cow By (2/183), 


$(x)>3b(P) (P—$(P)<x<pt G(p)). 


So $(x,)>4(p) for all sufficiently large n. But x,=x9+Yp-1 b(%%—1) so 
(x,,) > 0, a contradiction. El 


Theorem 2.11.3 (Representation Theorem for self-neglecting functions). @ is 
self-neglecting if and only if it is positive and there exist e(°)e C”(R), c(‘) 
measurable, with (x) > 0, c(x) > c e (0, œ) as x > œ, such that 


P(x) =c(x) ir elu)ddu (xeR). (2.11.4) 
0 


Proof (Bloom (1976)). Let (x,,) be as in the lemma. Let p(`) be as in the proof of 
Theorem 1.3.3 and set 
elx) Na PE (=| LSS n= ORky ss): 
Xn+1—Xn Xn+1— Xn 

On (— œ, xo] we may define e(')e C” so that e(') and all its derivatives are 
zero at Xo, J* , e(ujdu>0 fi all x<xoọ, and f% e(u)du=(xo). Thus 
e(‘)€C%(R), and f(x):= * , e(u)du coincides with ġ at each point x=x,. 
Since f is monotone on each oa Xn +1, it is never zero. For x> xo write n(x) 
for the integer such that x,<x<x,4,, then $(x)/O(Xy.)) > 1 (x > œ) by 
(2.11.2). Hence c(x) = #(x)/f(x) > 1. Lastly, if m:=sup, 


le(x)| <m|b(Xn+1) = PCWP) On SX Sn 41) 


—> 0 (n > œ) 
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since ¢ is self-neglecting. This establishes (2.11.4). The converse is straight- 
forward (see Lemma 8.13.8 below). E| 


The properties of c(' ) and e(`) do not themselves ensure that ( °) given by (2.11.4) is 
positive. Thus there is a hidden condition on c(‘) and e(') to that effect. This slightly 
unsatisfactory feature of the representation is not present in other representations in 
this book, for instance Karamata’s for slowly varying functions. 

We should note that the latter proof uses only the result of Lemma 2.11.2 together 
with a weaker form of (2.11.2): 

o(x +td(x))/h(x) > 1 (x > œ) uniformly in te [0, 1]. (2.11.2a) 
In turn, a sufficient condition for the conclusion of Lemma 2.11.2 is that for some 
X>0, 
Vx>X, lim inf ¢(y)>0. (2.11.5) 
Atx 
These considerations led Goldie & Smith (1987) to define an O-analogue of the above 
as follows: 


Definition. h: (0, œ) > (0, œ) is called self-controlled if it is measurable and, for some 
A>0, 


ò +ô 
E T T AET gee ee 
x>% O<d<A P(x) x>% O<d<A (x) 


Theorem 2.11.4. Let $:(0, ©) > (0, œ) be positive: it is self-controlled and satisfies 
(2.11.5) if and only if it may be written 


x 


(x)=a(x) | e(u)du. (x>0) 


0 
where a(‘)>0 is measurable, log a(-) is bounded on some [X , œ), and é(-) is continuous 
and bounded on (0, œ). 


Proof (Goldie & Smith (1987)). Omitted. 


As noted above, Beurling slowly varying functions originated in an extension of 
Wiener’s Tauberian theorem. See e.g. Bingham (1981), Bingham & Goldie (1983) for 
other applications in analysis. Self-neglecting functions are important in probability, in 
particular extreme-value theory: see § 8.13. Another such use is in Meilijson (1972). 


2.12 Exercises and complements 


1. There exists a measurable f with 


f*(A) = lim sup f(Ax)/f(x) 


x> œo 


not measurable (after Rubel (1963)). 


2. It could be the case in Theorem 2.0.1 that f*(4)=0 for every A> 1. In that case 
f €R_.,, (see § 2.4) and Theorem 2.4.1 applies. If on the other hand S*(Ao)>0 at 
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one point A, >aĝ in Theorem 2.0.1, more can be said. Prove that then 
lim sup Á pA fAXV/f(x)>0 (1<b<A,/a2); 


and that f* is bounded away from zero on [1,b] for each such b. 
. If f EOR, then 


VA>0,  limsup f(x)/f(x)> max (4*9, 10). 


If f € ER, then also 

VA>0, lim sup f(Ax)/f(x) <max(a, 2%), 
[Use Theorem 2.1.8.] 
. (a) A real-valued function f defined on (0, 00) is subadditive if 


A(x+y)<f(x)+f(y) Yx, y>0. 

If f is measurable, show that 
4 lim f(x)/x= inf f(x)/x 
} x> 00 x>1 

(Hille & Phillips (1957)). Does this result hold for f Baire? Show that 
measurability may be replaced by boundedness above on compact subsets of 
(0, œ) (Aljanci¢ & Arandelovic¢ (1977)). 
(b) Let f:[1, 00) > (0, œ) be such that h(A) = sup,,, f(Ax)/f(x) is finite for all 
A> 1. Then 


sup{ —log h(A)}/log A= sup{ —log f*(A)}/log A 
A>1 


A>1 
(=—a(/)). 

(Boyd (1971)). 
. Let us extend the Zygmund class and the class of normalised slowly varying 
functions. For — œ <a <b < œ, let Y [a, b] denote the class of positive functions 
f on (0, œ) such that f(x)/x* is non-decreasing and f(x)/x? is non-increasing. 
Show that this coincides with the class of functions expressible as f(x)= 
c exp{{} €(t)dt/t} where c>0 and č is measurable with a<é(-)<b. 

Now for fixed a, b let the extended Zygmund class be those positive functions 
f such that for every e>0, f(x)/x*~* is eventually non-decreasing and f(x)/x°** 
is eventually non-increasing. Let the normalised extended-regularly-varying 
functions be those f expressible as f(x)=c exp{f} €(t)dt/t}, for x > X, where €(-) 
is bounded on [X, œ) and a<lim inf č <lim sup ğ <b. Show that these classes 
coincide. How can one define exact indices and identify them from the 


representation? 
[For a characterisation of Y [a,b] by Dini derivates see Chan (1978).] 


(a) If f is almost increasing, f is bounded away from 0 at infinity and locally 


bounded above. 
(b) If f is almost increasing, f(x) > œ as x > œ or f is bounded above. 


(c) If fg with g increasing, f is almost increasing. 
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. For positive f, if a(f)<oo or B(f)>—oo then 


a( f)= sup p:lim sup A~”f(Ax)/flx) = vl, 


x, A> co 
pis) int p:lim inta aofo}, 
x,A>o 


[These are the definitions of the indices «( f), B(f) used by Drasin & Shea (1972); 
cf. Bingham & Goldie (1982b), §2.] 


. Let f:(0, cc) > R be non-decreasing and unbounded above, with inverse f“ as 


in (1.5.10). Then f € BI if and only if f~ e PJ, and B(f~)=1/a(f) (de Haan & 
Resnick (1983)). 


. Show that exp{(log x)’}, 0<f<1, has the property specified below Theorem 


2.3.3 (Bojanic & Seneta (1971)). 

If the Laplace transform |? e~** f(x)dx of f is finite for every s>0, there exists an 
additive-argument slowly varying L (a positive L with L(x+t)/L(t) 1 as 
x > œ, for all real t) such that le L(x)f(x)dx is finite. 


If 0<f(x) > œ (x— oo) then there exists 7€R, such that /(x) > æ and 
¢(x)=o0(f(x)) (Bojanic & Karamata (1963a)). 
For f(x)too (x > 0), the following are equivalent: 
OUERT: 
(ii) Jf exp{rf(ôx)— f(x)}df(x)< œ for every ôe(0, 1) and some (every) r> 1; 
(iii) lim,- 1 f(x) —rf(dx)} = +œ for every ôe(0, 1) and some r< 1 
(Tomkins 1986)). 


Whatever f € R, one chooses, it is impossible to obtain uniformity over all of 
(1, œ) in Corollary 2.4.2: 


lim f(Ax)/f(x)= œ uniformly in 2 €(1, 0), 


for this would contradict finiteness of f. 
[Suppose this result holds, then 3X such that 
SOyV/f(x)z2 (all y>x>X). 
But then ý 
f(2X) = f(X) T] {SOXV "X)} > LNX) 
for all n.] vs 


. Let f be locally bounded on [0, oo) but unbounded above. With f, f“ as in 


§ 2.4.4: (a) f~ is right-continuous, (b) if f is non-decreasing and right- 
continuous then f(f*(x))=x=f*(f(x)) for all x; (©) f~=(f)*. [(c) Vo>0 
dye[f (x), f~ (x)+ô) such that f(y)>x. For this y, f(y)>x. Secondly, 
Vy<f* (x), f(y) <x, so f(y) <x. Thus f“ (x) is the infimum of those y for which 
f(y)>x.J 
Let f be positive, f e€ BI OL),,[X, œ). Then f EOR iff for some real 0, 

lim int <7) | t*'f(t)dt>0 

x> 0 X 


(extending Seneta (1976), Theorem A.5). 


16. 


ie 


18. 


iI). 


20. 
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24. 
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Let f EOR and be locally integrable on [X, 20). Then 


pis) =sup}7eR: l t fit)dt/tK x f(x) as x> oh, 


a(/)=int}oen: |” t°f(t)dt/t\x-%f(x) asx | 


(Aljancic & Arandelovic (1977)). 

In the notation of Theorem 2.6.1, show that 

(a) lim sup... . f(x)/f(x) < œ% iff there exist A, x9 < œ, and a non-increasing g(°), 
such that f(x)=x4g(x) for all x> xo; 

(b) lim inf,» f(x)/f(x) > 0 iff there exist a>0, x9 < œ% and a non-decreasing g(°), 
such that f(x)=x%g(x) for all x> xo. 

(c) Formulate and prove similar results for the content of Theorem 2.6.3 

[cf. Simons & Stout (1978). The lim sup in (a) is finite iff there exist A, Xo < %0 
such that x~ 'f(x)/ f(x) — A/x <0 for all x>xo. Now integrate. ] 

In Case I of Theorem 2.6.6, construct an example with f(K,)<p. [Let p= 1 and 
let dK,(t)=tdt except on intervals [a,,na,], where dK,(t)=0. Then B(K,)=0, 
yet if a, > œ fast enough, K,(x)=[} t'dK,(t) > «.] 

Construct an example with strict inequality in Theorem 2.6.7(b). [Take v atomic, 
with mass 1/n? at each point e" (n=1,2,...). With o=0, K,(x)=v(x, ©)<% 
and B(K,)=0. With p= —1, B(K)=—-~.] 

Construct an example with strict inequality in Theorem 2.6.8(b). 

Prove Proposition 2.6.10. 

Show that feR,, does not imply f(x)/{\}, f(ddt/t} + æ. [Consider, e.g. f(x)= 
exp{ (log x)?} except at points e", where f(e")= e" "Then f eR, (cf. Theorem 
2.4.4(i)). But f(e”) is small compared to the integral of f over (eet 


If u,>0, Yt u,~cn*Z(n), l e Ro and 


lim inf u,/{n*~12(n)} >ac, 


n> oo 


then 


lim* u„/{n* '¢(n)} =ac 


n> æo 


(Garsia & Lamperti (1963)). 


If f is positive and non-decreasing on [X, %0), and of order p(f)=0, then there 
exists a set 


G= W [an bn] (a, > 00, b,/a, = 2 00) 
n=1 


of log density 1, such that 


lim f(Ax)/flx)=1 (0<4< 20) 
eG 


(Drasin & Shea (1976), Lemma 8.2). 
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25. For i=1,2 let f; be continuous non-decreasing on R, lim,- -æ fi(x)=0, 
lim 4. fix)=1; f(x)<1 for all x<09,, Then 


lim (1 -f1 (x))/(1 —f2(x))=c € [0, 0) 


x 00 


n> œ 


lim | F'(xjdf2(x) = 1/(1 +e) 


lim n ie WE b al hh bd Love 


(Resnick (1971); cf. Maller & Resnick (1984)). 


26. Let U bel u( y)dy where u is eventually positive and non-decreasing. Show 
that if U eBI then xu(x)¥ U(x) and ueBI. [U(x)<xu(x) <J?*u(y)dy < U(2x)< 
CU(x)]. (de Haan & Resnick (1983).) 

27. Let U be non-decreasing on R, zero in (— 00, 0), and such that U(s) converges for 
all s>0. If UeR, or O(1/‘)eR,, then N O eO as A 
(Feller (1971), XIII.5). 

28. Let ¢ be self-neglecting, and suppose for some sequence x,,fco we know for all 
n=1,2,... that x,,,;—x,<M<oo and ¢(x,)>6>0. Then ¢(log x) is slowly 
varying (Bloom (1976)). 

29. Suppose ¢ (positive, measurable) is such that O(x) := iE dt/ġ(t) is finite for each 
x > 1, and define g(x) := ¢(®* (log x)). Then ¢ is self-neglecting if and only if g is 
slowly varying (Bingham & Goldie (1983)). 


3 
de Haan Theory 


3.0 Introduction, definitions, notation 


The Karamata theory considered so far concerns asymptotic relations such as 
p(Ax)/b(x) > WA) (x > œ). Writing f=log ġ, k=log y this becomes 


f(Ax) —flx) > k) (x > 00). 


We now consider more general asymptotic relations: 


= O(1) (3.0. 1a) 
{fax —f(x)}/g(x) { +k) y (x> o), (3.0.1b) 
= o(1) (3.0.1c) 


where g: (0, œ) > (0, œ) is called the auxiliary function of f. 

First, note one context in which such relations naturally arise, namely the 
‘limiting cases’ in Karamata’s Theorem. Here the converse half yields no 
assertion, while the direct half tells us that if / varies slowly and m(x) := 
f% /(t)dt/t then m(x)/¢(x) + œ. Much more precise links between / and m 
exist, however, involving differencing, as the UCT yields 

m(Ax)—m(x) _ [4 ¢(xu) du 2 du _, 4 
mene ee 

The denominator g in (3.0.1b) needs in general to be taken regularly 
varying. For suppose (3.0.1b) holds (with k(:) finite) for all A>0. From 


Sux) =F) _ faux) Sux) gux) fux) -f&) (3.0.2) 
g(x) g(Ux) g(x) g(x) i 
we see that if k(4) #0, 
g(ux)/g(x) > {k(åu) — k(u)}/k(2). (3.0.3) 


If further we can choose / so that k(Au) —k(u) 0 for all u (or for u in a set of 
positive measure), g is thus regularly varying, if measurable. 
Thus one may regard (3.0.1) as a way to examine the ‘gaps’ in the Karamata 
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Theory of Chapters 1, 2: the term ‘second-order theory’ is sometimes used for 
this study. In handling the denominator g the theory of regular variation of 
Chapter 1 may be used when g € R,, since that Chapter is self-contained apart 
from Theorem 1.4.3 which we shall not use. When g is not necessarily 
regularly varying it will be appropriate to place conditions on one or both of 
its Matuszewska (global) indices a(g), (g). Here we may rely on Chapter 2, 
for (it is important to note) the theory of those indices and of the class OR in 
that Chapter is self-contained; the forward references involved only the 
Karamata (local) indices and the class ER, which we shall not here employ. 

In fact the present chapter implies the core theory of Chapters 1-2, for in 
(3.0.1) we may set g=1 (the ‘Karamata case’) and define (x) :=exp f(x); 
then (3.0.la—c) say that p EOR, R, Ro respectively. 

In a logically correct but unusual sense, the present chapter is even itself self- 
contained: for one may read it with g = 1 and extract all that is needed about 
the Karamata case, and then read it again as it is, using the conclusions just 
gained about the denominator g (see § 3.13.1). 

We now list the notation to be employed throughout the chapter. If g e R, it 
will turn out that k(A), if it exists (finite) for all 2, has to be of the form ch(A) for 
some c, where 


À 
h(A) =h,(A) = | wd He TE (a>0). 
1 (4 —1)/p (p#0) 


For g € R, [g € BR,] the class IT, [BI1,] is the class of measurable [Baire] f 
satisfying 


VA>1, lim { f(Ax) —f(x)}/g(x) =ch,(A) (3.0.4) 
for some constant c called the g-index of f. It is immediate that then the limit in 
(3.0.4) continues to hold for 0<A<1. When p=0 we write g as /. 

The de Haan class II is the set of f for which there exists / € Ro such that 
f eIl, with non-zero /-index. Its subclass II, [I1_] consists of those f with 
positive [negative] /-index. We shall see below that TI is a proper subclass of 
the class Ry of slowly varying functions. 

Let 


(Ax) — fc x 
f(Ax) e f(Ax) — f(x) (a>0) 
g(x g( 


Jf* (2) := lim sup f(A) = lim inf: 
X= 0 ( ) x oO x) 
(not the same as in Chapter 2). When g e R, [BR,] we define ETI, [BEII] as 
the class of measurable [Baire] f such that for some constants c,d, 
vizi; dh (å) <fa (4) <f * (2) <ch, (A). (3.0.5) 


For g of bounded increase, the class OTI, is the class of measurable f that 
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satisfy 

VA21, — f(Ax)—f(x)=O(g(x)) (x > œ), (3.0.6) 
and oll, is the class of measurable f that satisfy 

VA2Z1, = f(Ax)—f(x)=o0(g(x)) (x > œ). (3.0.7) 


(Here OI, is more widely defined than in Bingham & Goldie (1982a).) While 
we may in the class IT, set the g-index to be 0, there are other classes oI], than 
those so obtained, since g need not be regularly varying in the latter. The 
classes BOII,, Boll, are defined similarly to OI],, oll,, for f Baire. 

Writing F ay ENE: G(x) :=g(e*), and generally an upper-case in place of a 
lower case roman letter for the relevant function composed with exp, we 
obtain additive-argument versions of the asymptotic relations considered; e.g. 
(3.0.1b) becomes 

{F(x+u)—F(x)}/G(x)—> K(u) (x> 0). 


If «(g)< œ then on choosing t >«(g) we have from Proposition 2.2.1 that 
CEINEN SC E e E) (3.0.8) 
for some C, xọ. The assumption a(g) < œ (bounded increase of g) will often be 
employed, and is equivalent to the existence of C, xo, T such that (3.0.8) holds. 
It is implied by g € R, for any p, or even by ge MR_.,. 
Throughout this chapter, Q(=Q(-, f)) will denote the function 
Q(A) = lim sup eee {f(ux) —f0)}/9@). 
Similarly, we will write Q_ (=Q_ on for 
_(A) = lim sup zup. (fx) —fux)}/g(x) 


thus Q_(°, NE E —/S). 
Here is an analogue for Q of Lemma 2.0.3. Its proof makes use of 
@(A, u):=limsup sup { f(@x)—f(x)}/g(x) (uzAz I), (3.0.9) 
x>æœæ Oel, u] 


which will also be needed later. 


Proposition 3.0.1. Assume g has bounded increase. If Q(A) < œ [=0] for some 
A>1, then Q(A)< œ [=0] for all A> 1. 


Proof. For 4, u2 1, 
flOx)—fle)_ glx). MOnx)= Flux) , Mux) =f) 
Oela, Au) g(x) g(x) octi, g(ux) g(x) 
Since the supremum on the right is non-negative we may apply (3.0.8), whence 
O(u, Ap) < CuQ(A) + Q(w). (3.0.10) 
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Since Q(Ay) = max(Q(u), O(u, 2)) we conclude 
Qu) <CwQ(A) + Q(y). (3.0.11) 


This, with monotonicity, gives the results. [z] 


The above enables us to refer unambiguously to the cases ‘Q = œ0°, ‘Q < a’, 
‘Q=0’, and similarly for Q_. 


3.1 Uniformity 


1. Upper bounds 


We first consider the extent to which a statement such as f*(4)< œ 
(f*(A) :=lim sup,- ,, { f(Ax) —f(x)}/g(x)) is implicitly uniform in 2. The result 
below shows that some local uniformity is present if f is measurable or Baire, 
and the set of A for which f*(A)< œ is assumed is not too small. We omit the 
proof, which is an extension of that of Theorem 2.0.1, above, and is given in 
full in Bingham & Goldie (1982a), Theorem 3.1. 


Theorem 3.1.1. Assume ge BI. Let f be measurable [Baire], and assume 
f*(A)< œ ona A-set in [1, œ) of positive measure [a non-meagre Baire set]. 
Then there exists dg> 1 such that f*(A)< œ for A>dg,, and for every a,b with 
ag<a<hb, 

lim sup sup { f(Ax) —f(x)}/g(x)< oo. (39121) 

x0 Ae(a,b] 

Corollary 3.1.2. In Theorem 3.1.1, for any a>ag and t>«(g) there exist x,,K, 
depending on a,t, such that, with o:=tv 0, 

{ f(Ax) —f(x)/g(x)< KA" (Ada, x>x)). (3.1.2) 
If gePD then lim sup,.,,, f(x)< a. In every case, f is bounded on finite intervals 
sufficiently far to the right. 


Proof. We may avoid ever taking t =0, for when «(g)<0 we can take t <0 and obtain 
the bound K by the proof for that case. We use (3.0.8). 
Fix a>ag; then we may find x, >x, and Co >0 such that 
{f(Ax) —f(x)}/g(x)<Cyg (a<AK<a?,x,<x<0). 
Choose A>a, then a”<A<a™*! for some m>1, and so for XXI 
fax) -fo _ "S fla'x) -f *x) gax) fax) saa) gtx) 
g(x) g(a‘ *x) g(x) g(a" =x) g(x) 


m-i 


> 
ll 
_ 


Cog(a*~'x)/g(x) 


x 


IN 
I Ms 


m. 


IN 
Tt 


m 


CoCa% -1 (3.1.3) 


x 


since Co >20. 
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If t <0 this is a partial sum of a convergent series, hence the bound K. If t>0 the 
bound becomes CyC(a™ — 1)/(a‘ — 1), hence the bound K 4‘ since m < (log 4)/log a. The 
conclusion lim sup,.,,, f(x)<0o is immediate when t <0. 

Finally, (3.1.2) implies that f is bounded above on all finite intervals sufficiently far 
to the right. For local boundedness below, let a and x, be as in (3.1.2), then for 
xı SX<x, <% we have f(ax,)—f(x)<(ax,/x)%g(x). Since g is bounded above on 
[x,,X2], it follows that f is bounded below on that interval. a 


2. Bounds 


We proceed to two-sided versions of the asymptotic bounds hitherto 
considered. It is remarkable that finiteness of f (å) at but one point is needed in 
addition to the assumptions of Theorem 3.1.1 to get a full two-sided 
conclusion with local uniformity in [1, «): 


Theorem 3.1.3. Suppose that f and g satisfy the conditions of Theorem 3.1.1 and 
that additionally there exists 49> a such that f,(A9)> — œ. Then for every 
eS 
lim sup sup | f(Ax) —f(x)|/g(x)< æ, (3.1.4) 
[i 


x>œo Ae[i,A] 


and for any choice of t>a(g) there exist constants x,,K such that 
| Ax) — fg) KKA (AE 1,.x>), 3.1.5) 
where o:=t vO. 


Proof. The proof of (3.1.4) is an extension of the proof of Theorem 2.0.4, 
above; see Bingham & Goldie (1982a), Theorem 3.3. The bound (3.1.5) 
follows similarly to Corollary 3.1.2. E 


The requirement on /, in Theorem 3.1.3 that Ao >a? is sometimes awkward, since 
the constant a, comes from the conclusion of Theorem 3.1.1 rather than our a priori 
knowledge of f. The following re-formulation avoids the difficulty. 


Theorem 3.1.4. If f is measurable [Baire], g has bounded increase, and 
lim sup, .| f(Ax) —f(x)|/g(x) < 2 on a A-set of positive measure [a non-meagre Baire 
set] in [1, œ), the the conclusions of Theorem 3.1.3 hold. 


Proof. Define 
lim sup| f(x) —f(x)|/g(x) (1<4< 2%), 
POSA 
lim sup| f(Ax) —f(x)|/gAx) (0<4<1). 


Then it is easy to prove the following inequalities: 

Cus (A+ fC) (2, 4> 1), 

Cu fA+ fH) nS), 
f(A+CAWS (uw) ASI, w<1, Ane 1), 
CAFAS u) (A>1,u<1,4u<1). 


feu) < 
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For instance, in the third case, use 


| fx) -f| -S _ fGux) -fx gux) 

Gel) ee Pate) g (Aux) g(x) ` 
Let A:={AeE(0, 0): f°(A)< co}; then the above inequalities imply that AeA 
whenever both 4 € A and u € A. Also A contains its reciprocals since f°(1/A) = f(A). So 
A is a multiplicative group, so by Corollary 1.1.4 A=(0,«). Theorem 3.1.1 now 
applies with aọ= 1, and then Theorem 3.1.3, whence the result. fe] 


3. Both sides of 1 


So far a one-sided restriction on g has sufficed, but conclusions for 
{ f(Ax) —f(x)}/g(x) have been restricted to 12> 1. To accommodate values of 4 
on both sides of 1 we must assume more of g (as in Theorem 3.1.5 below) or of 
f (as in Theorem 3.1.6 below). 


Theorem 3.1.5. Let f be measurable | Baire], and g have bounded increase and 
decrease. If lim SUP x œ| f(AX) — f(x)|/g(x) <œ ona /-set of positive measure [a 
non-meagre Baire set] in (0, œ), then for every A> 1, 

lim sup o Ke —f(x)|/g(x)<. (3.1.6) 
Proof. If lim sup, o| f(Ax) —f(x)|/g(x) < œ for some A€(0, 1), then the same 
holds with / replaced by 1/A, on using the fact that g € BI. So the conditions of 
Theorem 3.1.4 are satisfied, hence (3.1.4) and (3.1.5) hold. Fixing A> 1 and 
taking x’>Ax, and d’e[A~', 1], it follows from (3.1.5) by setting A= 1/7’, 
x=A/'x' that 

|f%') —fA'x) g(x’) < KA7g(x)/g(Ax). 


Since g € BD, 
lim sup Kee fas) — f(x)|/g(x) <0, (3.1.6) 
which with (3.1.4) gives A T 


Theorem 3.1.6. Let f be measurable [Baire], g have bounded increase. If 
lim sup,..| f(x) —f(x)|/g(x) < æ for all A €(0, 1), then (3.1.6) holds. 


Proof. Taking 4’ = 1/A, where A> 1, write 
| SAX) — FAI) = Sx) -FON g(Ax)/g(x) 


where x’=Ax. Using the assumption of the theorem it follows that 
lim sup, o| f (Ax) —f(x)|/g(x) < æ% for all A>1. By Theorem 3.1.4 we have (3.1.4). 
Fix ASI ral assumption, there exist positive constants A,X such that 
| f(A~ *x) —f(x)|/g(x) <A for all x> X. For Ae[A~', 1] and x> X, 
i (Ax) — f(x)|/g(x) < {| f(A * AA) — fAAx)|/g(AAx)}g(AAx)/g(x) 
+|fAAx) —fix)|/g(x) 
< Ag(4Ax)/g(x) + | flAAx) — fo)|/g(x). 
Use of a(g)< œ and (3.1.4) yields (3.1.6’), which with (3.1.4) gives (8216): T 
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4. Function classes 


The following special cases of Theorems 3.1.4—5 are particularly important. 


Theorem 3.1.7a (Uniform Convergence Theorem for OII; extending Bojanic 
& Karamata (1963b), Seneta (1976), Theorem 2.12). If f € OII, [BOTI,] then 
for every A>1, 


f(Ax) —f(x) = O(g(x)) (x > œ) uniformly in Le ELSA: 


Corollary 3.1.8a. If g has bounded increase and decrease and f OI, [BOTI] 
then for every A>1, 
f(Ax) —f(x)=O(g(x)) (x > œ) uniformly in 2€[1/A, A]. 


There are o-analogues of all the results so far in this section, with closely similar 
proofs. We forbear listing these, and merely quote, for reference, 


Theorem 3.1.7c (Uniform Convergence Theorem for oll,; Goldie & Smith (1987)). If 
f eoll, [BoI1,] then for every A>1, 


f(Ax) — f(x) =0(g(x)) (x > œ) uniformly in A€[1, A]. 


Corollary 3.1.8c (Elliott (1979-80), I, Lemma 5). If g has bounded increase and decrease 
and f eoll, [BoI1,] then for every A>1, 
f (Ax) —f (x) =0(f(x)) (x00) uniformly in Ae 1/A, A]. 
Finally we note that in terms of the functions Q, Q_ of § 3.0, for g e Bl and f 
measurable we have 
f €OMl, iff Q< oo and Q_ <a; (3.1.7a) 
feoll, iff Q=0 and Q_=0. (32176) 


5. Bounded decrease of auxiliary function 
Up to now we have assumed of g always at least bounded increase. A completely 
analogous theory is derivable if we assume instead bounded decrease, and concentrate 
on 0</A<1 rather than on 1</<oo. It would be repetitive to give full details, but the 
fact that the two Tauberian conditions are thus symmetric is worth having. To give the 
flavour we state and sketch the proof of the analogue of Theorem 3.1.1. It yields local 
boundedness of f, which we shall actually need. 


Theorem 3.1.9. Assume g € BD. Let f be measurable [ Baire], and assume f*(A)< œ ona 
A-set in (0, 1] of positive measure [a non-meagre Baire set]. Then there exists ag € (0, 1] 
such that f*(A)< oo for 0<A<ag, and for every a,b with 0<b<a<aé, 


lim sup sup { fx) —flx)}/g(x) <0. 


xo Ae[b,a] 
Proof. Pick t< B(g) and use Proposition 2.2.1: hence 
SAW <LI AIC w +f* u) VA, ne (0, 1]. 
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So the set on which f*< œ is closed under multiplication. Apply Corollary 1.1.5, 
hence f*(4)< œ on (0,a,]. Pass to additive arguments, write Ay :=log ay, A:=log a, 
B:=log b. By Proposition 2.2.1, 


G(x+u)/G(x)<M<oo (B<u<0,x2X), 


and F is measurable [Baire] with F*(u)< œ for u< Ag. To prove 


lim sup sup {F(x+u)—F(x)}/G(x)<a 
x>œ ue[B,A] 

we suppose the contrary, then there exist x,—> œ and u,¢[B,A] such that 
{F(x, +u,) — F(x,)}/G(x,)>n for n=1,2,.... Passing to a subsequence, 
u, > ue[B, A]. The interval I := [u — Ap, Ap] has positive length, and, for each yel, 
by considering F(x,+y)—F(x,) we find that F(x, +u,)—F(x, +y)>4nG(x,) for all 
large n. By the method of Csiszár & Erdos, as in the fourth proof of Theorem 1.2.1 
(and elsewhere), in both measurable and Baire cases we find a point z such that 
u,—zel and F(x,+u,)—F(x,+u,—z)>4nG(x,) for infinitely many n. Thus 
z<lim sup u, —inf I = Ap, and, for an infinite set of n, 


{F(x, + up) — F(x, +u, —2)}/G(x, +u, —z)24n G(x,)/G(x, +u, —z)>4n/M. 


This contradicts F*(z)< oo, so we have the desired result. ial 


6. Positive increase and decrease of auxiliary function 
When the (finite or infinite) interval [6(g), «(g)] does not include the origin, in 
particular when geR,, p #0, the results above, and more, are available 
without ‘smoothness’ properties (measurability, Baire property) of f. First we 
take the case a(g) <0 (positive decrease of g). It is equivalent to the existence of 
t<0,C such that (3.0.8) holds, and is implied by g € R,, p <0. 


Theorem 3.1.10a,c (extending Ash et al. (1974)). Assume g has positive decrease. 
If f satisfies 

O(g(x)) 
o(g(x)) 


then it does so uniformly in A>1; further C=lim,.,,, f(x) exists, finite, 
and 


(3.1.8a) 


flux) -w= zey 


l (=) VAa 


O(g(x)) 
o(g(x)) 


(The ‘b’ case, concerning (3.0.1b), will appear in the next section.) 


(3.1.9a) 


Grll) -| (3.1.9c) 


(x > œ) (respectively). 


Proof. Take the ‘O’ case. By Proposition 2.2.1 we may find A > 1, x such that 
g(Ax)/g(x)<d<1 and g(y)/g(x)<B<oo for y>x>x,. And there exists 
X > xo such that | f(Ax) — f(x)|/g(x) <A < œ for x> X. Fix y>x>X, then for 
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any neN, 
Av) =f) 90) * | f(A*y) —f(A*~4y)| gA ty) 
g(x) G(X) 1 g(A*~*y) g(y) 
| f(A" y) — f(A"x)| ge "| f(A*x) — f(A*~ !x)| g(A*~ 1x) 
g(A"x) EI cia g(A*~*x) g(x) 


<(B+1) X} A0! +ò" f(A"y) — f(A"x)|/g(A"x) 
k=1 


The last term tends to 0 as n> oo. Thus 


| f(y) —fx)|/g(x) < (B+ 1)A4/(1 — ò), (3.1.10) 
which is the required uniformity in (3.1.8a). Since g(x) +0 as x > œ, f is 
Cauchy, so convergent to C, say. Let y > œ in (3.1.10), then (3.1.9a) follows. 
The o-case is the same, with 4>0 chosen arbitrarily. m 


An example of Ash et al. (1974) shows that, for g non-increasing, the condition 
g €PD is necessary for uniformity in the above: 


Proposition 3.1.11. Let g be non-increasing but not of positive decrease. Then there exists 
f satisfying (3.1.8c) but with 
lim sup sup {f(4x)—f(x)}/g(x)= (3.1.11) 


x70 Ae(l,e] 
Proof. Since «a(g)=0, Theorem 2.6.3(d) shows that lim sup, ,Jg(t)t” ‘dt/g(x)= 
The additive-argument version is limsup|?G(t)dt/G(x)=00. We may construct a 
function w|0 such that also 


x7 oO 


lim sup | W(t)G(t)dt/G(x) = œ 
Let n(‘) be as in the proof of Theorem 1.2.2 and set 


x +n(x)—1 
F(x) -| W(t)G(t)dt (xeR). 


(0 


Fix u>0, then since YG], 


x+u+n(x+u)—1 
|F(x+u) —F()|/G(x)= | W()G(e)dt\/G(x) 


x+n(x)-1 


<W(x)G(x)|ut+ n(x +u) —n(x)|/G(x) 
<W(x){ut+n(u)}, 
(recalling |n(x + u) —n(x)|<n(u)). This is o(1) as x > 00,80 f=F olog satisfies (3.1.8c). 
To show (3.1.11), fix M >0 and pick x)>M such that Ie W(t)G(t)dt/G(x9)>M. Since 
the numbers x with n(x)= 1 are dense we may pick x, > Xo such that n(x,)= 1 and so 
close to Xo that J” y(t)G(t)dt/G(x,)>M. Finally, pick ue [0, 1] so that n(x, +u) is so 
big that 


x, hutna tu] 
| W(t)G(t)dt/G(x,)={ F(x, + u) — F(x;)}/G(x1) 


x, 


also exceeds M. This establishes (3.1.11). E 
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The obverse condition on g is B(g)>0 (positive increase). By Proposition 
2.2.1 it is equivalent to the existence of positive constants t, C’, X’ such that 
g(y)/g(x)> C'(y/x} (y2x2X°), (3.1.12) 

and is implied by g € R,, p >0. 


Theorem 3.1.12a,c (extending Bojanic & Karamata (1963b); cf. Seneta (1976), 
§ 2.4). Assume g has positive increase, and that f is locally bounded in some 
[X, œ), or measurable, or Baire. If f satisfies (3.1.8{¢}) then it does so locally 
uniformly in A>0; further, 

(3.1.13a) 


fae) (x + œ) (respectively). (3.1.130) 


o(g(x)) 
Proof. Assume first that f is locally bounded on [X, œ). Take the ‘0’ case. 
Pick A> 1, then find X, >X v X’ such that | f(Ax)—f(x)|/g(x) < 4< œ for 
x>X,. Let B= sup f(x):X,<x<A?X,}. For x>X, we have A"X,< 
x<A"*!X, for some non-negative integer n, and then, for 1<A<A, 


fx) fl) oS A-AA) gA) | |f(A™"x)| +|fGA "%)| 


Gx) Sema g(A~*x) g(x) g(x) 
if 5. |JAA Et 1x) — f(A x)| gA x) 
i= g(AA ~*x) g(x) 


< 3 (A/C’)\(1+A)A~™ +2B/g(x) 
k=1 


<(A/C’)(1+A~)/(1—A “*)+2B/g(x). 
Since g(x) > œ we have shown (3.1.8a) holds uniformly in Ae[1, A]. By the 
argument that gave (3.1.6), uniformity in [A~*, 1] is a consequence. Thus 
(3.1.8a) holds locally uniformly in A>0. To obtain (3.1.13a), simply delete 
from the display above all terms involving À: thus 
| f(x)\/g(x) <(A4/C)A ~*/(1—A~*) + B/g(x) = 0(1). 
The ‘o’ case is exactly the same, starting with an arbitrary A>0. 
Finally, suppose we start with f measurable or Baire. Just as with (3.1.6’), 
the assumption g € BD makes (3.1.8a) imply the corresponding statement with 
0<A<1.Then Theorem 3.1.9 applies, and its conclusion yields boundedness 
of f on finite intervals sufficiently far to the right, similarly to Corollary 3.1.2. 
The above proof now applies, in both the O and o cases. go 


In the above result f either starts locally bounded on [X, oo) or is concluded to be 
so. Thus by altering f on [0, X) we may make it locally bounded on [0, 00). This does 
not affect the premiss (3.1.8a,c), nor the conclusions, of Theorem 3.1.12. With the 
alteration made, it is easy to extend the uniformity conclusion to that of local 
uniformity in 1 €[0, œ). We leave the details to the reader. The extended versions of 
uniformity obtained in Theorems 3.1.10, 12 are analogous to those obtained for 
regularly varying functions of non-zero index in Theorem 1.5.2. 
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7. Specified right-hand side 


We turn now to uniformity in (3.0.5) rather than (3.0.6), which will yield the 
Uniform Convergence Theorems for EII,, ER. First, a one-sided result. 


Theorem 3.1.13. Let f be measurable [Baire], gER,[BR,]. Let k be a 
measurable [Baire] function on [ao, ©), where aù > 1, such that for À, u> ah, 

k(Au) > w?k(A) + k(u). (3.1.14) 
If f*(A)<k(A) on a A-set of positive measure [a non-meagre Baire set] in 
Lao, 00), then there exists dg>dao such that for all A> ao, 


{fAx) — fl) }/gx) <k(A) +0(1) (x > 0). (3.1.15) 
Further, for every a,b with b>a>aĝ, (3.1.15) holds uniformly for A¢€[a, b]. 
Proof. As g € R,, (3.0.2) yields 


S OuSu S Atf u), (3.1.16) 
which together with (3.1.14) ensures that the set of å on which f*(A) <k(A) is 
closed under multiplication. Hence (3.1.15) by Corollary 1.1.5. 

Passing to additive arguments, the remainder of the proof is similar to the 
fourth proof of Theorem 1.2.1. Equations (3.1.14) and (3.1.15) become 


K(u+v)>e?’K(u)+K(v) (u,v> Ao), (3.1.14’) 
{F(x +u) —F(x)}/G(x)<K(u)+o0(1) (x> œ) VuzA 24. (3.1.15) 
Suppose that uniformity fails in (3.1.15) over some interval [A, B], 
B>A>2A,). Then there exist e>0, x, > 00, u, E€ [A, B] such that 
{F(x +u,) —F(x,)}/G(x,)>K(u,)+e (n=1,2,...). (3.1.17) 
Passing to a subsequence, we may take u,—ue[A,B], and define [= 
[Ao u— Ao]. For every yeI we know that {F(x,+y)—F(x,)}/G(x,)< 
K(y)+4e for all large n. Since the right of (3.1.17) is at least 
K(y)+e?’K(u, —y) +e it follows that 
{F (Xp + Up) — F (xn + y)}/G(x,) > K (u, — y) +38 
for all large n. As in the fourth proof, using the measurability [Baire property] 
of K in addition to that of F, we find that there exists z> Ay with 
{F (xp + up) — F (Xn + Un — 2Z)}/G(X,) > °K (z) +48 
for infinitely many n. But then for all these n, 
{ F(X, +Uq) — F(X_+ Up — Z)}/G(%p_ + Up — Z) > 
{K(z)+4e min(e~°“°, e~ ?”)} ee“? G(x,)/G(X,+ Un — 2). 
The right-hand side converges to K(z)+4emin(e°*",e ””), by the UCT, 
giving the required contradiction. g 


Theorem 3.1.14 (Uniform Convergence Theorem for EIL). If g € R,, f < EI, 
[g € BR,, f € BEII,], then (3.0.5) holds locally uniformly in [1, œ), that is, for 
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alk 
dh,(A) + 0(1)<{ flax) —f(x)}/g(x) <ch,(A)+0(1) (x > œ) 
uniformly in AE[1, A]. (3.1.18) 


Proof. Suppose (3.1.18) fails, i.e. uniformity fails in either the left-hand or 
right-hand inequality. Assume the latter (if the former, consider f= —/f, etc.). 
Then in additive arguments, for some U=log A there exist e>0, x, > 1, 
u, €[0, U] such that 
{F(x, +u,) —F(x,)}/G(x,)=cH(u,)+5e (n=1,2,...). (3.1.19) 
Now by Theorem 3.1.13 both inequalities in (3.0.5) hold locally uniformly in 
(1, œ), that is, for every A, B with B> A>0 
dH(u)+o0(1)< {F(x +u) —F(x)}/G(x)<cH(u)+o0(1) (x >), (3.1.20) 
uniformly in ue[4, B]. So in (3.1.19), u, +0. We may choose 6>0 so that 
H(36) <£/y, where y = 1 + max(|c|, |d|). Taking [26, 36] for [A, B] in (3.1.20), 
we may find ny such that for all n>no, u, <ô and 
Vy €[26, 38], {F (xn + y) — F(%,)}/G(x,) <cH(y) +e 
<|cl-e/y +e 
<2e. 
With (3.1.19) this yields that for all n>no, 


Vy €[26, 36], {F(x, + y) — F(x, +u,)}/G(x,) <2e —cH(u,) — Se 
<|e|H (u„,)— 3e 
<— 2e. 
For each n>no set y=u, +2ô e [28,38]. Then 
{F (x, + u, +26) — F (xp +u,)}/G(x, +uU,) 
< = 2eG(x,)/G(X, + Uy) 
= —2e(1+0(1)) 
<(—yH (20) —e)(1 +0(1)) 
<(dH(26) —«)(1 + 0(1)) 
which contradicts (3.0.5). Oo 


The Karamata case gives the Uniform Convergence Theorem for ER. 

From Proposition 2.0.2 we know that one cannot obtain local uniformity over 
[1, cc) merely from a one-sided statement of the form f*(A)<ch(A), A> 1. One must 
either have a two-sided condition, as in the last result, or uniformity ‘built-in’ as in the 
next. Recall that the function Q was defined in § 3.0. 


Proposition 3.1.15. Let f be measurable, ge R, [f be Baire, g e BR,]. Assume that for 
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some c, 


VAz 1, { fx) —f(x)}/g(x) <ch(A)+0(1) (x > œ). (3.1.21) 
Then (3.1.21) holds locally uniformly in [1, œ) if and only if QU +)=0. 
Proof. By Theorem 3.1.13, (3.1.21) holds locally uniformly in (1, œ), so the only way 
local uniformity in [1, 00) can fail on a sequence (4,) is if that sequence has 1 as a limit 


point, and so one can take it that 2,1. The rest is elementary, using the fact that 
h(i+)=0. m 


Theorem 3.1.16 (Uniform Convergence Theorem for II,; Balkema (1973), 
Proposition 9.3). If g € Rp, f el, [g E BR,, f € BII] and f has g-index c, then 
for every A>1 

{ flax) —f()}/g(x) > ch,(A) (x> 00), (3.1.22) 
uniformly in AE[A~', A]. 
Proof. Take c=d in the Uniform Convergence Theorem for EII,, hence 
(3.1.22) holds uniformly in [1, A]. Set y:= Ax, u := 1/4, and employ on g the 
Uniform Convergence Theorem for R,: 


Sly) Stuy) _ FAD IE) GO), 04-04 (4) (y+ 00) 


g(y) g(x) gx) 
uniformly in ue[A~+, 1]. The right-hand side is —ch,(u). So (3.1.22) also 
holds uniformly in Ae[A~', 1]. a 


8. Rapid variation 


The analogue of rapid variation in the de Haan setting is when c in Theorem 3.1.16 is 
formally replaced by + œ. The following result extends Heiberg (1971b); see Bingham 
& Goldie (1982b), § 5b for the proof. The Karamata case is Theorem 2.4.1. 


Theorem 3.1.17. Let f be measurable [ Baire]. Assume that { f(Ax) —f(x)}/g(x) > + œ% on 
a A-set of positive measure [a non-meagre Baire set] in (1, œ). Then there exists ag> 1 
such that 


lim { f(Ax) —f(x)}/g(x)= +00 (4>ao), 


uniformly in A over every interval (a, 0), where a>aj. Further, f is bounded on every 
finite interval sufficiently far to the right. If g(x)+0 as x-—oo, then 
im >of (x)= +0. 


3.2 Limits 


Consider now the relation 
{fax -f()}/glx) > kA)EeR (x> 0) WA>O. B21) 
We study the form of the limit k and the extent to which the quantifier in 
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(3.2.1) can be weakened. Naturally, the bigger the A-set on which we assume 
convergence the less we need to assume about the limit, and vice-versa. 


1. Limits under measurability 


Lemma 3.2.1. Assume lim, ,,g(Ax)/g(x) =? for all A>0. The set S<(0,<0) on 
which k(A)=lim,... œ { f Ax) —f (x)}/g(x) exists, finite, is a multiplicative group. 
If S contains a set of positive measure [a non-meagre Baire set], then S= (0,00). 
If S=(0,0) and p40 then k(A)=ch,(A) for some constant c. The same holds 
when p=0 provided f is measurable [Baire]. 


Proof. From (3.0.2) we see that if eS, ues then Au eS, and (taking u= 1/A) 
that if AeS, 1/AeS. Thus S is a group, so S= (0, œ) by Corollary 1.1.4. From 
(3.0.2) we also find 

k(Au)=wPK(A)+ Ku) (A, eS). (3.2.2) 
When p=0 this says that k(e*) is additive. Now taking the limit in (3.2.1) 
sequentially, k(A), k(e*) are measurable [Baire] if f is. Then k(e’) is of the form 
cA for some c; that is, k(A)=c log A=ch,(A), as required. If p £0, (3.2.2) shows 
that for all A,uw41 

HPK(A) + klu) = k(Aw) = 4°k(u) + k(A). 
So 
k(A)/(A? — I) =k(u)/(u? — 1)= constant = c/p 

say, giving k(A)=ch,(A) as required (cf. de Haan (1970), 32). E 


The next two results show that if we assume suitable properties of k we can 
deduce existence of the limit in (3.2.1) from seemingly much weaker one-sided 
statements. Recall 


J*0) = lim sup{ fx) — f(x)}/g0). 


Theorem 3.2.2. Let f be measurable, gER, [ f be Baire, geBR,]. Let k satisfy 
(3.1.14) forall A.u> 1. Suppose that f*(2) <k(A) for all A> 1 and that there exists 
Ag > 1 such that f (Ao) > k(Ao), that is, lim,- œ { f (Aox) —f (x)}/g(x)=k(Ao). Then 
fell, [SEBI]. 
Proof. For 1<A<Apo, take lim inf as x > œ in 

LAX) —f(x) _ fox) =F) f(Ao/A)Ax) — flAx)_g(Ax) 


g(x) g(x) g(Ax) g(x) 


to obtain 
f(A) =k(Ap) —f*(Ao/A) A? 
> k(Aq) —k(Ag/A) APS k(A). 


Thus lim,- ,, { f(Ax) —f(x)}/g(x)=k(A) for 1<A <A . The result follows by 
Lemma 3.2.1. fe] 
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Theorem 3.2.3. Assume f measurable, g ER, Lf Baire, ge BR,] and f*(d)<k(A) for all 
A>0, where k satisfies (3.1.14) for all A, u>0. Then fell, [f eB] 


Proof. Setting u= 1/4 and using g ER, [BR,] we find f,(u)= —p°f*(1/u)> —u’°k(1/u). 
Thus 

Vu>0,  —pk(1/u)< fau) <f*(u) <k(u). (3.2.3) 
Setting u= 1 in (3.1.14) we find k(1) <0. Then setting A= 1/u we find 0> wPk(1/u)+ klu). 
With (3.2.3) this gives w°k(1/u)+k(u)=0. But then from (3.2.3) lim,- v {f(ux) —f(x)}/ 
g(x)=k(u) for all 1 >0. The result follows by Lemma 3.2.1. E 


In both these last results, note that we in fact obtain the conclusion (3.0.4) 
without measurability (or the Baire property) of g, and without that of f when 
p#0. 

A different approach is to assume no properties of k, such as (3.1.14) above, 
but to assume the existence of the limit in (3.2.1), on a large A-set. The next 
result follows immediately from Lemma 3.2.1. 


Theorem 3.2.4 (Characterisation Theorem for II,; Seneta (1976), Theorem 
2.10). Let g satisfy lim,- » g(Ax)/g(x)=2° for all A>0, and suppose that k(A) = 
lim... .{ f(x) —f(x)}/g(x) exists, finite, on a 2-set of positive measure [a non- 
meagre Baire set]. If p #9, (3.0.4) holds. If p=0 then provided f is assumed 
measurable | Baire], again (3.0.4) holds. 

Next, it suffices to assume existence of the limit on a smaller set, provided a 


side-condition such as 
lim sup f,(A) <0 (3.2.4) 


A> + 
is imposed. Note that (3.2.4) is weaker than a slow-increase type of condition, 
which would impose uniformity in 4. The following theorem extends Seneta 
(1973) Lemma 4 (see also Heiberg (1971a)). The nub of the proof is that (3.2.4) 
and (c) together imply (a). 


Theorem 3.2.5. Let g satisfy lim,... ,, g(Ax)/g(x) =" for allA>0. Assume (3.2.4), 
and write k(A)=lim,.. ,{ f(Ax) —f(x)}/g(x) for those A>0 for which the limit 
exists. The following are equivalent: 

(a) k(A) exists, finite, for all A>0, and k(A)=ch,(A) for some c, 

(b) k(A) exists, finite, for all Aina set of positive measure [a non-meagre Baire 

set], 

(c) k(A) exists, finite, for all A in a dense subset of (0, œœ), 

(d) k(A) exists, finite, for A=A,,A, with (log 4,)/log4, finite and 

irrational. 

Note that by the Characterisation Theorem for IT, above, (b) implies (3.2.4) 
when p #0. This is not so for p =0, as is shown (for g = 1) by Theorem 1.2.2. 
Note also that the Karamata case of the theorem gives the long-postponed 
proof of Theorem 1.4.3. 
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Proof. As before, (b) implies S= (0, œ). As for (d), if A,,A,¢S then ATASES for 
all integers m, n as S is a group. If (log 4,)/log A, is irrational, {ATA3:m, n 
integers} is dense in (0,00) by Kronecker’s theorem; thus (c), (d) are 
equivalent. 

It remains to prove that (c) implies (a). Changing to additive arguments, let 
So be the set of ue R for which K(u)=lim,., œ {F(x +u) —F(x)}/G(x) exists, 
finite. Then (3.1.16) becomes 

F*¥(u+v)<e?°F*(u)+F*(v), u,veR. (32283) 
We do not yet know F* to be measurable [Baire], but (3.2.5) and the other 
information will enable us to show that F* has the right functional form. First 
we verify finiteness. By assumption, 
lim sup F*(u) <0 (3.2.6) 
ulO 
and, in particular, F*(u)< oo in some interval to the right of the origin. By 
(3.2.5), F*(u) < œ for all u>0. When u <0 we may choose v <u, v € So, since So 
is dense in R, and then from (3.2.5), 
F*(u) <e?’F*(u—v) + F*(v) =e? F*(u—v)+ K(v)< œ. 
So F*(u) < œ everywhere. On the other hand, given ue R we may find v such 
that u+v e€ Sọ, and then the left-hand side of (3.2.5) is finite. Since neither term 
on the right can be + œ, both must be > — œ. Thus F*(u) > — oo, and so F* is 
finite everywhere. 

Suppose there exists a sequence v,,]0 such that F*(v,) > a, where a is non- 
zero but can be infinite. By (3.2.6), —o<a<0O. Replacing (v,) by a 
subsequence if need be, we may assume w:=} f v,<oo. Let w,=D"_, V; 
Wo =0, then F*(w,)=0, 


n 


F*(w,)= 2 {F*(w,) —F*(w;_,)} 


j=1 
< i eft F*(wj—wj_1)= )) a F*(v)) > — 00. 
El Al 
However, 
ee- W F*(w) > F*(w)—F*(w—w,) (by (3.2.5)) 
> F*(w) —o(1) (by (3.2.6)). 
This contradictory information about F*(w,) means that the assumption a #0 
is untenable. Thus F*(0+)=0, that is, F* is right-continuous at zero. 
If uc So, then for any v, 
F(x+u+v)—F(x) F(ut+v+x)—F(v+x) Gv+x) F(v+x)—F(x) 
G(x) G(v+x) G(x) G(x) 
=(K(u) +0(1)):(e?? + 0(1)) + {F(v+ x) — F(x)}/G(x), 
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so 
F*(u+v)=e”K(u)+F*(v) (ueSo, veR). (3.2.7) 
Hence F* is right-continuous at u € Sọ. For general u, (3.2.5) and (3.2.6) give 
lim sup F*(u +v) < F*(u). (3.2.8) 
vO 


Fix uo >0 in Sọ and define c= K(uo)/H (uo). Fix ue R and take 6>0 in Sọ. 
Let i=i(6)=min{né€Z:nd>u}, j=j(5)=min{neZ:nd>uy}. Now 
F*(id)= }, {F*(md)—F*((m—1)6)} 
1 


ey er SK (0) 
m=1 
by (3.2.7). The same holds with i replaced by j. Thus 


FaUs)=4 X epim—1)8 : 3 cova} pay (3.2.9) 


m=1 m=1 
As 6|0 through So, F*(jô) > F*(uo)=cH (uo), since F* is right-continuous at 
Uy. If p=0 the quotient in (3.2.9) is i/j > u/ug, while if p40 the quotient is 
(e? — 1)/(e# — 1) (e — 1)/(e™ — 1). In both cases the limit is H ,(u)/H ,(uo). 
Thus F*(id) > cH,,(u) as 60 through So. But by (3.2.8), 


F*(u)>lim sup F*(u+v) 
vlo 


> lim sup F*(id) =cH,,(u). 


610,d€S_ 
If, in particular, u € Sọ, then since F* is right-continuous at u the inequalities 
here become equalities and we have K(u)=F*(u)=cH,(u). But then for any 
ueR and v<u, veSo, 


cH,(u) <F*(u)=K(v)ee""” + F¥(u—v) 
=CH (ves) 7k HG =) 
> cH ,(u)+0 
as vfu. Thus F*(u)=cH,,(u) for all ue R. But 
Fah) =P (=) eo = —cH,(—u):e"=cH,(u), 
so lim, {F(x +u) —F(x)}/G(x)=cH,(u), and the proof is concluded. O 


2. Limits without measurability of f 
We saw in § 3.0 that if k(A) in (3.0.1b) is non-zero for 440 then g has to be 
regularly varying, if measurable. And results above show that then under 
weak assumptions k(:) will be of the form ch,(-). In view of this, it is 
appropriate to study (3.0.1b) in the form 
{ fax) —f(x)}/g(x) > ch, (A) (x > œ) VA>0, (3.2.10) 
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where we assume regular variation, of index p, of g, but not even measurability 
of f. 
First, we may always ensure that c=0 in (3.2.10), if desired. For, if p #0 let 
F(x) = flx) —cg(x)/p: (3.2.1 1a) 
then 
{ f(Ax) —F(x)}/g(x) > ch,(A)—c(A? —)/p=0 (x œ), 
while if p=0, let 


f(x) =f(x)-c |, g(t)dt/t; (3.2.11b) 
1 


then 


A 
(Jax) -J)a = {fax —f0)}/g(x) -c | (g(xu)/g(x)}du/u 
1 


> cho(d4)—clogA=0 (x> œ), 
using the UCT on the integrand. Thus 
{f(Ax)-fx)}/g(x) +0 (x>) VWA>0, (3.2.10) 


and so if p #0 we have a special case of one of Theorems 3.1.10c, 3.1.12c. The 
case p =0 is distinct, and will be considered in § 3.6. When p 40 we have the 
following two results. 


Theorem 3.2.6. Assume g € R,, p <0. Then f satisfies (3.2.10) if and only if there 
exists (finite) C such that 

{C—f(x)}/9(x) > ¢/(—p) («> 0). (3.2.12) 
In that case f(x) > C (x > œ), and (3.2.10) holds uniformly in every [A, œ), for 
A>0. 


Proof. (3.2.10) implies (3.2.10’), and then Theorem 3.1.10c gives {C —f(x)}/ 
g(x) + 0, whence (3.2.12). Conversely, (3.2.12) implies 

{C —f(Ax)}/g(x) ~ (—¢/p)g(Ax)/g(x) > (— c/p)? 
hence (3.2.10) on subtracting. For uniformity, observe that f= f+ (c/p)g, that 
f satisfies (3.2.10’) uniformly in [A, œ) by Theorem 3.1.10c and Corollary 


3.1.8c, and that fix (c/p)g satisfies (3.2.10) uniformly in [A, 00), by Theorem 
S2, Oo 


Theorem 3.2.7, Assume gE R,, p>0, and that f is locally bounded in some 
[X, œ), or measurable, or Baire. Then f satisfies (3.2.10) if and only if 
S(x)/g(x) > c/p (x> 00). (3.2.13) 
In that case (3.2.10) holds locally uniformly in (0, 00). 
The proof is similar to that of Theorem 3.2.6, using instead Theorem 3.1.12c, and is 
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omitted. As with Theorem 3.1.12, this result gives f locally bounded on some LX, œ) 
whether or not that was assumed to begin with, and so on altering f suitably on [0, X ) 
we can conclude (3.2.10) holds uniformly in every [0, A]. 

In the uniformity statements the measurability [Baire] assumption of 
Theorem 3.1.12 is removed or weakened. However, it is ‘almost’ present in 
disguised form. For f(x)—C~cg(x)/p (taking C=0 when p>0), where 
g E R, [BR,] is measurable or Baire. The situation is that discussed at the end 
of § 1.4: if we know that f, obeys the UCT and f, ~ f, then f, obeys the UCT. 
Here is a case in point, with f; =g measurable [Baire], but f,=f—C not 
necessarily so. 

One may interpret Theorems 3.2.6 and 7 together as saying that study of the 
asymptotic relation (3.2.10) with p non-zero essentially reduces to study of the 
Karamata Theory of Chapter 1. Accordingly, in what follows we shall usually 
study (3.2.10) with p=0: 


{ fAx) —f(x)}/4(x) + clogA (x00) VA>0, where ERo. (3.2.13) 
This study. was initiated by Bojanic & Karamata (1963b) (cf. Seneta (1976), 


§ 2.4), and independently by de Haan (1970 and subsequently). It is from de 
Haan’s far-reaching contributions that the present chapter takes its name. 


3.3 Local indices and ETI, 


Throughout this section we assume ge R,. 

Recall the Karamata indices of §2.1, which had a local character, and the 
Matuszewska indices, of global character. In this and the next section we 
define two. more pairs of indices, generalising these. Here as before indices may 
be infinite; all other constants are finite; sup @ = — oo, inf Ø := + 00; 
h(A)=h,(A) = fi udu. 


Definition. The upper local g-index of f, denoted cp, is the infimum of those c for 
which, for every A>1, 
{ f(Ax) —f(x)}/g(x) <ch,(A)+0(1) (x > œ), (3.3. 1a) 
uniformly in Ae[1, A]. 
The lower local g-index of f, denoted d ;, is the supremum of those d for which, 
for every A>1, 
{ f(Ax) —flx)}/g(x) > dh, (A) +0(1) (x > 0), (3.3.1b) 
uniformly in Ae[1, A]. 
Thus d;=—c_,y. . e 
It is easy to see that ifc, is finite we can putc=c, 1n (3.3. 1a); similarly for d; 
in (3.3.1b). / 
The Uniform Convergence Theorem for EI, gives immediately : 
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Theorem 3.3.1 (Local Indices Theorem). f € ETI, if and only if it is measurable 
and its local g-indices c; and d; are both finite. 

(There is a similar formulation for g € BR,, f € BEII,.) 

We turn now to expressions for c, in terms of the functions f* and Q defined 
in § 3.0. We know from Proposition 2.0.2 that even when g = 1 (the Karamata 
case) we cannot characterise c, in terms of f* alone. We will need to use the 
function Q, with its built-in local uniformity, through the condition Q(1+)=0 
of ‘slow-increase’ type. 

As in Theorem 2.1.5 the equality of limits and supremum below suggests 
classical subadditivity theory. When p=0, f*(e*) is indeed subadditive, but 
not all the classical theory applies because even if f is measurable, we do not 
know f* is. 


Theorem 3.3.2. If QU +)>0 then c= +œ. If Q(1+)=0 or if Q_(1+)=0 
then there exists 


e) aun f*FAY/A- seit it f*(A)/h(A) 
=sup f*(A)/h(A)e[— œ, œ], 632) 
and c,=f*'(1). 


Proof. Clearly c,= œ if Q(1+)>0. We prove (3.3.2). Since the two limits in it 
are equal, finite or infinite, if either of them exists, it suffices to prove that 
lim ,,, f*(A)/h(A) exists and equals the supremum. Define é = lim, ,, f*(u). The 
proof proceeds by showing that apart from infinitary cases, Q_(1+)=0 
implies Q(1+)=0 implies (3.3.2) with finite Cp- 

First, assume Q_(1+)=0, so that €>0. If €>0 then (3.3.2) is trivial, with 
everything infinite. Otherwise, =0, and we need 


QUA) <f*(A) + Q_(A) max(1,4?) (A> 1), (3.3.3) 


which is proved by writing 


S(Ox)—f(x) _ fax) — f(x) g(x) —f(Ax) +f (0x) 
= + su : 
@e[1,a] g(x) g(x) aeta JX) g(0x) 


SOSO sup fue M A 
g(x) BeLa] g(x) oe[1 A] g(@x) 
and taking lim sup as x > oo. For a suitable sequence 4, | 1, f*(A,) > E so 
(3.3.3) gives lim sup, , Q(A,) <lim, f*(A,)+Q_(1+)=0, whence Q(1+)=0 
because Q(°) is non-negative and non-decreasing. 
We therefore begin again our consideration of f*, starting from the 
assumption Q(1+)=0. From (3.1.16), for 1<j<A we have 
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S”) Swf * (u) +f* u) 
<Q(A) max(1, 4°) + f*(u), 

and so č = — œ implies f*(A)= — œ for all A> 1. In that case (3.3.2) is trivially 
true, so we assume ¢ > — co. From (3.1.16), f*(A7)< (A? + 1)f*(A). Letting 4 
run through the sequence 4, we find č <2é,so €>0. But Q bounds f* above, 
and Q(1+)=0, so f*(1+)=0. 

Choose 1<y <A, then for an integer n> 1 we have A= 0u” where 0e[1, u], 
so, using (3.1.16) (cf. Bojanic & Karamata (1963b)), 


f= > {f* (uit) — f * u) + S * Ou") — Sf * u") 
a 2 wef *(u) + u"? f*(0) 
= pay —1)/(WP—1)+u"”’f*(0) (p#0) 


nf *(u) +f *(8), (0 =0). 
So 
{(u"? — 1)/(4° — D} fF *(w)/h(u) + wf *(8)/h(A)  (p #0) 
*AV/h(A)< 33.4 
ens Emenee cin eatin, (=O). 


When pll keeping / fixed, f*(0) +0 and pw". Hence f*(A)/h(A)< 
lim inf,,;, f*(u)/h(u). The left-hand side can be made as close as desired to 
sup, , f*(A)/h(A), finite or infinite, and so the equality of limit and supremum 
in (3.3.2) follows. 

Consider c,. We proved above that Q_(1+)=0 implies €>0, and that €=0 
implies Q(1+)=0. But when ¢>0 the equality c; = 00 = f*’(1) is obvious, so 
we are left with the case Q(1+)=0. We remarked that c, is attainable if finite, 
hence f*(A)<c,h(A) for all A>1, whether cy is finite or not. So f*’(1)<c,. 
Conversely, by Proposition 3.1.15 if f*(A) <ch(A) for all A> 1, then c; <c; that 
is, f*’(1)<c implies cp <c, so cp <f*’(1), which completes the proof. E 
Remark. The above proof shows that the one-sided ‘Tauberian’ condition Q_ < œœ 
implies the corresponding two-sided ‘Tauberian’ condition Q and Q_ < œ, apart from 
infinitary cases which appear as degeneracies from the viewpoint adopted here. This 
suggests that some of the two-sided results proved later have one-sided analogues. This 
is indeed the case; cf. §3.8. 

The following alternative to Theorem 3.3.2 will be useful below. Recall that O(-, `) 
was defined in (3.0.9). 


Theorem 3.3.3. There exists 


Q'(1) =lim Q(A)/(A — 1) =lim Q(A)/h(A) 
All Ali 


= sup Q(A)/h(A) € [0, 00], (3.3.5) 


A>1 


and cf =Q'(1). 
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If Q'(1)=0 then f*(A)=O(, u) for w>Az> 1, whence 
c,=lim O(A, e)/(A — 1)=lim O(A, e)/h(A) 
Ali Ali 


= sup O(/, e)/h(A)EeL[—~, 0]. (3.3.6) 


Ae[1,e] 

Proof. One easily obtains 

OA, u) <f*(2)+2Q(u/à) (ueAz 1). (3.3.7) 
We use this to prove that if Q(1+)=0 then for any A>1, e>0, there exists 
pw=p(A, €)e[1, A] such that 

f* (uw) > Q(A) —«. (3.3.8) 
If Q(A) —e<0 then it suffices to take u= 1. Otherwise, find 0, € [1,4] and x, > oo such 
that { f(0,,x,,) —f(x,)}/g(x,) > Q(A)>0. By changing to a suitable subsequence we may 
assume 0, > 0€[1, A]; further, 6 cannot be 1 as if it were our assumption Q(1+)=0 
would yield { f(8,,x,,) —f(x,)}/g(x,) > 0. So 0> 1. Choose 6>0 so small that 0— ô> 1 
and (0— ô)” Q((8+6)/(0 —6)) <4e. For all large n we will have both |6,—0|<6 and 
{ f(0,Xn) —L(Xn)}/g(X,) > QU) —4e. Then O(6 — 6, 0+ 6) > Q(A) —4e. But then by (3.3.7), 
f*(0—6)> O(8—6, 0+ 6) —(8 —4)PQ((8 + ô)/(0— ô)) 
>Q(A)—«, 

which proves (3.3.8). 

We prove (3.3.5) and that c} ='(1). If Q(1 +) >0 then(3.3.5) is immediate, and c; = 
œo =Q'(1). So we may assume Q(1+)=0. Set z=sup,, , Q(A)/h(A) e [0, oo]. If z=0 
then Q(A)=0, so that (3.3.5) holds and c,=sup,., f*(A)/h(A) <0 =z, whence cf =z, as 
required. We continue under the assumption 0< z< œ, under which it is possible to 
choose a constant K €(0,z), and then A>1 such that Q()> Kh(A). By (3.3.8) there 
exists u € [1, A] such that f*(u)> Kh(A). The latter is positive, so u+ 1 and we conclude 


(pe E F*(0)/h(O) > f*(u)/hlu) 


> Kh(A)/h(u)> K. 
Thus f*’(1)>z. But the reverse inequality is automatic, so f*'(1)=z. Then forall A> 1, 
Z2Q(A)/h(A)> f *(A)/h(A) > z as Al1, 
so that z=lim,,, Q(A)/h(A), and (3.3.5) is proved. Also cp =z='(1)>0. 
Finally, if Q’(1)=0 then Q =0 by (3.3.5) and so f*(A)=O(A, u) for all A <p by (3.3.7), 
whence (3.3.6), completing the proof. (=) 


3.4 Global indices and OM, 


We turn now to global indices, complementing the local ones of § 3.3. We 
assume throughout this section that g =f is slowly varying, that is, p=0 and 
h(A)=log A in §3.3. (Recall that the interest of the cases gER,, p#0 is 
substantially exhausted by Theorems 3.1.10—12.) As before, Baire analogues 
are possible, but left to the reader. 
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Definition. The upper global ¢-index of f, denoted a s» is the infimum of those a 
for which there exists a constant C=C(a) such that, for every A>1, 
{ flax) —f(x)}/2(x) <C +alog A+o(1) (x> œ), (3.4. 1a) 
uniformly in Ae[1, A]. 
The lower global ¢-index of f, denoted B,, is the supremum of those B for 
which there exists a constant D=D(B) such that, for every A>1, 


{ fx) —fx)}/fx)>D+ Blogi+o(1) (x> æ), (3.4. 1b) 
uniformly in A€[1, A]. 
Thus B= —a_ >. 


Unlike the local indices of § 3.3, the global indices are defined only for p =0. 
The reason for defining them in the above lengthy way is that the definitions 
chosen are essentially one-sided. However for calculating the indices it is 
desirable to have expressions in terms of the functions Q and f*, as we found 
for the local indices, under suitable side conditions. First, the behaviour of 
these functions for large arguments: 


Proposition 3.4.1. There exists 
ia Q(A)/log A= ub Q(A)/log A €[0, œ]. 
MOS OF = Ts there exists 
a f*(A)og A= m f*(A)/log AEL— œ, œ]. 


Now for calculating «, we use the following. 


Theorem 3.4.2. (a) If Q< œ or if Q_< then 
a-=lim f*(A)/log A= inf f*(A)/log A. 
A>1 


A> œ 
(b) of =lim; >» Q(A)/log A=inf,, , Q(A)/log 4, and if Q< œ or if Q- < œ then 
a= lim O(4, ed)/log A= inf O(A, eå)/log A. 
Ao à>1 
The proofs of the two results above are extensions of that of Theorem 2.1.5 and are 
omitted; they appear in full in Bingham & Goldie (1982b), Proposition 2.6, Theorem 


IRA 
We may now link our global indices with the class OIJ, : 


Theorem 3.4.3 (Global Indices Theorem). Let f € Ro, f be measurable. Then 
f€ON, if and only if its global indices a, and B, are both finite. 


Proof. If x, and B, are finite then f €e OTI, by definition. Conversely, Corollary 
3.1.8a gives Q< œ andQ_<oo. By Theorem 3.4.2(b), Q < co implies æ p < 00. 
By the same result applied to — f, Q- < %0 implies f; > — oœ. m 
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3.5 The indices transform 


Before our next main topic, that of representations, we introduce a technique 
that will be useful later. Fix g:(0, œ) > (0, œ) and o e R and define 


glx) =x°g(x) (x>0), (3.5.1) 


so that if ge R, then ge R, where t:=p +0. Take f, locally integrable on 
[X, œ), and define 


I(x) = f(X) + x°f (x) -X NX) — | u'f(u)duju (x2X). (3.5.2) 


Note that if f is locally of bounded variation, we may use it as a Lebesgue— 
Stieltjes integrator, and then (if right-continuous) 


fod =f(X)+ | udf(u); (3:529 
(X,x] 


in this form, f was defined by Bojanic & Karamata (1963b). Now f(X) == EX) 
f is locally integrable on LX, œ) and one may verify that 


JoJ x Fo) -XFO +0 | wT (x>X). (3.5.3) 


We call f the indices transform of f. Thus, setting ¢:= —o, the map (f,0,g)K> 
(f, č, g) is its own inverse. 

Recall the function Q=Q(-, f) of §3.0, whose definition involves g as well 
as f. We relate this now to OSOE) defined by 


QA) = lim sup sup { fuer) —f(x)}/g(x) (A21). 


If «(g)< œ, Proposition 3.0.1 shows that Q is either finite and positive in 
(1, 00), or identically 0 or œ. Since a(g) =o + «(g) we have the same behaviour 
for Q. Now we relate the two. 


Theorem 3.5.1. Assume g e BI and that f is locally integrable on [X, œ). Then 
Q< œ if and only if Q< œ, and Q=0 if and only if Q=0. 


Proof. Assume Q< œ. Fix A>1 and K>Q(A), then there exists x, with 
f(Ax) —f(x) < Kg(x) for A€[1, A] and x>x,. For A4€[1, A] we write 


A 
flax) — —f(x)=x *{ f(Ax) —f(x)} + ox? | u°{ f(Ax) —f(ux)}du/u (3.5.4) 
1 
if ¢>0, or 


T t A 
jos-jos | u?{ flux) —fix)}du/u (3.5.5) 
1 


3.5. The indices transform 151 


if ¢<0. Thus if g is measurable, 


fax) — fx) <k + Kao fî u{g(ux)/g(x)}du/u (¢ >0) 
G(x) | K4 — Ko f}u’du/u (o <0) 
cei aE (o >20) 

DK (o <0) 


where we have chosen «>a(g) and employed Proposition 2.2.1 on g. This 
remains true even without measurability of g, for we still have the bounds on 
the integrand in (3.5.4/5). Thus Q< œ. The converse follows on employing the 
inverse transformation (3.5.3). The Q=0 assertion is similar, starting with 
arbitrary K>0. O 


By (3.1.7) we deduce 


Corollary 3.5.2. f € OTI, [ol,] if and only if f € OTI; [oM,]. 
Next, assuming geR,, we relate c,, the upper local g-index of f, to cy, the 
upper local g-index of f. 


Theorem 3.5.3. Assume g € R, and that f is locally integrable in LX , 0). Assume 
cs <œ©. Then c,=c;, finite or infinite. 


Proof. Let ¢(x) := x~ ?g(x)€ Ro. Assume cp < œ. Choose finite c 2c,andA>1, 
then there exists 6(x)=6(x, A) —> 0 as x > œ, with 
{ flax) — flx)}/g(x) <ch,(A) + 5(x) (Ae [1, A], x>X). 


We may take it that ô is non-increasing (replacing 6(x) by sup,;,,..) ÔC )). If 
o>0 we have from (3.5.4) that, for l<A<A, 


> z du 


{ f(ax)— — f(x)}/G( h,(A cha) +ò +0 | u *{ch,(A/u) + (ux li s 


: 2? (ux) du : C(ux) du 
ah SS alte efh, we fu Nove a 


The term involving 6(x) is not decreased by replacing / by A, and the 
coefficient of ô(x) then tends to 1+ ff u‘du/u. So the first term on the right 
tends to 0 as x > œ, uniformly in Ae[1, A]. The second term also converges 
uniformly in Ae[1,A], to ch,(A)+co j uth,(A/u)du/u. Elementary 
calculations reduce this to ch,(A). We have shown 


{ fax) —f(x)}/Glx) <ch,(A) + 0(1) (x > œ), uniformly in Ae[1,A]. (3.5.6) 


If o <0 we can again obtain (3.5.6), starting instead from (3.5.5). And (3.5.6) 
shows that c;<c. So ¢;<cy, this being the case trivially if c-= +00. The 
reverse inequality comes from using inverse transformation (3.5.3). m) 
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3.6 Representations 


1. The classes OI,, oll, 


We first give the basic representations for the classes OTI, oT, and then show 
how they simplify under particular assumptions on g. | 


Theorem 3.6.1 (Representation Theorem for OI, [oI1,]; Goldie & Smith 
(1987), extending Aljančić et al. (1974), Theorem 2.2). Assume g is measurable 
and of bounded increase. Then f € OTI, [oI1,] if and only if 


I(x) =C +n (x)g(x) -| č(t)g(t)dt/t (x> xX) (3.6.1) 

X 
where C, X are constants and the measurable functions n, € are bounded [o0(1)]. 
Proof. If f is given by (3.6.1) then on setting 6(x) := (suprx, œ) 1) V (SUPix,œ) €) 


we find that for A>1, x> X, 


A 
| fax) —f(x)|/9( osiw 1+ 04 t0)+ | 0 (wavs) 


and on using (3.0.8) we see this is bounded [tends to 0] as x > œ, so 
f € OII, [ol,]. For the converse write, for large enough X, 


f(x) -frotta | eee iOS + +(e D TO y 


By the Uniform Convergence Theorem for A the term { f(x)—f(t)}/ 
g(x) in the second integral is uniformly bounded for large x [tends uniformly to 
0 as x > œ], so the middle term on the right is O(g(x)) [o(g(x))]. In the third 
integral the term { f(et)—f(t)}/g(t) is O(1) [o(1)]. And the first term on the 
right is constant. g 


(3.6.2) 


(Measurability of g is only a convenience here. If g is not measurable, replace &(t)g(t) 
in (3.6.1) by y(t) where y is measurable and O(g)[o(g)]. Then the representation still is 
valid.) 

The first simplification is when «(g)<0, for example ge R,, p<0. But 
measurability is not needed: 


Theorem 3.6.1 . Assume g has positive decrease. Then (3.1.8a [c]) holds if and 
only if for some constant C, 


I(x) =C + O(g(x))[C +0(g(x))] (x > 0). (3.6.37) 
Proof. Take t>a(g) and use (3.0.8): thus (3.6.3~) implies (3.1.8a[c]). The 
converse is Theorem 3.1.10. oO 


It is tempting to suppose that in the positive-increase case, (3.1.13) similarly provides 
representations. But unless also «(g) is finite, (3.1.13) is not sufficient for (3.1.8), only 
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necessary as in Theorem 3.1.12. In fact, when f(g) >0, (3.1.13) is the representation for 
the class of f satisfying 


SAX) — f(x) = O(9(x)) Log] (Œ>) Wre(0, 1] 
(so the symmetry between the positive increase and decrease cases noted in § 3.1 exists 
here too). For the present we record 


Theorem 3.6.1 `. Assume g has positive and bounded increase (0 < B(g) <a(g) < œ). Then 
(3.1.8a [c]) holds if and only if 


F(x) = O(g(x)) Lo(g(x))]_ (œ> 0). (3.6.3) 


Proof. Again, because «(g) < 00, (3.6.3*) implies (3.1.8a [c]). The converse is Theorem 
Cy a BA g 


In the case of OI, the global indices «,, 8, are both defined (and both finite, 
by Theorem 3.4.3). For this case, the representation may be related to the 
indices: 


Theorem 3.6.2. If feONM, with geRo then for every «,ß satisfying 
B<B,<ap<a,f has a representation (3.6.1) where n(-) is bounded and 
B<&(x)<«a for all x>X. Such representations are not possible unless P< p; 
and a2>a,. 


Proof. By Theorem 3.4.2, if B<f, and «>a, there exists 4> 1 with 
Blog i<f,(A)<f*(A)<alog A 
(recall hy =log); hence there exists X with 
E(x) = { f(Ax) —f(x)}/{g(x) log A} ea, f] (x2 xX). 


Now (3.6.2) remains true if e is replaced by 4 and the right-hand side divided by 
log A. It thus gives (3.6.1), with the ¢ just defined and suitable 7, C. 
Finally, if (3.6.1) holds with B<é(°)<«, 


asw oui) | ge A(x eae du 


sede {g(xu)/g(x)}du/u 


1 


= O(1)+(a+0(1)) log A, 
and so p < by Theorem 3.4.2a; similarly $; > $. E 


By Theorem 3.6.2, a, is the infimum of the upper bounds of all possible ¢- 
functions and £, the supremum of the lower bounds. These bounds are not in 
general attainable, however, even if g=1, as Proposition 2.2.8 shows. 
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2. The class ETI, 
Theorem 3.6.3 (Representation Theorem for ETI,). Let g € Rp. Then f € EII, if 
and only if 
fix)=C+nlsats)+ | C(t)g(t)dt/t (x2X), (3.6.4) 
X 


where C, X are constant, n(x) > 0 as x > œ, é is bounded, and both n and € are 
measurable. The local indices of f are given by 


opa imn lim SURI —1)7 ahe é(t)dt/t, (3.6.5) 
A\1 00 
d,=lim lim inf(A — 1)~ alls €(t)dt/t, (3.6.6) 
All x0 
and satisfy 
d, >lim inf ¢(t), c; <lim sup ¢(t). (3.6.7) 
t> œ t> œ 


Proof. We shall show in the next proof that if f € EII, we can construct for it a 
representation satisfying (3.6.5-6) and more. For the converse, assume that f 
has a representation (3.6.4-6); then 


Ax 
(MA) fla) =n) n+ | E(t){g(t)/g(x)}dt/t. (3.6.8) 


Letting K >0 be an upper bound for ¢ we find, since g(t)/g(x) ~ (t/x)? asx + œ 
uniformly in te[x, Ax], that Q(A)<Kh(A). So c;<a by Theorem 3.3.3. 
Similarly d;> — œ; thus feETII,. Defining €*(A)=lim SUPx 0 JE (t)dt/t, 
(3.6.8) gives 
min(A?e*(A), C*(A)) < f *(A) <max(4°č* (4), č*(4)). 

By Theorem 3.3.2,c,=lim,,, f*(A)/(A— 1), and it follows that the right-hand 
side of (3.6.5) exists and equals c,. The proof of (3.6.6) is similar, and (3.6.7) 
follows by Fatou’s Lemma. go 


It is easy to show that the following are equivalent to (3.6.5—6): 


x 


le lim sup(x—Ax)~! | &(t)dt, (3.6.5a) 

afl x0 Ax 

d,=lim lim inf(x—Ax)~! | (odt. (3.6.6a) 
ATL. x= 100 Ax 


(For the right-hand side of (3.6.5) equals lim,,, lim sup, „(4x — x) Tule )dt, whence 
(3.6.5a).) Formulae (3.6.5a—6a) express c, and d, as the Polya maximal upper and lower 
means of č (see Rubel (1960)). 


3. Canonical representations 


We call representations with equality in both parts of (3.6.7) canonical. 
Representations with this desirable property always exist; their construction, 
incidentally, completes the proof of Theorem 3.6.3 above. 
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Theorem 3.6.4. Every f € ETI, has a canonical representation. 


Proof. 
Case 1. p>0. Since g is locally bounded on some [X, œ) we may reset 
g(x) :=g(X) for 1<x<X. This does not alter the premiss f € ETI, nor the 
conclusion (3.6.4). In terms of the altered g we construct a canonical 
representation valid for x > 1. Use additive arguments: G(x + t)/G(x) > e” as 
x > œ, locally uniformly in t, and we are given 
d,H(u)+o0(1)< {F(x +u) —F(x)}/G(x) 

<c,H(u)+o(1) (x 0), (3.6.9) 
uniformly in ue[0, U], where H(u)=(e?“—1)/p. We wish to construct 
N(x) +0 and E(x) satisfying 


d, <lim inf E(x) <lim sup E(x) <c,, (3.6.10) 
such that 
Fixy=C+NinG C+ | E(t)G(t)dt. (3.6.11) 
0 


We first construct a sequence u,|0 such that u,/u,-, > 1 and 
F(x +u) — F(x) 


d, <lim inf 


x00 ut G(x) ; 
F(x+ úu) —F (x 
<lim sup ty =e (3.6.12) 
x00 [x] 


where [:] denotes integer part. To do this, define 


F —F(y) F —F 
6(x):= sup sup max 0,4, 210) Cti (y) on O enw) 


ye[x, æ] 0<u<1 


then 6(x)|0 as x > œ. Clearly we can construct (u,), with uy := 1, decreasing to 
0 so slowly that 6(x)=o(u,,;) and u,/u,—, > 1. Then 
{F(x + upa) — F(x)}/{UpqgG)} < cH Upa)/Mpxq + OO)/Upy > Cy» 
and similarly for the lower bound. 
Now define 
E(x) := {F(x + upg) — F(x)}/{UpqgG)} — apy (x>0), (3.6.13) 
where a,, yet to be chosen, will satisfy a, > 0. Thus defined, E satisfies (3.6.10). 


Let aọ=0 and 
( 1 i n-1 yl Jroa 
Pe Un—-1 Jn Un Jn (n=1,2,...). (3.6.14) 
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We must check that a, > 0. By the Uniform Convergence Theorem for R, 
aol! 1 
iL sode = | e'dt=H(1). (3.6.15) 
n 0 


By (3.6.3"), f(x) =O(g(x)), so for large x, 
X, SUP; [0,1] G(x +t)/G(x) <2e’. Then with n=[x], 


| x F(t)dt 


n 


n+u 


/{u,G(n)} <K | " G(t)dt/{u,G(n)} 


n 


<2e’K, 
and 


/G(n) <2e°K(u, _; —u,). 


| E F(t)dt 


n+u, 


Combining these bounds with (3.6.15) and (3.6.14) we find 


n+ u, N+ Uy —4 nei 
la, <fl, — u; | | F(t)dt | F(t)dt HHT G(t)dt 
n n+u, n 


< {2e°K/H(1)} {|u,", —u, ‘lu, +u; (u,—1—u,)}(1+ 0(1)) 
= {4e°K/H(1)}|1—u,/u, -1| +0(1)) > 0. 
Now for the an aa (3.6.11). Forn<x<n+1, 


j+1 
[ EOGOdt= S F(t+ JE F(t) d 
i r 


= e j 


a 12 not j+1 me 
+| i F(t) Ta 3 a; [ Godi —a, | G(t)dt 
n iz j i 


n 


1 1+uo n j+uj-y 1 j+uj 
= F(t)dt+ 2 li | == FO 
Mo Jı EAC vid 
‘Tapa 


x +u, n 


1 J nti 
i F(t)dt — 2p Godisa, | G(t)dt 


x 


— iil 
TUTSI 


1 +uo at $y, 
=u! | F(t)dt + F(x)+ -| u, '{F(t)— F(x)}dt 
1 x 


n+1 
Fa, | G(t)dt. (3.6.16) 


The first term in this last expression is constant and the last is obviously 
0(G(x)). So we have (3.6.11) with the correct property of N if we can show that 


x + ur 
| “ugh (F()— FG) }dt = o(G(x)) (x + 0). (3.6.17) 


But the absolute value of the left-hand side is at most 


Ur} G of {max(|c;], |d |) H (u) + 6(x)}du 


which is indeed o(G(x)), since H(u)=0(1) and ux] > 0. Case 1 is complete. 
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Case 2. p <0. Since PEELS it is locally bounded on some [X, œ). With this 
X (21) use the indices transform, taking t:=1, g(x) == x! g(x)eER,. By 
applying Theorem 3.5.3 to f and —f we find JEETI,, with c;=c,, dj=d 


fe 
Now use Case 1, just proved, on J, ğ giving 


I(x) =C +0(x)G(x) + | C(t)g(t)dt/t (x>1) 
1 


where n(x) 20 and = d,<lim inf,» €(t)<lim SUP,> 6(t)<c,. Since 
f(X)=f(X), 


- 


Jo =S +n) 1000) + | C(t)g(t)dt/t (x> X). 


Substituting into (3.5.3), routine calculations reveal that 


I(x) = F(X) +n(x)g(x) —n(X)g(X) + | te(t)+ (1 — p)n(t)}g(t)dt/t. 
X 


Since €(t)+(1—p)n(t) has the same lim sup and lim inf as €, this is precisely the 
representation required. This completes the proof of Theorem 3.6.4 and with 
it of Theorem 3.6.3. El 


The Karamata case of the last two results yields a canonical version for the 
Representation Theorem for ER, Theorem 2.2.6. 
The next result gives a criterion for a representation to be canonical. 


Proposition 3.6.5. A representation of f € ETI, is canonical if and only if E(t)=č(e') has 
the property that for every c<limsup,.,,, €(t) and every d>liminf,., ,, E(t), 
lim lim sup e~'|{ y:x<y<x+e,E(y)>c}|=1 (3.6.18) 
e}0 x70 


and 
lim lim sup e~*|{ y:x<y<x+e,E(y)<d}|=1, (3.6.18b) 


JO x >a 


where |:| denotes Lebesgue measure. 


Proof. First re-write (3.6.5) as 


x 


cy, =lim lim sup ia “Z(r)dt. (3.6.19) 


AK x70 


We set C:=lim sup,- œ €(x). Fix c<C and define S,,={y:x<y<x+e,E(y)>c}. 
Given c’>C we have &(x)<c’ for all large x, and then 


x +e 
Caen: | E(t)dt>ce~*|S,.,|. 


Take lim,,, lim sup,., o> whence if (3.6.18a) holds we have, using (3.6.19), c’>c,2>c, 


hence c,=C. 
Conversely, by splitting the interval (x, x +e) into Sy, and its complement, 


x +e 
eo | E(t)dt<c'e1|S,,|+ce ‘(e—|Sx¢)<c’, 
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so that 


x AE: 
limsupe ? | E(t)dt<c+(c'—c)limsup ¢ "|S, | <c. 
Assuming c,=C, let eļ0 and then c’|C, and use (3.6.19); hence C=c4(€ —c) x 
lim, jo lim SUPy> € '|S,,-|, and (3.6.18a) follows. 


The equivalence of (3.6.18b) with the statement d,;=lim inf Le) &(t)is similar. O 


4. The class IT, 


When c,=d,, the canonical representations become easy to identify because 
they are the only ones whose é-functions converge. So the (canonical) 
representation for f eT, is (3.6.4) with the extra property lim, ,,, ¢(x)=c. 
Now for p40, the direct half of Karamata’s Theorem shows that for g € R, 
| g(t)dt/t~g(x)/p+const. (x œ); 
X 
thus f(x)=C+cp~ 'g(x)+0(g(x)). Conversely, such f are easily seen to satisfy 
(3.0.4); that is, f e TI, with g-index c. This yields the following result; because 
of its importance, however, we include a direct proof. 


Theorem 3.6.6 (Representation Theorem for I1,; Bojanic & Karamata (19635), 
Seneta (1976)). f eTI, with g-index c if and only if for some constants C, X, 


_{C+ep- glx) + olg) (040) 
ERA A a 222 2829 


where the o('`) functions are measurable. 


Proof. That (3.6.20) implies (3.0.4) is easy (use the UCT when p =0), giving sufficiency. 
We prove necessity in the case p =0; the cases p > 0, p <0 may be deduced from this via 
the indices transform. 

Assume f €I1,. We may find X such that f and /are locally bounded on [X, œ). We 
first show that 


¢(x)=C+o0(¢(x))+ | o(1)¢(u)du/u (3.6.21) 
X 
for some constant C. For the Representation Theorem for Rọ gives /(x)=a(x)m(x) 
where a(x)>ae(0,%) and m(x)=exp{f%elu)du/u} with e(x)—>0. Then since 
xm'(x)/m(x)=e(x) a.e., 
mlx) =m) + | e(u)m(u)du/u 


X 


=m(X)+ | {e(u)/a(u)}¢(u)du/u 
P$ 

and m(x)=/(x)/a(x)=a~ 1/(x)\(1+0(1)). So 

“(x)+0(¢(x))=am(X)+ I, {ae(u)/a(u)\Z(u)du/u 


x 


which gives (3.6.21). 
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Now assume f €I1,, and write 


iil a I(x) am ~ flet)— ell fitydt/t. 
(x) ca X = 

The last term on the eee is constant and the second is [E (c+o0(1))¢(t)dt/t. In the first 

term, the integrand converges uniformly to ct~! log t by the Uniform Convergence 

Theorem for TI,, so the first term is —4c/(x) + 0(/(x)). However, by (3.6.21) we may 

absorb the —4c/(x), suitably adjusting the constant, in the o(/(x)) and fy o(DA(t)dt/t 

terms. So (3.6.20) follows with / as g. ia 


Taking p :=0, g :=/ in (3.6.20) we obtain from the c>0, <0 cases 


x)= —¢(x) 


Corollary 3.6.7 (de Haan & Resnick (1979b)). If f eT, [Ml_] with auxiliary 
function ¢ then there exists a non-decreasing [non-increasing] f with 


f-fo=ol?). 


5. Monotone-density versions 


We end with a ‘monotone density’ representation for I1,, which will be needed later. 


Theorem 3.6.8 (after de Haan (1976a)). Let U(x) = U(X) + ja u(t)dt, where u is monotone 
on some neighbourhood of infinity, and let f € Ro. Then U ETI, with ¢-index c if and only 
if 

u(x)~ex™t/(x) (x> œ). (3.6.22) 


Proof 


U(Ax)—U(x) (+ xtu(xt) ¢(xt) dt 
t(x) -Í (xt) Ao 
Under (3.6.22) the integrand on the right tends to c/t uniformly in [1, A], so the left- 
hand side tends to clog å. 
Conversely, suppose U eM, with /-index c. We may assume u eventually non- 
increasing (otherwise, consider —U, —c). Then for A>1, 


Ax Àx 
U(Ax) — U(x)= | u(t)dt< | u(x)dt = (A — 1)x u(x), 


x x 


so 
lim inf x u(x)/7(x) > c(log A)/(A— 1), 


and, letting 4|1, the liminf is at least c. Similarly, taking 4< 1 and letting AT1 the 
lim sup is at most c, whence (3.6.22). g 


The c>0 case is: 


Corollary 3.6.9. Let U(x)=U(X)+f%u(t)dt, where u is monotone on some 
neighbourhood of infinity. Then TAR if and only if ue R_,, and in that case 


U(ex) —U(x)~xu(x) (x—> œ). 
As in § 1.7, monotonicity here may be weakened considerably. An instance, part of 
which will be needed later, is as follows. 
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Theorem 3.6.10. In Theorem 3.6.8 and Corollary 3.6.9, monotonicity of u may be 
replaced by: u is eventually positive, and log u is slowly decreasing. 


Proof. Only the converse half of the proof of the first result is altered. By slow decrease, 
u(t)>u(x)O(A) (X<x<t<Ax) 
where 6(1+)=1. Then for A€(0, 1) and x>AX, 


x 


u(t)dt< i aH dt =(1—A)x u(x)/@(A). 


If U eTI, with /-index c then this yields a lower bound on lim inf,, ,, x u(x)/¢(x), which 
bound tends to c as Af1. The upper bound is obtained similarly, on considering 
A> 1. im 


ve) -ua= | 


Ax 


3.7 de Haan’s Theorem 


1. de Haan’s Theorem 


We turn now to a further study of the class IT,, in particular of II, and of OII. 
When c=0, ¢ ~c/ is to be read as $6=0(/). Throughout, f is measurable, and 
CER». 


Theorem 3.7.1. Fix t>0. The following are equivalent: 
(i) f eII, with ¢-index c; 
(ii) for some X >0, 


f(x)—īx" I. u'f(u)duju~ct t(x) (x> œ); 


X 
0 
(iii) Sal u`" f(u)du/u—f(x)~ct~'¢4(x) (x> œ). 
x 
Note. Assertion (ii) includes implicitly the statement that the integral exists; similarly 
for (iii) and for other like assertions later in the section. 


Proof. To prove (i) + (ii) use the indices transform with g=/, p=0,0=t, and 
f as in (3.5.2). By Theorem 3.5.3, (i) is equivalent to f eI], with g-index c, 
which by (3.6.20) is in turn equivalent to f(x) ~ct~+g(x). But f(x)x "= f(x) — 
tx ‘J utf(u)du/u+t o(¢(x)), hence (ii). 

Denote the left-hand side of (iii) by k(x). If (i) holds then (3.1.5) gives 
| f(Ax) —f(x)|/A(x) < K4"? for A>1, x>x,, so that k exists for x>x,, and 
dominated convergence justifies the limit calculation in the following: 


K(x) _ ie -1-1 Flex) = FO) 


Ax) J, 7 A 


>T | v*—*clogvdv=c/z, 


1 
which is (iii). Conversely, suppose (iii) holds, k being well-defined for x> X, 
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say, where X >0. We may redefine f(x) :=0 on [0, X), and so let the left side of 
(iii) define k(x) for all x>0. Then, via Fubini’s Theorem, 


| Nuk) =x kO }du=x 09/28) —5 | “u'flujduju. (3.7.0) 


10) 0 
But since k(x)~ct~ ‘¢(x), by Karamata’s Theorem the left-hand side is 


~ct 1¢(x) | u2*~*(u-* ~x~")du~4cer~2x"¢(x), 
o 


hence (ii). [S] 


If f is locally of bounded variation the left-hand sides of (ii) and (iii) may be written 
S(X)+x~* f% u'df(u) and x* J°u-‘df(u) respectively. Expressed in this way, Theorem 
3.7.1 is due to de Haan (1977) for non-decreasing f and c#0. 

If f eT, that is, 

S(Ax) —f(x)~c¢(x) log Az (x > œ), (3.7.1) 
then from (ii), if X =0, 


ee uflu)du/u= fix) — (e+ o(1))r~*A(x), 
0 


a w'f(du)du/u= f(x) —(c+0(1))t~14(Ax), 


(0 


hence 


| u'{ f(du) — f(u)}du/u~c?¢(x) log A (x > 00). (85722) 


0 
Thus (3.7.2) is a Cesaro-mean form of (3.7.1). Conversely, subject to suitable 
Tauberian conditions on f, (3.7.2) implies (3.7.1) (cf. Theorem 4.11.2 below). By 
contrast, no Tauberian condition is required to obtain (3.7.1) from (ii). This part of 
Theorem 3.7.1 is Mercerian rather than Tauberian; see Chapter 5 for further discussion. 
The Karamata case of Theorem 3.7.1 is readily seen to give the Aljancic-Karamata 
Theorem of § 1.6. 

Any f with f=o(/) satisfies (i) with c=0; such an f may change sign 
arbitrarily often and |f| need not be slowly varying. By contrast, if c#0 we 
shall see that f is eventually of one sign, is asymptotically monotone, and 
| f|€Ro. Assuming c #0, that is, f eI, one has from Theorem 3.7.1 


VA>0, lim { f(Ax) —f(x)}/{ f(ex) —f(x)} =log å, (3.1.3) 
VA>0, lim an-s |} fo) foal- A. (3.7.4) 
x> 0 X 


To show the converse, that (3.7.3) or (3.7.4) implies the c #0 case of Theorem 
3.7.1, we need to be sure that the functions in brackets are ‘eventually of one 
sign’ by which we mean (for a function ¢) that there exists x such that either 
o(x)>0 for all x>Xpo or P(x) <0 for all x> xo. 
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Lemma 3.7.2. If either (3.7.3) or (3.7.4) holds then f(ex) —f(x) is eventually of 
one sign, and the same is true of f(x)—x~* [X f(t)dt. 


Proof. (3.7.4) implies (3.7.3) on division, so let us assume the latter, and set 
$(x)=f(ex) —f(x). For (3.7.3) to make sense, (x) must be non-zero for all 
large x. As in (3.0.3) we find 

Vu>0, lim $(ux)/P(x)= 1. (3.7.0) 
Hence for each p>O0, sgn d(ux)=sgn (x) for all large x. Define x(x)= 
exp(sgn (x)), then y is positive and measurable, and, from the above, is slowly 
varying. Now for large arguments y is restricted to the values e and 1/e. The 
UCT applied to y now shows that y(x) equals e for all large x, or equals 1/e for 
all large x. So @ is eventually of one sign. 

To complete the proof suppose first that (x) >0 for all large x. Then (3.7.5) 
shows that @€Ro, and then (3.7.3) says that feII, with -index 1. By 
Theorem 3.7.1, f(x)—x~' f% f(t)\dt ~~ (x), so the left is eventually positive. In 
the other case when ¢ is eventually negative, repeat the latter argument with 


—, —f instead. E 


Lemma 3.7.2 ensures that we may take f(ex)— f(x) eventually positive in 
(3.7.3), first replacing f by —f if necessary. A similar remark applies to 
f(x)—x~! f> f(t)dt. Likewise, if f € TI, that is, c#0 in Theorem 3.7.1, then f 
belongs to II, or I _ (as defined in § 3.0). To within sign, it suffices to study 
II ,; absorbing a positive constant into 7 it suffices to consider /-index 1. 

We are led to the following result, due for non-decreasing f to de Haan 
(1970), Theorem 1.4, (1971), (1977). 


Theorem 3.7.3 (de Haan’s Theorem). The following are equivalent, for 
measurable f: 


df e Ro such that VA>0, lim { f(Ax) —f(x)}/4(x)=log A, (3.7.6) 


x 0 


that is, such that fell, with ¢-index 1; 


df, E Ro, x, ER such that Vx>x,, f(x)—x7! | S(Qdt=7,(); (3.7.7) 


d¢,€Ro, X2, CER such that Yx 2x3, J= Ct) | f,(t)dt/t; (3.7.8) 


X2 


3/3 E Ro, x3 ER such that Yx > x3, x | f(t)dt/t? — f(x) =73(x); (3.7.9) 
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flex) —f(x) is eventually positive, and 
VA>0, lim { f(Ax) —flx)}/{ flex) — flx)} =log 4; (3.7.10) 
flex) —f(x) is ete ves and VA, u>0, w# 1, 
sas (Sax) — fo) }/{ flux) — flx)} = (log A)/log u; (3.7.11) 


for some X >0, f(x)—x™} | f(t)dt is eventually positive, and 
X 


WA>0, lim { f(x) —flx)} j fix)—x7 | Ss fdr} =iog ERAT 


Then the slowly varying functions ¢,¢; (i=1,2,3) are asymptotically 
equivalent, and 


(x) ~ flex) — f(x) ~f(x)-—x7! f roar (x > œ). (3.7.13) 


Proof. We establish a circle of implications that will include all of (3.7.6) 
to (3.7.12) inclusive. Thus (3.7.12) implies (3.7.11) on division, which 
implies (3.7.10). As in the immediately preceding proof, (3.7.10) implies 
flex) —f(x)=¢C(x) for x>xg, where /€Ro, and this with (3.7.10) implies 
(3.7.6). By Theorem 3.7.1, (3.7.6) implies seats f(t)dt/t? — f(x) ~7¢(x), and so 
f(x) =x J? f(t)dt/t? — f(x) >0 for x>x3, say, whence (3.7.9) and /,~/. By 
Theorem 3.7.1, (3.7.9) implies (3.7.7). From (3.7.7), 


F Atoie= p09) -2.009 (<x): 
which is (3.7.8) with 7,=/,, x,=x,. Assuming (3.7.8) we calculate for 
x2 X =x, 


De) f fonte=c.t9) CX) 
x 


Ax 


fix- =x) | ¢,(t)dt/t 


whence f(x) —x~" f> f(oat is eventually positive, and the rest of (3.7.12) 
follows on dividing and applying the UCT. Thus (3.7.6) through to (3.7.12) are 
proved equivalent, and the argument above yields (3.7.13) also. CO 


Generalisations of this result are possible. For instance, the quantifier YA >0 may be 
weakened as in § 3.1, 3.2. Also, the integrals that appear correspond to setting t = 1 in 
Theorem 3.7.1; other values of t could equally well be used. 
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In the Representation Theorem for TI, the case c#0, g=7, p=0 of (3.6.20) is a 
representation for the general f eTI. A different representation for f, namely 


x 


fix)=C+c¢(x)(1+0(1)) +e | /(t)(1+0(1))dt/t 


1 
(both o(1)-functions being measurable, C constant) follows from (3.7.8). That the two 
forms are compatible is shown by (3.6.21); we may refer to either as the Representation 
Theorem for TI. 

We pause to discuss the behaviour as x > œ of f satisfying (3.7.8). If the 
integral tends to œœ, since Proposition’ 1.5.9a shows that /, is negligible in 
comparison to it we have f(x) ~ fe /,(t)dt/t. Otherwise, write C=C’ — 
Je 7,(t)dt/t, and (3.7.8) becomes ; 


co 


Io2ZC+2,(0)— | {,(t)dt/t (x> x). (3.7.14) 


In this case /,(x)=o(|” /,(t)dt/t) by Proposition 1.5.9b, and so if C'#0, 
f(x) > C’, while if C’=0, f(x)~ -f7 /,(t)dt/t and so f(x)<0 for large x. In all 
cases, f is eventually of one sign, is asymptotic to a non-decreasing function, 
and | f| € Ro. Since not all slowly functions are asymptotically monotone, the 
class of functions f in de Haan’s Theorem is, after taking absolute values, a 
proper subclass of the Karamata class Rọ. Inserting a non-zero constant 
multiplier c, the same is true of the class II. By contrast, every / € Rọ may 
appear in (3.7.6) because fe ¢(t)dt/t may be used for f. To sum up: 


Theorem 3.7.4. If f E11, | f| € Ro, but not every member of Ro can arise in this 
way. However, every l € Rg can be the auxiliary function of an f eIl. If f eIl 
has auxiliary function f € Ro, | f(x)|/C(x) > œ% as x > œ. 


2. O-versions 


There is an analogue of Theorem 3.7.1 for the classes OTI,, oII,, for certain g. 


Theorem 3.7.5a[c]. Let g€OR, and choose t>max(0,«(g), —B(g)). The 
following are equivalent: 

(i) f € OI, [oI]; 

(ii) for some X >0, 


JO) =x: | u'f(u)du/u=O(g(x)) [o(g(x))] (x 20); 


X 


(iii) “| u-“f(u)du/u— f(x)=O(g(x))[o(g(x))] (x > œ). 
Proof. Take the O case, as the other is similar. Equivalence of (i) and (ii) is 
proved as in Theorem 3.7.1: use Corollary 3.5.2, Theorem 3.6.1 and the fact 
that x ‘=o(g(x)). If (i) holds then on choosing positive € so small that 
t—€>a(g)*, (3.1.5) gives | f(Ax) —f(x)|/g(x) < KA" ~* for A> 1, x >x,, and we 
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deduce (iii) similarly to our proof of the corresponding deduction in Theorem 
Tik, 

It remains to show (iii) = (ii), and again we set X >0 so that the left of (iii) 
exists for x> X, then redefine f to be zero on [0, X), so that (iii) remains in 
force, and let k(x) denote its left-hand side. Again, (3.7.0) holds. Our 
assumption, (iii), is that k(x)=a(x)g(x) where la(x)| <A < œ for all x. There 
exists X’ such that g is locally bounded on [X’, 00). The left-hand side of 
(3.7.0) is bounded in absolute value by 


GA 
| u’k(u)du/u 
0 


saf u'g(u)du/u+45t~ * Ax*g(x). (3.7.15) 
a 


The first term is o(x'g(x)), and by Theorem 2.6.1(b) the middle term is 
O(x"g(x)). Thus the left-hand side of (3.7.0) is O(x‘g(x)), whence (ii). E 


The Karamata case yields an O-analogue of the Aljančić-Karamata Theorem: 


Corollary 3.7.6. Fix t>0. Let f be such that log f e LÈ.[X, œ). The following are 
equivalent: 

(i) f €OR; 

(ii) after altering f on (0, X) so that [Xu'~! log f(u)du converges, 


1 
f, #eetsessenjaa—o0) (x > oo); 
as 


1 
(iii) | A log{ f (x/A)/f(x)}da/A=O(1) (x>). 
0 


Compare also the O-analogue of Karamata’s Theorem (Theorem 2.6.5). 


3. Smooth variation 


The theory of smooth variation of § 1.8 may be extended to II (Balkema et 
al.(1979), §7; de Haan (1977)). 


Definition. The class STI is the class of those f that are C®, with f’eSR_,. 
(Thus SII cI.) 


Theorem 3.7.7 (Smooth []-variation Theorem). If fell, with auxiliary 
function CER o, there exist f,,f,¢SI] with f,<f<f, and 
falx) -fi ~) = o(4(x)). 
Proof. We may assume f has /-index 1. We construct f,, the construction for f, being 
similar. With F(x) := f(e”), L(x) = 7(e*), F2(x) =f2(e*) we have 
(F(x +u)—F(x))/L(x) +u (x > œ), (3.7.16) 
L(x+u)/L(x) +1 (x> 00), (3.7.17) 


both locally uniformly in u € R, and F, is to be C”? on some half-line (C, 00) and have 
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F<F,, F,—F=o(L). By (1.8.1), to get f,¢SR_, we need all derivatives of 
H(x):=log F(x) to tend to 0 as x > œ. We shall show 


F(x) ~ L(x), FP (x) =o0(L(x)) (kK=2,3,...)' (> 00), (3.7.18) 


from which, as H“ is a polynomial in F,/F,..., F4*/F, the conclusion follows. 
We may assume F, L locally bounded on [0, œ). Let F, agree with F at the non- 
negative integers and be linear in between. Then by (3.7.16), 


F(x) —F(x)=(x —[x])(F(Lx] + 1) — F(x) + (1+ [x] —x)(F(Lx]) — Fe) 
=(x — [x] )(De] + 1—x + 0(1)) L(x) + 1+ [x] — (DJ — x + o( 1) L(x) 
=0(L(x)) (x> œ). 
By (3.7.17) (again using local uniformity), d, := sup), <,(F(n+u) — F3(n + u)) is o(L(x)). 
Thus if we define F, by F4(n):=F(n)+d,, and F, linear in each [n,n+ 1], we have 
F,>F and F,—F=o(L). 


Now define 
F(n) :=F ,(n) +max(0, —4F ,(n) + F4(n+ 1) -4F,(n+2), 


—4F ,(n—2)+F4(n—1)—4F,(n)), (3.7.19) 
then F(n)>F,(n) and F.(n)—F,4(n)=o(L(n)) by (3.7.16—-17). Defining F, linear on 
each [n, n+ 1] we obtain F; > F,,and F;, —F,=0(L) by (3.7.17). Further,(3.7.19) gives 

4(F3(n+1)+F,(n—1))>F,(n) (n=1,2,...) (3.7.20) 
which we use to show 
AF s(x++F (x—1))>F (x) (x>1,0<t<}). (3.7.21) 


For the points x—t, x+t lie in [n—1,n+1] for some integer n, and 
4(F 5(x+t)+F.5(x—t)) is by linearity a convex combination of (two or three of) the 
values of F; atn—1,n and n+ 1. So the point (x, 4(F (x +t)+ F(x —2))) lies inside or 
on the triangle A with vertices (r, F5(r)), r=n—1,n,n+ 1. But by F,<F, and (3.7.20) 
the point (x, F4(x)) lies below or on A, giving (3.7.21). 

Let p be a symmetric C”? probability density on R, with support [ —4,4], and let 
F(x) =(F5*p)(x)=J F5(x —t)p(t)dt. By (3.7.21), F, > F,, and recall F,>F. Secondly, 
F,—F=o(L), so F; satisfies (3.7.16) locally uniformly in u, hence 


F (x)= fE —(t—0(1))}L(x)p(t)dt = (F5(x)+0(1))L(x) 


since p is symmetric. Thus F, — F =0(L), and only (3.7.18) remains to be proved. Now 
F(x) =] F5(u)p(x —u)du, so for k= 1,2,.. , 


FY(x)= G 5(u)p(x —u)du 
= fr s(x —t)p(t)dt 


= fes —(t+0(1))}L(x)p™(t)dt 
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whence (3.7.18) since 
—1 (k=1) 
®(r)dt=0, (k) = 
fe G |e ae 0 (k=2,3,...). 


Corollary 3.7.8. If f €TI ,, there exists a (strictly decreasing) seSR_, with 
= i s(t)dt + o(xs(x)) (89722) 
if lim sup,..., f{x)= 00, 
f(x)=C- i s(t)dt +o(xs(x)) (3723) 


if C:=limsup,..,, f(*)< œ. Then xs(x)e SR, is an auxiliary function for f. 


Proof. If / is an auxiliary function for f, the theorem gives f(x) =0(¢(x)) + f, (x); thus fa 
also has auxiliary function 7. We may alter f4 on some compact set so that it is strictly 
decreasing on [0, co) and remains in SR_,. By Theorem 3.6.8, the auxiliary function / 
may be replaced by xf‘,(x) so 


fy=K+ | fi tdt + o(xf%,(x)) (3.7.24) 
(0) 


for some constant K. If limsupf<oo, then since by Karamata’s Theorem 
xfi(x)=o0(fš f1), the integral must converge as x > œ. Setting s=f', we obtain 
(3.7.23). If lim sup f= œ then (for the same reason) the integral in (3.7.24) must tend to 
oo, hence there exists X such that {* f > Xf,(X)+|K]. Therefore we may find se SR, 
such that s agrees with f on [X, œ), is strictly decreasing on [0, 00), and has 
fà s=K + fò f1. The conclusion (3.7.22) follows. Oo 


3.8 One-sided representations 


The classes ETI, and OII, are essentially two-sided: membership of each is 
characterised by finiteness of a pair of indices local and global respectively. It 
is sometimes important to know what is required for finiteness of just one of 
these indices. The results of this section originate in the work of Erdős & 
Karamata (1956) on ‘majorisability’ of sequences, and Bojanic & Karamata 
(19635), following Vuilleumier. Applications include recent work on one-sided 
Tauberian conditions of Bingham & Goldie (1983), Bingham (1984). 
Throughout the section, f is measurable and ge R,. 


1. Local indices 
Theorem 3.8.1. For every c>c, there is a representation of f 
f=fı—f2, where f, €T1,, of g-index c, and f, is non-decreasing. (3.8.1) 


For c<cș, representations (3.8.1) are not possible. 
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Here c is assumed finite, so that if c;=0o the first statement is vacuous, 
while if cp = —oo the second statement is vacuous and c in (3.8.1) cannot 
attain the value c,. 

The main tool for the proof is the following lemma, extending Lemma 4 of Bojanic & 
Karamata (19635). In it, we are implicitly allowing ourselves first to alter f and g to be 
locally bounded on [0, oo); under the assumptions of the lemma they are in any case 
locally bounded in some [X, 00). 


Lemma 3.8.2. Assume p>0 and c,< œ. Fix c>c, and define f,(x)=f(x)+ 
SUPreto, x {CP ‘9(t)—f(t)}. Then f,(x)~cp~ g(x) as x > œ. 


Proof. Clearly, f,(x)>cp~‘g(x), and we need prove only 
lim sup f;(x)/g(x)<cp~?. (3.8.2) 


Case 1. c>0. Fix c' >c, A>1, and p’ satisfying 0<p’<p. By Theorem 3.3.3, 
c>Q'(1)=sup,, , 2(8)/h(8), so Q(A) <ch(A). Hence there exists x, such that 


S(Ox) —f(x) <c’h(A)g(x) AS O<A, x> xo). 
Choose p’ with 0<p’<p, and define 
G(x) =sup{g(y)/y” :0 <y <x}. 


By Theorem 1.5.3, g(x) ~ g(x)/x’. Take y>x>x, and let n be the integer with 
AX VAS x then 


f(y) + ep” *g(x) —f(x) 
=cp~1g(x)+ x {SA x) — faex)} + fly) —f(A"x) 


<c'p~'g(x)+c'h(A) Dy g(Aix) 


<c'p tx’ Gy) + chA) 3 (Ax)? Gly) 


j=0 
=c'p xP g(y){1— (AP — Ia? — 1) +46 + DAP — 1/4" — 1} 
<c'p 1x0 Gyan? D (AP — AP — 1) 
<c'p™ y” G(y)d? (4P — 1)/(AP’ — 1). 
From this inequality, firstly 


fly)+ sup {ep "gx -SSc A IOA AEDA — 1). 


x6[Xxo,y] 
Secondly, since g(y) > œ, 
f(y)+ SUB ACAIR) TA 
=f(y)+cp~*g(Xo) —f(xo) + 0(9(y)) 
<c'p™ yP C ya? (a? — 1)/(A” — 1) + 0(g(y)). 


3.8. One-sided representations 169 


But f,(y) is the maximum of the last two left-hand sides. Hence, using 


Hy) ~ gY), 
lim sup f, (y)/g(y) <c'p "A? (A? — 1)/(4” — 1). 
y> æ 
Let p'Îp, c'}c, and then A]1, and (3.8.2) follows. 


Case 2. c<0. This case arises only if c;<0, and then by Theorem 3.3.3 
Q'(1)=0 and (3.3.6) holds. Fix Ae[1, J, p’>p, and c’e(c,0]. By (3.3.6) 
O(A, A*) <ch(A), so there exists x. such that 

f(Ox) f(x) <ch(Ag(x) (4<0<1?, x> xo). 
This time define g(x) :=inf{g(y)/y? :1<y<x}; again by Theorem 1.5.3, 
g(x) ~g(x)/x?. For xo<x<y/A, let n>1 be the integer such that 
A"x<y<A"**x:; then 


f(y) +cp *g(x) —flx) <c'p-* g(x) + (JAX) —f!x)} + fly) — f(A" *x) 


<c'p~'g(x) +e'h(A) ss) g(x) 


<c'p™ tx” gly) + c'hla) A (4x) g(y) 
j=0 
=e px GAP = D/O = 1) + 2°" (2? = IY" — D) 
<c p~ ix” gl ya (dP — 1)/(A" — 1) 
<c'p—*(y/A) Gly? — 1I)/(A? — 1). 
Just as in Case 1 we deduce 


f(y)+ sup {cp *g(x)—f(x)} 
xe[0,y/A] 


<c'p~ ty? JA (AP — 1)/(AP — 1) + 0(g(y)). (3.8.3) 
Now for xe[y/A, y], 
fly) + ep~ *g(x) —f(x) <cp~*x? Gy) + fly) —f@) 
<cp-*x? g(y)+9(y) tg/g(y)} 
sup { f(@x)—f(x)}/g(>). 
6e[1,A] 
Hence, since Q(A)=0 (using (3.3.5) for the second term on the right) 
fiy)+ sup {ep ~*g(x)—flx)} <cp-*(y/A)? Gy) + 0g). (3.8.4) 
xe[y/A,y] 
Since f,(y) is the greater of the left-hand sides of (3.8.3) and (3.8.4), and both 
are bounded above by the right-hand side of (3.8.3), we find 
lim sup f,(y)/g(y)<c'p 1A? (A? — D/A? — 1) 
yoo 


and then (3.8.2) follows as in Case 1. E 
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Proof of Theorem 3.8.1. If f has a representation (3.8.1) then f(Ax)—f(x)< 
f,Ax)—f,(x) for 421, and hence c,<c,;,=c. This justifies the second 
statement of the theorem. For the first statement, there is nothing to do if 
Cr= 0, SO assume c,<co. When p>0 the representation (3.8.1) has been 
constructed in Lemma 3.8.2, so from now on we assume p <0. Using Theorem 
3.5.3 with t:=1, we find cp=c,< co, so Lemma 3.8.2 gives a construction 
f=f,—f, where f, is non-decreasing and f,(x)~cg(x). Define f,(x) = 
xP 1H (x)+(1—p)[¥t?7f,(t)dt, so that fr(x) = JX? 'dfy(t) + X° 1 F(X) 
which is non-decreasing. Setting fı :=f+/,, we find by (3.5.3) that 


AUI= (=X HFK) 4-700) +(1=p) | tPF, (t)dt 


So 
fix) fie) _ fix) gAx) fied , * flux) He du 
g(x) glx) g(x) j) ğux) g(x) u 
c(AP — 1) +c(1—p) fi uP°duju=c(4°—1)/p, (p<0), 33s 
? Velog A, Ta A 
This completes the construction, and the proof. E 


The Karamata case gives a characterisation of the upper Karamata index, 
Theorem 2.1.4. 

An alternative way of regarding the decomposition (3.8.1) is provided by the 
following result: 


Theorem 3.8.4 (Bojanic & Karamata (1963b)). 


lim int < on (3.8.6) 


—1 
All 
if and only if f=f, —f, where fiel, and f, is non-decreasing. 


Proof. By Theorem 3.3.3, (3.8.6) is equivalent to c} < co; the result now follows as the 
case c=c, of Theorem 3.8.1. oO 


2. O-version 


There is also an O-analogue of Theorem 3.8.1. Recall that we assume g ER,- 


Theorem 3.8.5. Q< œ if and only if f has a representation 
S=fiı— f2, where fı eOII, and f, is non-decreasing. (3.8.7) 
If p=0, all representations (3.8.7) have the property Af Ap 
Proof. If f has a representation (3.8.7) then f(Ax) — f(x) <f (Ax) —f;(x) for A> 1, hence 


Q<co and, if p=0, Asas. So, assuming Q<oo, our task is to construct a 
representation (3.8.7) for f. We adapt the proofs of Lemma 3.8.2 and Theorem 3.8.1. 
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(a) Assume p>0. Define fı (x)= f(x) +sup,cro,x){ —f())}, then if we can show 
f(x) = O(g(x)) it will follow that f, €OIl,, and f is represented in the required way. 
Since f,(x)>0 it suffices to show lim SUP x of 1 (X)/g(x) < 00. Fix A> 1 and C>Q(A), 
then there exists x9 such that 


L(x) — f(x) <Cg(x) (1<O<A,x>Xo). 


Fix p’ €(0, p), and as before put g(x) = sup{g(y)/y? :0<y<x}. Take y>x>x, and letn 
be the integer such that 1"x<y<J"*1x, then 


(ial 
fiy)-flx)= E {A+ tx) flax) + f(y) —fA"x) 
j=0 


<C 3 g(Aix) 
j=0 

E Ax j) 

j=0 


C 
<C(A"x)? Gy) A (A? — 1) 
<Cy” G(y)A? 4” — 1). 


IN 


Thus 
fly) + Bee 4 —f(x)} <Cy? (yA? A” — 1) 
xe[xo y. 
and since g(y) > œ, 


fly)+ sup {—f(x)}=f(y) —f%o) + 0(9(y)) 


xe[0,xo] 
<Cy? G( yd? (A? — 1) 
and so lim sup,— f1()/g(y) < œ, as required. 


(b) Assume p <0. Use Theorem 3.5.1 with t=1, so that Q,<oo implies Q7< 00, 
and the representation f=f;,—f is constructed from f=/,—f, exactly as in 
the proof of Theorem 3.8.1. We have ie (x) =O(g(x)), and this together with locally 
uniform convergence of g(Ax)/g(x) may be inserted into (3.8.5) to give 
fi (Ax) —f, (x) = O(g(x)), as required. O 


Note that Theorems 3.8.4, 3.8.5 give similar characterisations, in terms of suitable 
decompositions f= f, — f2, of the statements Q’(1)< œ and Q < œ. It is interesting to 
note that there is no characterisation of this type for the intermediate statement 
Q(1+)=0; see Goldie & Trustrum (1980). 


3. Global bounds 
These extend the Potter-type bounds of Theorem 1.5.6 to the present setting. 


Theorem 3.8.6. Fix 6>0 arbitrarily, with 64 —p, where g e€ R,. 
(a) If Q< œ then there exist constants A,>1, x,>0 such that 


{ f(Ax) —f(x)}/g(x) < Az max(A?*?, 1) VAS1,x2>xp. (3.8.8) 
If, further, f,g and 1/g are locally bounded on [0, œ) then (3.8.8) holds with x, :=0. 
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(b) If f € OT, where £f eR then there exist A,;>1, x3>0 such that 


| f(y) -SO < Az max{(y/x)®, (y/x)~°} Wx BX3, Y> x3. (3.8.9) 
If, further, f, ¢ and 1/¢ are locally bounded on [0, œ) then there exists A, such that 
| f(Ax) —f(x)|/4(x) < Ag max(4?,A~°) WA>0,x>0. (3.8.10) 


Proof. 

(a) If f € OIL, (3.8.8) is easy to prove from the representation (3.6.1). Then (3.8.7) 
extends it to the case where we have only Q < œ. Now suppose also that f,g and 1/g 
are locally bounded. We need consider only the case 0<x<x,<Ax, and write 


SAX) =f) _ f(A) — £2) g2) F fœ) 
g(x) g(x) g(x) g(x) 
<AA, max{(d/x,)?*?, 1} + A’ 
by the case of (3.8.8) already proved, and local boundedness. When p + 6 <0 the right- 
hand side is bounded, so can be accommodated in (3.8.8) by raising A,. When p+6>0 
the right-hand side is 
(AA2/x8*°)A9*9 + A’ <(AA,/x6*°+ A'A +? 
which again can be accommodated in (3.8.8). 
(b) Applying (a), with ô replaced by $6, to f and to —f we find, for suitable 44, x’, 
f(y) — S040) < Aa(y/x)? (y>x> x). (3.8.11) 
Using Theorem 1.5.6 with ô replaced by 56 we deduce, for x3 := x; V xh, 
| fy) -F= {| fC) —fO/E0)} ON 
<A}(x/y)?A(y/x) (x> y> xa) 
=A,A(y/x)>®. 


With (3.8.11) this gives (3.8.9). 
Under local boundedness the same method works on the extended version (with 
x =0) of (3.8.8), hence (3.8.10). g 


3.9 Tauberian theorems 


As in § 1.7, we take a function U, non-decreasing and right-continuous on R 
with U(x)=0 for all x<0, and consider its LS transform 
U(s) = fto,o) € ”dU(y). 


Theorem 3.9.1 (after de Haan (1976a), Geluk & de Haan (1981)). If Z is slowly 
varying, c>0, the following are equivalent: 


{U(Ax) — U(x)}/¢(x) +cloga (x—>œ) Y4>0, (3.9.1) 
{O(1/(Ax)) — U(1/x)}/€(x) > clogd (x0) WA>0. (39.2) 

Both imply 
{U(x)— U(1/x)}/¢(x) > cy (x > 00). (3.9.3) 
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Proof. Integrating by parts, U(s)=s Jee *U(x)dx. Write 


Q(x) = | ydU(y)=xU(x)— | “wiih 
[0,x] 0 


By Theorem 3.7.1(ii) with X:=0 and t:=1, (3.9.1) is equivalent to 
Q(x)~cx¢(x) as x—> œ. Since Q is monotone, Karamata’s Tauberian 
Theorem shows that the latter is equivalent to O(1/x) ~ cxt (x) as x > œ, 
where 


A 


Q(s)= edO ES | eera UN): 
[0, 00) [0, œ) 
But Û'(s)= —Q(s), hence Û(1/x)= f% O(1/t)t~ 2dt. Since O(1/t) is positive and 
non-decreasing, log(Q(1/t)t~ 2) is clearly slowly decreasing. Theorem 3.6.10 
then shows that O(1/t)t~?~c?¢(t)t~! if and only if (3.9.2) holds. Thus (3.9. 1-2) 
are equivalent. 
Supposing (3.9.1) holds, we may without impairing (3.9.1) or (3.9.3) alter 7 
so that it and 1// are locally bounded on [0, «). Now 
O(1/x)—U(x)  (® U(Ax)—U(x) _, 
ZC I AG 
and by (3.8.10) the quotient on the right is dominated by A, max(/°, A~°), 
where we can take ôe(0, 1). Since max(/°,A~°)e~* is integrable we have 
dominated convergence as x > œ, and the integral converges to 


dà 


| (clog A)e~* dA=cI''(1)= —cy, 
0 
ie. G.9.3). o 


In fact monotonicity of U is not needed for the Abelian assertions ((3.9.1) implies 
(3.9.2—3)), and can be weakened for the remaining, Tauberian, assertion. See § 4.11, 
where general-kernel versions are considered. 

There is a variant of Theorem 3.9.1 in which explicit mention of a particular 
slowly varying function / is avoided. 


Theorem 3.9.2 (de Haan (1976a)). The following are equivalent: 
U(Ax) — U(x) 
U(ex) — U(x) 

(1/(Ax)) — U(1/x) 

(1/(ex)) — U(1/x) 


>logd (x70) VWA>0, (3.9.4) 


S slogs (x70) VWA>0. (3.9.5) 
Both imply 


{U(x)— acu} [fm | ran} sy (x70). (3.9.6) 
[0,x) 
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Proof. As U is non-decreasing, (3.9.4) with Lemma 3.7.2 implies 
U(ex)—U(x)>0 for all large x, so UelII,. Similarly (3.9.5) implies 
U(1/:) eI... So we can use the c= 1 case of Theorem 3.9.1 together with de 
Haan’s Theorem. E 


By taking /=1 in Theorem 3.9.1, we obtain the following interesting 
complement to Karamata’s Tauberian Theorem: 


Theorem 3.9.3 (de Haan’s Tauberian Theorem). If p20, the following are 
equivalent: 
exp UER,, 
exp U(1/")ER,. 
Both imply 
U(x)—U(1/x) > yp (x > o). 

In § 4.12 we shall link log U with log U just as the Tauberian theorems of Karamata 
and de Haan link U with U and exp U with exp U. Results converse to the above will be 
given in § 5.4. 

Just as most results earlier in this chapter about IT, have versions for OII, and oI, 
we have the following O-o version of Theorem 3.9.1, extending Theorem 2.10.2: 


Theorem 3.9.4 (de Haan & Stadtmiller (1985); Omey (1985)). Let geOR with 
B(g)>—1, and let U:[0, œ)— [0, œ) be non-decreasing and U(0+)=0. Then 
U e OII, [oll] if and only if U( 1/:) € OI, [oll,], and these imply 


{U(1/t)— U(t)}/g(t)=O(1)[o(1)]_ (t>). 
Proof. Omitted. 


3.10 The class I 


In this section we consider right-continuous non-decreasing functions f 
unbounded above. The results are due to de Haan (1970), (1974). For 
application, see §8.13. 


1. Definition and first properties 


The class of such functions that are also in II, is, from (3.7.8), those of the 
form 


x 


f(x)=/(x)+ | {(t)dt/t 


1 
with / € Ro; by Theorem 3.7.4 such f form a proper subclass of Ro. 

Linked with this proper subclass of the slowly varying functions is a proper 
subclass of the rapidly varying functions. 
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Definition. The class T consists of those functions f:R— (0, 0), non- 
decreasing and right-continuous, for which there exists a measurable function 
g:R- (0, œ), the auxiliary function of f, such that 


f(x +ug(x))/f(x) > e] (x> æ) WeR. (3.10.1) 
We note first that auxiliary functions cannot grow too fast: 


Lemma 3.10.1. In (3.10.1), g(x)/x > 0 as x > œ. 


Proof. Since e" is unbounded above (3.10.1) implies in particular that fais 
unbounded above: f(x) œ as x—> oo. But then (3.10.1) implies that 
f(x +ug(x)) > œ as x > oo for all we R, whence x +ug(x) > œ asx > œ for 
all ueR. The conclusion is now straightforward. E 


Next, we have uniformity in (3.10.1): 


Proposition 3.10.2. Let f eT with auxiliary function g. If u() is any real 
function with lim,..,, u(x)=ue[—œ,%] and lim,— „(x +ul(x)g(x))= +% 
then l 


f(x + u(x)g(x))/f(x) > e" (x > 00). (3.10. 1a) 
Proof. If wis finite this is a consequence of Polya’s extension of Dini’s Theorem 
(§ 1.11.22). Ifu= + œ then, for fixed A, the left of (3.10. 1a) is eventually at least 
f(x + Ag(x))/f(x) which tends to +00; hence (3.10.1a) for this case, and 
similarly if u= — oo. go 


Proposition 3.10.3. If fer then 


SA1) 
faxy fx)> {1 (4=1) as x > œ. 
0 (0<A<1) 


Proof. For A>1, u(x):=(A—1)x/g(x) ~ œ by Lemma 3.10.1. Now use 
(3.10.1a). Similarly for A< 1. = 


Referring to (2.4.1), f eT is rapidly varying, except that the domains of definition of 
functions in I are R, while those of functions in R,, are (0, 00). As our interest is in 
behaviour at œ, and we are assuming f monotone, the distinction is unimportant; 
with a slight abuse of notation we may write I c R „ and regard I as a subclass of the 
rapidly varying functions. As the members of I" are non-decreasing, Theorem 2.4.4 
gives CKRVSKR.. 


2. Inverses 


We define f~ by (1.5.10) as usual; then f~:(0, 00) > [—00, 0) is non- 
decreasing and right-continuous with f~ (%0)= œ. 
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Theorem 3.10.4. If f €T with auxiliary function g then 

{fAx)-f ()}/a(f~() > loga (x00) WA>0, (3.10.2) 
whence gof“ €Ro, and f“ EI1,. Conversely (3.10.2) implies fer with 
auxiliary function g=gof* of. 


Proof. Suppose f er. Choose 4>0 and u; <log A<uy. For all large x, 
f(x + U4g(x)) <Af(x) < f(x + u2g(x)). 
The right-hand inequality gives f* (Af(x))<x+u,g(x); the left (by 
monotonicity of f) that f~(Af(x))>x+u,g(x). Hence (via lim sup, lim inf) 
{f ~Af(x)) —x}/9(x) > logaz (x00) VWA>0. (3.10.3) 
Considering small u<0 in (3.10.1), we find f(x —0)/f(x) > las x > æ. Now 
ff" 0-0 <t<f(f()), so fof" (t)~t as t— æ. Choose 0<4, <1<Ay. 
For large t, At lies between A; fo f ~(t) (i= 1,2), so {f~ (4t)— f- (t)}/go f- (t) is 
sandwiched between {f° (Aifof ())—f- (t)}/gof- (t). By (3.10.3), these 
converge to log J; (i= 1,2), whence (3.10.2). Lastly, the argument of (3.0.3) 
shows gof~ €Ro. 
For the converse, assume (3.10.2), so that f“ ell}, gof“ € Rp and 


{£-USC) ~~ ofja) + logd (œ>) VA>0. (3.10.4) 

Since = AON). 
lim inf{ f ~ Af(x)) —x}/g(x)Slog A VA>0. (3.10.5) 
Pick 0<A<J’, then (3.10.2) implies that for all large t, f~((A/A’))t)< 


f7 (A/A Pt). Setting t:= f(x) we find that for all large x there exists y= y(x) 
such that 


(A/2') f(x) <S) S AAPS). 
Since f(y)< f(x) we get f~ of(y)<x, so 
SAAD —x}/9() < {fF ASO) —F> o f(y) }/G(). 
By (3.10.4), 


lim sup{ f~ (Aft) —x}/9(y) <log 7 


Here we can replace g(y) by g(x), because gof“ is slowly varying and 
f(y) Rf (x). Having made the replacement, let 2’| 1 and conclude with (3. 10.5) 
that 


lim {f“(Aftx)) —x}/g(x)=log A VA>0. (3.10.6) 


There is a very similar reverse argument to that used to obtain (3.10.3) from 
(3.10.1). Using it,(3.10.6) implies lim, ,, f(x +ug(x))/f(x) =e" for all real u, 
that is, fer with auxiliary function ĝ. O 
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We note that the arguments of g in (3.10.2) belong to the range of f~, hence if that 
range has (interval-) gaps, the values of g there are unrestricted by (3.10.2), and we 
cannot hope to deduce that g itself can be employed as the auxiliary function of f erT. 
In fact g agrees with g except on intervals of constancy of f; on such an interval, [a, b) 
say, g has constant value g(b). Thus g=g if and only if f is strictly increasing. 

Let II7 denote the set of f e II such that f, defined and finite on some (X, o0), where 
X>0, is non-decreasing and right-continuous there, with /(X+)=—o, 
flo —)= +00. 

By Theorems 2.4.4 (iv) and 2.4.7, for non-decreasing right-continuous f, feRo 
[respectively R,,] if and only if f“ ER, [respectively Ro]. Theorem 3.10.3 thus 
identifies the proper subclass I of R „ as corresponding to the proper subclass ITT of Ro 
under the operation of functional inversion. 


Corollary 3.10.5. (a) If f €TIÎ with auxiliary function f € Ry then f ~ eT with auxiliary 
function g:=¢fof*. The auxiliary function of fell is unique to within asymptotic 
equivalence, and can be taken as x`! fae 1) ydf ~(y). 

(b) If fer with auxiliary function g then f~ EIIt with auxiliary function 
gof~ €Ro. The auxiliary function of f ET is unique to within asymptotic equivalence, 
and can be taken as |% f(y)dy/f(x). 


Proof. 

(a) The first statement follows from the converse half of the theorem above, noting 
that for the functions f in use here, (f~)~ =f. De Haan’s Theorem gives asymptotic 
uniqueness for the auxiliary function / of f €IIf, and that one form for it is f(x) — 
Xa. i +, /(t)dt, where we have altered the lower limit of integration, as entitled. Since 
ft, this equals o fy, 4, yaf~(y). 

(b) Again, the first statement is part of the preceding theorem. For uniqueness of the 
auxiliary function let g, be another auxiliary function, then every sequence x, > œ has 
a subsequence x, such that g,(x,)/g(x,) > c € [0, 00], and 


e fl X, + I (%p))/ fn) =f Xn + {91 %n)/G Xn) IEn) Kn) > e. 
So c= 1; thus g, (x)~ g(x) (x > œ). Indeed, by another use of (3.10.1a) we see that not 
only is g, ~g necessary for g, to be an alternative auxiliary function in (3.10.1), but 
sufficient as well. 
If fel, the auxiliary function / of f~ eIIt may by (a) be taken as /(x):= 
x! ae ydf~(y), and then the auxiliary function of fer may be taken as 
g:=l of, by (a) with f“ for f. So we may take 


g(x) = | ydf ~(y)/f(x) 
(X +1, f(x)] 


JOS) 
= | fz)dz/ f(x), 


Y 
where Y := f “(X + 1). Define g, (x) = F f(2)dz/f(x). Since f (f(x) -0)<x<f* o fx), 
we have /( f(x) —0)<g(x)</(f(x)). But the UCT for Ze Ro implies /(t—0)~/(t) as 
t > 00,80 g,(x)~Zo f(x)=g(x), and thus g, may be used as an auxiliary function for f. 
Finally we can replace Y by zero, obtaining g2(x) = Jp f(2)dz/flx) ~ 91 (x) as auxiliary 
function. O 
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3. Representation 


The next two results are of value in their own right, though placed here as 
Lemmas for the representation theorem. 


Proposition 3.10.6. If g is an auxiliary function of f eT then g is self-neglecting 
(see §2.11). 
Proof. Let A(-) be any real function with lim,.,,, A(x)=4eR. We prove 

g(x + A(x)g(x))/g(x) + 1 (x> œ), (3.10.7) 
which suffices. Now x + A(x)g(x) > œ, by Lemma 3.10.1, so 

F(x + A(x)g(x) + g(x +A) + A(x)g(x)) +e (x > o). 
By (3.10.1a), f(x + A(x)g(x)) ~ e*f(x), so 
f(x +u(x)g(x))/f(x) > ttt (x> w) 


where u(x) = A(x) + g(x + A(x)g(x))/g(x). In any sequence x’, > œ we may find 
a subsequence x, such that u(x,) > ue[A, 0]. By Proposition 3.10.2, 


Sn HUn) In) fn) > e" 
Thus u=A+ 1; hence u(x) > A+ 1 and (3.10.7). O 


Corollary 3.10.7. Let f €T and let f(x): = |="? fly)dy (x ER). Then f eT, with 
the same auxiliary function as f. 


Proof. We may take it that f has auxiliary function g(x )= f> SO) dy/f(x). Fix 
ueR. Proposition 3.10.6 gives g(x +ug(x))~g(x) as x > æ, that is 


x + ug(x) x 
| sow] | S(y)dy ~ f(x + ug(x))/f(x). 
0 0 
The right-hand side tends to e“, precisely what is needed. oO 


Theorem 3.10.8 (Representation Theorem for T). The following are equivalent: 
(a) fel, 


53 y ps 2 
b) ro f a | noai | fonas SEO] 
(0) (0) 


(c) soepie | oar, where n(x)>dER, a(x)—> 1 as x> œ, b(:) 


positive and absolutely continuous with b'(x)— 0 as x œ; 
(d) f(x)= exp (x) + iF ino} where n(x) > de Ras x > w, and ¢ is self- 
neglecting. 


Proof (a) = (b). By Corollary 3.10.5b, we can take the auxiliary function of if; 
as P (y)dy/f(x). By Corollary 3.10.7, we may apply the same result to 
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Jo f(y)dy, which thus belongs to F with auxiliary function f% dy f} f(z)dz/ 

F; f(y)dy. But Corollary 3.10.7 also gives the asymptotic equivalence of these 

two auxiliary functions, yielding (b). 

(b) = (c). Define 

_ fle) §5 dy P> fle)dz 
(fo Jody} 


Now e(x) is the (a.e.) derivative of (x) := fă dy R A)dz/f} f(y)dy, so $(x)= 
cı + Jf e(y)dy for some c,, and ¢’ > 0. Then 


| HOOR +g} | ae | soaz}, 
1 10) (0) 


as the two sides have the same derivative, whence 


| dy | fleWle=C exp} | ‘ ano} (3.10.8) 
0 0 1 


for some C. On the other hand, 


AeA il >0 (x> œ). 


| dy i F(2)dz= $7(x)f(x)/(1—e(x)), (3.10.9) 


as one may verify by inserting the definitions of e(-) and ¢(-) into the right- 
hand side. From (3.10.89), 


f(x) = C(1 —€(x)) exp} | dro yet) 
But since ġ'(x)=e(x), 


7(x)=c3 exp 2 i ctor}. 


1 


and so 
f(x) =c4(1 —e(x)) exp) | ti-ze} (e(x) > 0, $'(x) > 0), 
1 
giving a representation of the required type. 


(c) = (d). Part of the Representation Theorem for self-neglecting functions. 


(d)= (a). Fix ueR. By the Representation Theorem (Theorem 2.11.3), 
ġ(x)=0(x), so x +ud(x) > œ as x > oo. Then (d) gives 


f+ ubtx)/fix)~exp} | anion} (x > œ). 


x 


x + u(x) 


The integrand is ~ 1/P(x), uniformly over the range of integration, by the self- 
neglecting property. So the integral tends to u, and fel. E 

In an extension of representation (c), Balkema & de Haan (1972) showed that the 
function a(‘) can be replaced by 1. 
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Corollary 3.10.9. The auxiliary function of fer may be taken as the 
denominator b in the representation (c), or the denominator @ in the 
representation (d). 


Corollary 3.10.10. If g is self-neglecting, then 


y(x) = exp | drao) (3.10.10) 
0 
is in T, with auxiliary function g. 


4. Further properties 


The Representation Theorem for I’ yields a partial converse to Corollary 3.10.7. 


Theorem 3.10.11. If f €T has non-decreasing positive derivative f', then f' eT. 
Proof. We can take the auxiliary function as g(x) =f? f(y)dy/ f(x). Now 


eee x)) -22 [ir Pe yy 
_f OR) So fay, ("Lx +w90)) y 
{f(x}? »o J) 
As x > œ, the left tends to e“— e”. If0<vu<u, the integral on the right is at least u—v, 
whence 


lim sup { f'(x) SOIS —e*)/(u—v), 


x oO 


so letting u|v the lim sup is at most 1. Similarly, taking v<u<0O and letting uļv, the 
lim inf is at least 1. Hence by Theorem 3.10.8b, f’ eT. go 


The next result gives a closure property of T; for others, see the exercises. 


Proposition 3.10.12. If fı €R, is positive on R, p>0 and f ET, thenf, o facr. 
Proof. If g is the auxiliary function to f3, 


falx + ug(x)/p)/f2(x) > et!” (x > œ). 
As f, €R,, 


FiS + ug(x)/p)) ~ fa (e"?fa(x)) ~ “fs (f2()), 
showing f, ofer with auxiliary function g(x)/p. E 


3.11 Asymptotic balance 


1. Definitions 


In defining the class OT, we assumed that, for each A> 1, { f(Ax) —f(x)}/g(x) 
was bounded for all large x. Now we consider the further assumption that it is 
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bounded away from zero. The class of asymptotically balanced functions, 
created for monotone cases by de Haan & Resnick (1984b), will here be 
developed more generally. 

Throughout this section f:(0,00)>R and g:(0,0)> (0,co) are 
measurable. Monotone functions will be taken right-continuous. If f is 
monotone and we take any sequence x), > œ, Helly’s Selection Principle tells 
us there is a subsequence x, such that 


{ fAX,) — fl%)}/9(%,) = KA) EL— 0,0] (n+ o) 
vaguely, i.e. for every A>0 at which k is continuous. Here k, which is mono- 


tone and depends on the initial sequence, is called a partial limit (of 


{ fAx) — f)}/9(>)). 


Definition. f is non-decreasing asymptotically balanced with auxiliary function 
g (notation f € | AB or f e€ AB,) if f is non-decreasing and every partial limit of 
{ f(Ax) —f(x)}/g(x) is finite everywhere and not identically zero. 


Lemma 3.11.1 (de Haan & Resnick (1984b)). If fe AB then its auxiliary 
function gE OR. 


Proof. First, for every 1 >0 we must have { f(ux) —f(x)}/g(x)=O(1) (x > œ). 
Pick 4>0 and take any sequence x, — oo. There must exist A >0, and a 
subsequence x, such that { f(Ax;,) —f(xi,)}/g(x),) > c#0. Now, with y:=Ax, 


FICO AA ea) ate War a iy (5 i): 
g(Ax) g(y) gly) 


So 


g(Xn) 
We have shown that every sequence x,, —> œ has a subsequence along which 
g(x)/g(Ax) remains bounded. Hence g(x)/g(Ax)=O(1) (x— œ), and 
gEOR. LJ 


9 (Xn) ~ | AN | ho 1) (n> œ). 
g(Ax}) g(Ax;,) 


For g EOR and f non-decreasing it is easy to see that f € t AB if and only if 
{ f(Ax) —f(x)}/g(x) is O(1) as x > œ for each A >0, and not convergent to zero 
for some A> 1. This suggests the following 


Definition. Let geOR. We say f is asymptotically balanced with auxiliary 
function g (notation f € AB or f € AB,) if there exists A> 1 such that 


0<f,(A)<f*(A)< 0 (ASA); (3.11.1) 
where 


f(A) =lim inff fx) -fix #2) = lim sup{ f(x) —f0)}/9(). 
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2. Uniform Convergence Theorem 


As with other function classes, under measurability of f this definition is 
equivalent both to a seemingly much weaker statement and to a seemingly 
much stronger: 


Theorem 3.11.2 (Uniform Convergence Theorem for.AB). Let gE OR, with 
(finite) Matuszewska indices a(g), P(g). For f measurable, the following are 
equivalent: 
(i) f EAB; 
(ii) there exist sets Sy, Sœ € (1, œ), both of positive Lebesgue measure, such 
that f,(A)>0 (AESo) and f*(4)< œ (AES); 
(iii) for any a, P satisfying — œ < P < P(g) Salg) <a < œ there exist A > 1 and 
positive constants X, c4, C2, depending on a, B, such that 
| (Ax) —f(x)|/g(x) <c,A™™™ (1>1,x>X), (3.11.2) 


{f(Ax) —f(x)}/g(x)ec,A""™F (ASA,x2X). (3.11.3) 


Proof. We are to show (ii) = (iii). First, from (3.0.2) we see that if A and y are in 
So then f, (Au) > f,(u) >0 so Aw E€ So, and So is closed under multiplication. By 
Corollary 1.1.5, f,(A)>0 for A>ay where aọ> 1. With this, we have the 
conditions of Theorem 3.1.3. In it, take t:=« if «#0, and take t to satisfy 
a(g)<t<0O if ~=0, then the theorem gives (3.11.2). To prove (3.11.3), first 
adapt the proof of Bingham & Goldie (1982a) Theorem 3.1 to show that for 
every a,b with a@<a<b, 
liminf inf ie) — f(x)}/g(x)>0. (3.11.4) 
x70 Aef[a,b 
To do this, let F(x) := f(e”), G( Ei = g(e*), Ag :=log ao, A :=log a, B:=log b; 
since gEOR we have 
G(x+u)/G(x)>M>0 (O<u<B,x>X,) 

instead of (3.10) in the quoted proof. Now take the rest of the proof 
(measurable case), reversing every inequality involving F, and replacing n by 

-1n by 2n~', and obtain (3.11.4). 

We may fix a>aĝ so large that g(ax)/g(x)>a’ for all x> X,. By (3.11.4), 
with b:=a’, there exists X4 >X, such that 


EED = ENEN CSO; WEA ES a) GHS) 
For A2>a we have a"<A<a"*! for some integer n> 1, and then for x2X,, 
f(Ax) — mill), f(x) — fla" *x) gla" x ey S(a*x) — fla’ *x) gla‘ *x) 
g(x) g(a" *x) g(x)  x=1 g(a" *x) g(x) 


n 
> F cat=», 
k=1 


This gives (3.11.3) when £ <0, with c, :=c and X, in place of X. When B>0 
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the lower bound is 
c(a"? — 1)/(a’ — 1) >c{(A/a)’ — 1}/(a’ — 1) 
which exceeds cA*/a?’ when 4>a?, hence again a bound of form (3.11.3), 


on x> X, say. Finally, in both (3.11.2) and (3.1 1.3), take the largest of the X; 
encountered. E 


Corollary 3.11.3. Let f be non-decreasing, gEOR. The following are then 
equivalent: 

(i) fet AB,, 

(ii) f € AB,, 

(iii) there exist Ay >1, 2,>1 such that PADE 0, f* As) <r 


Proof 

(i) = (iii). We must have f*(A)<oo for all A2>1 in order that partial limits 
be <œ for A>1. If we cannot find 2>1 such that f,(A,)>0 then 
lim, .{ fx) —f(x)}/g(x)=0 for all A>1, hence also for all A€(0, 1) since 
g(Ax) g(x), and so all partial limits are identically zero. 


(iii) = (ii). Monotonicity implies f,(A)>0 for all AZA and f*(A)< œ for 
all Ae[1,4,], so f € AB, by Theorem 3.11.2. 


(ii) > (i). Immediate by (3.11.2-3). oO 


3. Representations 


We have found representations for f € AB, only when g € OR has positive increase or 
decrease (which includes regular variation with non-zero index): 


Theorem 3.11.4 Let f be measurable. 
(i) If geBIaPI then f € AB, if and only if fg. 
(ii) If ge BDO PD then f € AB, if and only if C—f(x) g(x), for some constant C. 


Proof. 

(i) g is almost increasing, by Theorem 2.2.2, so there exists non-decreasing g g, and 
the premiss and conclusion of (i) are unaltered by replacing g by g. So without loss of 
generality we may assume g non-decreasing. Assume first that f € AB,, then f € OTI, so 
f(x)=O(g(x)) by Theorem 3.6.1*. By (3.11.3) we can find A>1 and X such that 
{ f(Ax) —f(x)}/g(x)>c>0 for x>X, and by (3.11.2) we can find a positive integer N 
such that AY>X and | f(x)|<M<oo for AN<x<A%*?. For x>A" let n(x) be the 
integer such that AN*"<x<A%*"*!, then 


floc) = flx/A") + F {flo/A*)— flx/A**4)} 
(0) 


k= 


n-1 
>—M+c X g(x/A***) 
k 


=0 
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n-1 (*x/A‘T 


> —M + (c/log A) 2 g(t)dt/t 


k= 
x/A 
> —M + (c/log we g(t)dt/t 
AN 


and this is ¥ g(x), by Corollary 2.6.2. Thus fxg. 
Conversely if fH g then since g € OR it is immediate that f*(A) < co for all A> 1. Let 
A:=lim inf, ,,. f(x)/g(x), B := lim sup, » f(x)/g(x), then 0< A <B < œ, and 
f,(A)> A lim inf g(Ax)/g(x)-—B_ (4>1). 
By Proposition 2.2.1, since [f(g)>0, there exists A such _ that 


lim inf, » g(Ax)/g(x) > B/A for all ADA. Thus f,(A)>0 for all ADA, and fe AB,. 
(ii) Similar, using Theorem 3.6.17. g 


There is, however, a complete representation for the class 7 AB,: 


Theorem 3.11.5 (de Haan & Stadtmiiller (1985)). Let o > max(0, — B(g)). Then f et AB, 


if and only if f(x)= SOI xt “*df(t) (x>1), where f is non-decreasing and 
IO) RX7G(x). 


Proof. f is simply the indices transform of f as in (3.5.2'), with X := 1. Define g by 
(3.5.1). Assume f €f AB,, then all that has to be proved is fg. In (3.5.4) the integrand 
is non-negative, hence 


lim inf { fx) -f/f A) A> 1) 
and the right-hand side is positive for all large 4. On the other hand the lim sup is finite 
for all A> 1, by Theorem 3.5.1. Thus fe AB,, and so Ig by Theorem 3.11.4. 
Conversely if f% g then fe AB,, again by Theorem 3.11.4, and since 


A 


S(Ax) — f(x) = (Ax)~°{ fax) — fle) + ox~? fo u~°{ f(ux) —fix)}du/u, 


1 
with the integrand non-negative, we obtain 
f_(A)>A~* lim (fx) -Ax)}/Gx) (ASI). 


The right-hand side is positive for all large 2. Also f*(A) < co for all A> 1, by Theorem 
3.5.1. Thus f € AB,. oO 


4. Remarks 


Asymptotic balance plays a key rôle in stochastic compactness of sample 
extremes (cf. § 8.13.11) and has also begun to be used in Tauberian theorems 
(cf. Geluk et al. (1986), Geluk (1985)). 
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3.12 Slow variation with rate 


1. Slow variation with remainder 


Let / be slowly varying. As in (2.3.0) we impose a rate on the convergence 

¢(Ax)/¢(x) > 1. The material in this section is taken from Goldie & Smith 

(1987); see also Aljanci¢ et al. (1974). Let g: (0, 00) > (0, 00) be measurable and 

g(x) > 0 as x > œ, then f is called slowly varying with remainder if it satisfies 

one of 

SRI VA>1, ¢(Ax)/¢(x)—1=O(g(x)) (x> œ); 

SR2 WA>1, ¢(Ax)/¢(x)—1~k(A)g(x) (x > œ); 

SR3 VA>1, ¢(Ax)/¢(x)—1=0(g(x)) (x > œ). 

Setting f(x) :=log /(x) we have for each fixed 2>0 that f(Ax) — f(x) > 0, so 
C(Ax)/¢(x) — 1= ef CP IO) ~ F(Ax) — f(x) (x > o). (3.12.1) 

Thus SR1-3 correspond respectively to f belonging to OTI, I, and oTI,, and 

the theory of these classes developed in the present chapter largely carries 

over, with specialisations here and there following from our standing 

assumption that now g(x) > 0 as x > œ. 

First, as in § 3.0, if SR2 holds and there exists 2 such that k(A)#0 and 
k(Au)# k(u) for all u, then g € R, for some p <0, and in that case k(A)=ch,(A) 
where c is constant. For SR2 we shall assume this to be so. 

But g in SR3 need not be regularly varying, so SR3 is more than just the c=0 case of 
SR2. 

The Uniform Convergence Theorems for OII, I, and ol, yield: 


Theorem 3.12.1. Assume g € BI (and ¢,g measurable, g(x) + 0). Then each of 
SR1-3 implies that the same statement holds locally uniformly in (1, œ). (In the 
case of SR2, g€BI is a consequence of gE R,.) 

The Representation Theorems for OI],, I, and oI, now give: 


Theorem 3.12.2. Let g have bounded increase (and ¢, g measurable, g(x) > 0). 
Then f satisfies SR1, SR2, SR3, respectively, if and only if for some X, 


x 


(x)= exp} C+01400) | Olato} SZX) (3.12.2a) 


X 


x 


=op C+ 0(400)+ | (+ ott) ate (x>X), (3.12.2b) 


X 


x 


ro =epf colat) + | oat (x>X). (3.12.2c) 


X 
Here C is constant, the O,o functions are measurable and, for SR2, g € R, and 
KENED 1 

When g has positive decrease (which in the SR2 case necessitates g € R,, 
p <0), the representations simplify: 
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Corollary 3.12.3. In Theorem 3.12.2 let g e PD, then the representations become 


SRI <> ¢(x)=C{1+O0(g(x))} (x — 00), 
SR2 <> ¢(x)=C{l+cp~'g(x)+o(g(x))} (x> æ), 
SR3 <= ¢(x)=C{1+o0(g(x))} (x > œ), 


where C>0. 


Proof. Since g(x) > 0 the claimed representations are equivalent respectively 
to 
log C+ O(g(x)) 


f(x)= { log C+cep~ 'g(x) + e(g(x)) 
| tog C+o(g(x)). 


By Theorems 3.6.1~ and 3.6.6, these are equivalent to (3.12.2a,b.c). go 


2. Super-slow variation 

In Theorem 2.3.1 we showed how slow variation with remainder, as above. 
can imply slow variation with ‘internal’ rate. We now discuss the latter topic. 
The notions of self-neglecting and self-controlled functions (§ 2.11) will be 
needed. 

For the rest of this section we consider measurable functions 
l: (0, œ) > (0, œ) and €:(0, œ) > (1, œ). Extending C. W. Anderson (1978) 
we have the following. 


Definition. ¢ is called super-slowly varying, with auxiliary function č. if for some 
A>0, 
¢(xE°(x))/¢(x) > 1 (x > 00) uniformly for OKKA. (3.12.3) 
If (x) > œ (which we shall not always assume) this implies 2 is slowly varying. 
A natural condition on č turns out to be 

clog ¢(x) <log €(xé*(x)) <C log E(x) (<5 <A, x>X). (3.12.4) 

where C, c, X are positive constants. Writing ġ(t) :=log E(e’) this becomes 
colt) <O(t+dG())<Cd(t) OSA, tT). (3.12.4’) 


that is, œ is self-controlled (with respect to A). And writing h(t) :=log ¢(e’), 
(3.12.3) becomes 


h(t+d9(t))—h(t) 30 (tc) uniformly forO<d<A. (3.12.3’) 
We note that when € is non-decreasing it is Straightforward to iterate (3.12.3’), 


hence (3.12.3) becomes valid for every A>0. But this is not so in general. 


With @ self-controlled we obtain uniform convergence and representation 
theorems: 
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Theorem 3.12.4 (Uniform Convergence Theorem for Super-Slow Variation). 
Suppose that for each 6>0 sufficiently small, 


¢(xE?(x))/¢(x) +1 (x > o) (3.12.5) 


and that $(t) :=log č(e) is self-controlled. Then ¢ (measurable) is super-slowly 
varying, with auxiliary function č. 


Proof. Take A so small that ¢ satisfies (3.12.4’) for some c, C, and (3.12.5) holds for 
0<6<A. Pick A’ e€(0, A) and suppose /(xé(x))/7(x) fails to tend to 1 uniformly in 
ô e [0, A’]. Then there exist T<t, > 0, €>0O and ô, €(0, A’) such that |h(u,) —h(t,)|>e 
for all n, where u, :=t,+6,(t,). Set A:=(A’—A)/C and 

W, = {u E [0, A]: |h(u, — uo (un)) —h(u,)| <4e}, 

W, = {A=6, + udblu,)/P(t,): uE Wy} 
Then |W,| > A (apply dominated convergence to the indicator function of W,), so 
lim inf,,.,,|W;|>cA. All the W’, are subsets of [0, A], and since W:=(\_, Un We 
has measure 


U W 


k=n 


|W|=lim >cA>0, 


n 


it must be non-empty. Thus there exists A belonging to an infinite sequence of W, and, 
for those n, 
hlt, + A@(t,)) —h(t,)| =|A(un + up lun) —h(t,)| 
> |h(u,) —h(t,)| —|h(u, + Hp (u,)) —h(u,)| > 4e, 
contradicting (3.12.5). oO 


Theorem 3.12.5 (Representation Theorem for Super-Slow Variation: extends 
Anderson (1978).) Let é be such that $(t) :=log éle) is self-controlled and 1/ 
is locally integrable on [T, ©). Then f is super-slowly varying with auxiliary: 
function € if and only if 


@ 


rozaa | elu)du/u (x>X) 


X 


for some X >0, where a(x) > a e (0, co), e(x)=0(1/log é(x)) as x > ©. 
Proof. We may assume ¢ satisfies (3.12.4’). We are to show that (3.12.3’) is equivalent 
to 
h(t) = b(t) + f e(ujdu (t>T) (3.12.6) 
FT 


where b(t) >b and e(t)=o(1/P(t)) as t+ 0. Assume the latter, and set r(t):= 
sup,>,|e(u)(u)|, then for O<ô<A and t>T, 


t+ dp(t) 
h(t + 5o(t)) —h(t)| <o(1) +| \e(u)|du 


+ dp(t) 
PEAD | (1/p(w))du 
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<o(1)+r(t)dP(t){ 1/(eP(t))} 
<o(1)+Ac™ 'r(t) > 0. 


Conversely, assume (3. 12.3’) and define z(t) := f}, (1/#(u))du, for t> T. By assumption 
t(t) is finite. Also t is continuous and strictly increasing and, for t> T, 0<d<A, 


t+ do(t) 
t+ 00())—r10= | (1/(u))du> d/C, 


so that in particular, by iteration, t(t) + 00 as t > œ. Thus the inverse function t“ is 
well-defined and finite on [0, 00), continuous and strictly increasing to œ. The above 
calculation shows 


t (z+6/C)—t* (z) <ôp(t" (z) (O<6<A). 
This and (3.12.3) give 
h(t~(z+06/C))—h(t“(z)) 30 (z> œ) uniformly in 0<d<A, 


so hot“ is log /,(e*) for some slowly-varying function 7, ,and thus has a representation 
hot“) =b) + | Deo 
0 


with b,(z) > b and e,(y)=o(1). Setting z:=1(t) yields 


t 
ro=ic0)+ | (e (t(u))/p(u)du (tT) 
T 
which is (3.12.6). O 
A sufficient condition for 1/¢ to be locally integrable, as the above theorem requires, 
is that the sequence 
tı :=T, th+1 =t,+A(t,) (n=1,2,...) 


tends to co, for then we can use (3.12.4’) iteratively to bound ¢ below on every compact 
interval in [T, 00). In turn (2.11.5) suffices for this. 

C. W. Anderson (1984) has (different) representations for super-slowly varying / in 
cases when the auxiliary function € grows faster than allowed by (3.12.4). 


3.13 Exercises and complements 


1. Verify that this chapter may be made self-contained by a ‘double-sweep’ reading, 
first extracting the Karamata case by taking g=1, then re-reading the general 
case. 


2. Suppose ge R, where p>0, f is measurable and 
{ flax) — tA) fl}/g(x) > kA) (x 20) VA>0. 
Then either (i) there exist constants A440, >p, C such that 
f(x)= Ax" + Cg(x)+0(g(x)),  t(4)=4",  k(4)=C(4 — A"), 
or (ii) there exists C such that f(x)~Cg(x), k(A)=C(/? —t(A)), 


10. 


Li 


12. 
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or (ili) x °f(x)e; where g(x):=x~°g(x)eRy (Elliott (1978); cf. Balkema 
(1973). 


. If g is non-increasing, or more generally if (3.0.8) holds with t=0, then the 


bound in (3.1.2) can be replaced by K log A, and the bound in (3.1.5) by 
K + K' log å (Bingham & Goldie (1982a)). 


. In Theorems 3.1.5, 6, if f and log g are locally bounded on [0, 00) then there exist 


constants K,o such that 
| fx) —f(x)|/g(x) <K max(4, 47°) (A>0,x>0). 
Further, by Proposition 2.2.1 we have 
g/g) <A(y/x)"" (x>y>xı), 


and then for 0<A<1 the above bound may be replaced by KAT™=%0) 
(Biingham & Goldie (1982a)). 


. Formulate and prove the o-analogues of Theorems 3.1.1-6. 
. If p>0,A>1, ER show that 


wh 
C(x) 


1 [dog x)/(log 4)] 
— A PEIA 1/14’ > 
Ax) È (x/A") > 1/( ) (x70) 


(Bojanic & Karamata (19635)). 


$ aex) > 1/(1—A-’) (x > 0), 
0 


. Show that measurable f: R*—>R* is in I if and only if for some X, 


| sos- | o | oael fso- | ow} 4 (x > œ) 
X X x X 


(de Haan (1970); the restriction to monotone f is removable). 


. Let U be non-decreasing, U(0+)=0, and let «>0. Then Uell, iff 


i t"dU(t)e R, iff J2t-7dU(t)eR_, (de Haan (1977)). 


. f eT ifand only if for eI for every re R,. Let f have auxiliary function g. The 


auxiliary function of for is gor (de Haan & Resnick (1979a)). 


f €M1, if and only if 1/f eI _. The auxiliary function of 1/f is g/f* (de Haan & 
Resnick (1979a)). 


If f eT with auxiliary function 7, and /)€Ro, then 7) f eI if and only if 


fogo. I +0 (x0) VWA>0 
f(x) ¢(x) ; . 


and then /, f has auxiliary function /)/ (de Haan & Resnick (1979a); cf. § 3.12). 


Formulate a notion of conjugacy in I ,, I _, reducing in the Karamata case to 
the de Bruijn conjugacy in Ry of § 1.5 (de Haan & Resnick (1979a)). 


. If a:(0, œ) > (0, œ) and b:(0, 00) > R are such that 


{ f(Ax) —b(x)}/a(x) > logdA (xc) VWA>0 
then f €I1,, assuming a and f are measurable (de Haan (1977)). 
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19: 


3. de Haan Theory 


Functions f, g on (0, o0) are inversely asymptotic (at œ), written f *g, if for each 
A> 1 there exists X (A) with 
S(x/A) < g(x) <f(Ax) Vx>X(A). 
(i) Let fell, with positive /-index. Then f*%g iff f(x)=g(x)+o(¢(x)) 
(x > œ). 

(ii) For f,g non-decreasing and unbounded above, f Æg iff f7 ~g". 

(iii) Let feR, with p>0. Then f*g iff f~g (Balkema et al. (1979)). 
If QU+)=0 or if Q_(1+)=0 then c,=lim,),c,(A), where c,(A)= 
lim supy, y> { f(y) —f(x)}/[. g(t)dt/t, A> 1. If ge R,, p #0, then 

c¥(A)=lim sup p{ f(y) —f&)}/{g(y)-g@)} A> 


x,y > 00 
y2Ax 


may be used instead of c,(A) (Bingham & Goldie (19825)). 


Assume Q(1 + )=0. Then c; < œ if and only if there exists a constant K >0, and 
a function y(-) satisfying y(x)>x+1 Vx, lim,- y(x)/x=1, such that 


y(x) 


vx  {f(y)) -s)| g(t)dt/t<K. 


If ge R, p #0, this may be replaced by 
Vx, PAIO- AKIO) -—9(X)} <K 
(Bingham & Goldie (1982b)). 


. Let (a,) be a real sequence. There exist (A,,), A with 


GaAs n} ASA 


1 
if and only if lim inf.) W(e)/£ < oo, where 


W(e):=limsup max n+ YY aq, 


n>oo n&Xn'<(1+e)n i=n+1 


In that case the least value of A is 


A*=lim w(e)/e = sup w(e)/e, 
Pane) e>0 
where 
[Q +e)n] 
w(é):=limsupn™* X a; (e>0), 


n> i=n+1 


and A* is attainable (Erdős & Karamata (1956)). 


. Assume cp <œ. Set c=c, if cr > —oo, and otherwise take arbitrary finite c. 


Given ¢>0, d>0 there exists x such that for all x> xo, A> 1, 


chy, (A)+e(Ae*?+1) ifc>0 


= \ 
(fx) TOMO ES a he hia if c<0 


(Bingham & Goldie (19825)). 


If @ is continuous and self-neglecting, the following are equivalent: 


20. 


21. 


22: 


23; 
24. 
25: 


26. 


2 


28. 
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(i) U(x)=B(x)+C(x) with B non-decreasing and for some u, 
{C(x + th(x)) —C(x)/o(x) aut (x> œ) VteR, 
ii U — 
tu) limliminf inf —*t¥PC)— UC) 
hO xc ue[0,h] hd(x) 
(the case o(x)= v x is particularly important). These are one-sided Tauberian 
conditions; for their equivalence, and the corresponding Tauberian theorems, 
see Bingham & Goldie (1983). 
Let f be non-decreasing on (0,00), with f(0+)=0. Fix B>0 and define 
U(x) += x?f(x) on (0, co),0 on (— œ, 0]. Then x -*U(x) el, iff x-*U(1/x) ell ,, 
and they imply 
U(x)—O(A/xy/M(B+1) Bb +1) 
af 2 JG taf(t) I(B+1) 


(x > œ) 
(Geluk (1981b)). 


A non-decreasing function f is in TOR if and only if 


x y x 2 
fs) | o | fled: | | sois} >c (x>). 
0 0 0 


Here c e [ġ, 1]; c=1 if fel, while ce, 1) if f ER, 4 2 (de Haan (1970)). 
Let r(x) =f% (SOAL f fly)dy} for x, 2>0. 

(a) If fel, r(x) > lla as x > œ. 

(b) If conversely r,(x)—> 1/x for f(-)>0 non-decreasing and «#1, fer 
(de Haan (1970)). 


If f, eT, f2ER, (—1<p<oo), then fı of,¢T (de Haan (1970)). 

If fier, fher, f, ofer (de Haan (1970)). 

If fi, f.2¢T have the same auxiliary function g, we call f, and f, g-equivalent. 

The equivalence class of fel’ corresponding to g contains the (+) defined by 

(3.10.10). Show that it consists of the functions m(y(x)) with m e R, monotone (de 

Haan (1974)). 

If fi, facr, f,(x)/f2(x) > ce(0, 0) as x oo if and only if there exists 

a(‘):R* > R* such that 
f(x) —f ii (x) 


>logi+loge (x> œ) VA>0 
a(x) 


(Resnick (1971)). 


If fetAB, then there exists a twice-differentiable h with h(x)> f(x), 
h(x) — f(x) g(x) and heTAB,. Further, if we take 6>0 sufficiently small and 
set H(x) :=h(x*) then —xH"(x)H'(x)€BDOPD (de Haan & Resnick (1984b)). 


Let f: R > R be non-decreasing and f(% —)= œ. Then f €} AB ifand only if for 


some T, (u) 
f (t)=c(t) api | WD aul (t>T) 


with a(:)‘Xc(-)1 and b(-)>0, b'(-) bounded on [T, œ) (de Haan & Resnick 
(1984b)). (Compare the Representation Theorem for I’, also Theorem 2.11.4.) 
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29. In Theorem 3.9.4, further, U €7 AB, if and only if U(1/-)e AB, (de Haan & 
Stadtmiiller (1985)). 


30. If / satisfies SRI (see § 3.12) then we would expect that for well-behaved vu(:), 


œ 


F vaN | v(A)dA + O(g(x)) (x> æ). 
1 


1 
This is so if |? A*|v(A)|dA < œœ for some e>0, and a(g)<e. A similar result holds 
for SR2 (Aljancic et al. (1974); Goldie & Smith (1987)). 


31. If / satisfies SR2 (see § 3.12) then f:=log / eI. If f eT, then either exp f or 
exp(—1/f) satisfies SR2 (Goldie & Smith (1987)). 


4 


Abelian and Tauberian Theorems 


4.0 Preliminaries 


We have seen in Karamata’s Tauberian Theorem that the asymptotics of a 
function U and its Laplace-Stieltjes transform U are closely linked : subject to 
suitable Tauberian conditions on U, UeR iff U(1/-)eR. In a similar way, de 
Haan’s Tauberian Theorem tells us that U eN iff U(1/-) eT. It turns out that 
this type of behaviour is by no means specific to Laplace transforms but is 
present much more generally in integral transforms of convolution type. 
Similar behaviour arises with matrix transforms which are, in a certain sense, 
asymptotically equivalent to convolutions. Particularly important are the 
classical cases of Fourier series and integrals. 

Results in which we pass from a function to its transform are called Abelian. 
Results in the converse — Tauberian — direction are typically much harder and 
need extra conditions, known as Tauberian conditions. Sometimes our 
hypothesis concerns the function and transform together, with no side- 
conditions; such results are of Mercerian type (Chapter 5). Our task in the 
present chapter is to give an integrated account of the circle of Abel-Tauber 
theorems in which regular variation plays a key role. 

The Abelian part of the theory substantially originates in Aljancic, Bojanić 
& Tomic (1954) and important unpublished work of Karamata (1962), 
Bojanić & Karamata (1963a,b), and was completed by Vuilleumier (1967). Its 
Tauberian counterpart, developed by Delange (1950) and Baumann (1967), is 
based on the Wiener Tauberian theory, and stems from classical work of 
Bochner and others. Our account consolidates and extends the work of these 
authors. 

As well as Abel—Tauber theorems for integral convolutions and matrix 
transforms we shall consider Mellin—Stieltjes convolutions (§§ 4.4, 4.9), and 
second-order results involving differencing (§4.11). Finally, theorems of 
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‘exponential type’ (§ 4.12) link the asymptotics of, for instance, log U and 
log U(1/"). 


1. Mellin transforms and convolutions, and notation conventions 


Integrals are over (0, 00) where not specified. Given a (measurable) kernel 
k:(0, 0) > R, let 


k(z) = | eon | cxctindu (4.0.1) 


be its Mellin transform, for ze C such that the integral converges. Since the 
convergence of J, t *k(t)dt/t ee ~?k(t)dt/t] for z= o € R implies convergence 
for Re z<o, [Re z> co], it follows that k(z) in general exists in a strip (which 
may be empty) o,<Rez<o,. It is convenient to think of dt/t as the 
integrator, as it is the Haar measure of the multiplicative group (0, 00) over 
which we integrate. 

For suitable functions f,g:(0, 00) > R the Mellin convolution is the function 


f¥g given by 
f¥ G(x) = [naod (4.0.2) 


for those x>0 for which the integral converges. We shall also consider the 
Mellin-Stieltjes convolution a ¥ B defined by 


ot & B(x) = | a(x/t)dB(t) (x>0) (4.0.3) 


for Be BV,,.(0, œ) (see Appendix 6) and suitable «. Proposition A6.10 gives 
certain of its properties. 

In (4.0.2) f will often be regularly varying, so the appropriate class of 
regularly varying f to use in (4.0.2) is R*, the class of f eR, that are defined 
and locally bounded on (0, œ), and O(x’) asx > 0+. 

One of our concerns will be the relation between f and k% f where k is a 
fixed kernel; specifically; the relation between regular variation (of index p) of 
f and that of k% f. Peuzisticaly, since (k% f) =k: f, we expect to be able to 
arene from f to k¥ f without trouble, but to find out f from knowledge of 
k% f we expect to need k(z)40 for relevant values of z, and this is indeed the 
case. In fact it is those z with Re z=p that are relevant, and we arrive at the 
‘Wiener condition’ to be imposed in one or other form in § 4.8 et seq. 


2. Sequences 


Given a real sequence (s,,);° we write s, for St Without comment, [ ] being 
integer part. This is to be distinguished from s(-) which will denote any chosen 
interpolant of (s,), that is, a function on (0, co) whose values on each [n—1,n]} 
lie between s,_, and s,, and has s(n):=s, for neN, and s(0):= 1 (say). One 
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such interpolant is s,, but applications may call instead for a continuous 
interpolant, and our formulation covers both. 
When s=(s,),;; is a real sequence and a=(a an j)}nj=1 & real matrix, write 


= 2a Ay, jj (4.0.4a) 


for each n for which the series converges, and if they all converge, write r=as 
for the sequence (r,,)° so defined. We shall be interested in the relation between 
the assertions s,~cn’/, and r,~c’n°/,, where c,c’,p eR and l e Ro. When 
c=0 weinterpret ~cn’/, as o(n’/,,). These assertions can always be reduced to 


the p=0 case by setting 
S,?=5,/n’, RESTENE An, j `= an, j(j/n}? (4.0.5) 


n,J 


upon which (4.0.4a) becomes 


Sat So (4.0.4b) 


or, in terms of R= (R) S=(S,), A= (A,,), simply R= AS. We define «(-) by 
[nt] [nt] 


ayP(t)'= >) a,,(i/n)?= F}, Anj (t>0), (4.0.6) 
j=1 j=1 
whence two more versions of (4.0.4): 
Li foao, : (4.0.4c) 
R= | Sda O(t). (4.0.4d) 


Here we are considering the «%” as functions of bounded variation, and the 
Abelian and Tauberian theory will hinge on the ‘narrow’ convergence of such 
functions developed in Appendix 6.5. The following quantity will be 
important. For c eR, set 


=lim sup Jerr =lim tsup 3 la, |/n), (4.0.7a) 
and note that 
M,=lim sup fe Pidot). (4.0.7b) 


3. Radiality 


We say that a=(a„;) is p-radial (German: gestrahlt) if for some N, 
a”) e NBV(0, œ) for n>N, and the sequence (aP), y satisfies af? 5 a for 
some «”)€NBV(0,0c) which is then called the p-limit function 
(Gestrahlungsfunktion) of a. By Corollary A6.6 and remarks following, a is p- 
radial with given p-limit function «” ¢ NBV(0, œ) if and only if the following 
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hold: 
M,< œ; (4.0.8) 
ô o0 
lim lim (| +| Jap =o (4.0.9a) 
6}0 no 0 1/6 
a”)(t) = lim a(t) for a dense set of te (0, œ). (4.0.10) 
Here (4.0.9a) is equivalent to 
lim lim sp y+ ¥ Jenom =0. (4.0.9b) 
6}O0 no j<nò j>n/é 


Where we have no specific limit function in view, Corollary A6.7 says that a 
is p-radial if and only if we have (4.0.8,9) and 
lim g(t) exists for a.e. te (0, 00). (4.0.11) 


Next, we call a quasi-p-radial if, for some n>0, 


M,<ax Voel[p—yn,pt+n] (4.0.12a) 
and 
K,:= lim [aoe exists (4.0.13a) 


(the limit necessarily being finite, under (4.0.12a)). Clearly, (4.0.12a,13a) are 
respectively equivalent to 


È lan;lG/n ~" = O(1) 


=1 
a a a (4.0.12b) 
lan G/n" =00) 
j=n+1 
K,:=lim J a„;(j/n} exists. (4.0.13b) 
n> œ j=1 


Quasi-radiality is appropriate for certain Abelian results (in §4.2) and 
‘elementary’ Tauberian theorems (§ 4.6). We show in § 4.5 that it is the correct 
class, rather than merely sufficient, for the Abel-Tauber results in question. 
For ‘comparison’ results, in § 4.7, it will be appropriate to assume only that 
a is p-preradial: that (4.0.8,9) hold, or equivalently aP) y is equitight. By 
Theorem A6.4, a is p-preradial if and only if every subsequence (aW), with 
n' > œ, has a narrowly convergent (i.e. radial) subsubsequence. 
Connections between the above varieties of radiality are as follows. 


Proposition 4.0.1 


p-radial = quasi-p-radial 
N 4 
p-preradial 
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Proof. Comparing (4.0.8—10) with (4.0.12—13) it is clear that (we can construct 
examples to demonstrate) neither of p-radiality, quasi-p-radiality implies the 
other. Thus we need show only that quasi-p-radial implies p-preradial. But 


ky Jinu < E lan |/=" E. lan tiny") 


j<nð  j>n/d j<nd j>n/6 


so (4.0.12b) implies (4.0.8). TH 


For — 0 <0, <0, S% fixed, we say that a is (c4, o2)-radial if it is o-radial 
for every o € (c4, c2). Ifais (o,,0,)-radial it is easy to see it is quasi-p-radial for 
every p€(0,,02). (To show (4.0.13a), note that | hda” > f hda” for all 
heC,(0, œ); take h=1.) It is a non-trivial result that the converse also holds: 
Theorem 4.2.2. 


4, Permanence 


If Y is a class of sequences, call the matrix a S -permanent if whenever sé FY, 
the series r, := } j>; a, ;8; are convergent for all large n, and limp- o 7,/s, exists, 
finite. 


n,jSj 


5. Tauberian conditions on sequences 
Tauberian conditions on s=(s,) will be based on the functions 
w(')=w(s,7,p,°), W(-)=W(s, 7, p, `), defined in terms of some f¢ e€ Ro, p E R 
by l 
w(A):= —liminf min o S aSa AS; (4.0.14) 


n>co n<m<dn 


W(A):=limsup max |n P Sm =n P Spln (A> 1). (4.0.15) 


n>o n<m<àÀn 
Thus when /= 1, w(1+)=0 is slow decrease of S, :=s,/n’, W(1+)=0 is slow 
oscillation. (Slow oscillation and decrease were defined in § 1.7.) As for the 
stronger condition 
WEA 034A) =0 VAL. (4.0. 16a) 
to be imposed in § 4.6, we note that by Theorem 3.1.7c it is equivalent to 
S coll, that is, to 
S,n—Sn=O(¢,) (n- 00) VA>1. (4.0.16b) 
The / = 1 cases of the above conditions will be important and it will often be 
appropriate to incorporate a boundedness condition. For p € R fixed, the class 
BSO(p) is that of all real sequences (s,);° such that S, = s,/n? is bounded and 
slowly oscillating: 
lim lim sup sup |S,,—S,|=0. 
Ati n>æ n<m<àÀn 


The class BSD(p) is that of all real sequences (s,,) such that 5,=5,/n? is bounded 


198 4. Abelian and Tauberian Theorems 


and slowly decreasing: 


limliminf inf (S,,—S,)>0 (hence =0). 


All n>o n<m<dn 


6. Tauberian conditions on functions 


Analogously, for f:(0, 00) + R our Tauberian conditions will be based on 
w(-)=w(f,2,p,°) and WC)=W(f, £, p, `) defined by 


w(A):= —liminf inf (y ’f(y)—x °f(x))/4(x) (A>), (4.0.17) 


x70 x<y<Ax 


W(A):=limsup sup |y °f(y)—x PAxx)  (4>1). (4.0.18) 


x70 x<y<Ax 


The same remarks apply as for w, W defined above for sequences. 


4.1 Abelian Theorems 


1. Integral averages 
Regular variation is preserved when we form certain averages. First, if k(‘) is 
integrable on [a,b], 0<a<b<o (keL'[a,b]), the UCT shows that for 
CER», 


b b 
| koronare | k(t)dt (x> œ), (4.1.1) 
where if f? k=0 we interpret ~/(x) f? k as o(¢(x)). Our first task must be to 
extend (4.1.1) to a=0, b= œ. Conditions must be imposed on k: 


Lemma 4.1.1. 
(a) The following are equivalent: 

(i) there exists 5>0 with |P t°\k(t)|\dt< o, 

(ii) there exists n>0 with |*|k(t)\dt=O(x~") (x > %0). 
(b) The following are equivalent: 

(i) there exists 6>0O with ie t~*lk(t)|\dt< œ, 

(ii) there exists n>O with J? |k(t)|dt=O(x") (x > 0+). 


Proof. We prove only (a); (b) is similar. If (i) holds, 


v| oars | t°|k(t)|dt > 0, 


x x 


giving (ii) with 4 as ô (and o for QO). Conversely, if (ii) holds, 
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I(x) = ||k(t)|dt=O(x~"), so 
Ik t?|k(t)|dt= — |, t°dI(t) 
1 1 


=H) 8169) + | Hea 
1 


=10)+00-9+0( |" ean) 


1 
=O(1) (x> œ) 
for ô<n, giving (i) for all ôe (0, n). E 


Proposition 4.1.2. Let a, ôe (0, œ) be fixed. 
(a) If \§t~\k(t)|dt<o0, if ERo and x*¢(x) is locally bounded on [0, œ), 
then 


a 


|, korano | k(t)dt (x — œ). 


(0 (0 


(b) If |? t’\k(t)\dt<0co and f E€R, then 


li k(t)¢(xt)dt ~ /(x) fe k(t)Ðdt (x — œ). 
b b 
Proof. Set f(x) :=x°¢(x), then 

f(xt) ist 


a (¢(xt) $ 
— 1 >k(t)dt| < 
Ka j oals | f(x) 


This gives (a) because f(xt)/ (x) —> tê (x > œ) uniformly in te(0,a), by the 
UCT for R (Theorem 1.5.2). The proof of (b) is similar. E 


t~ *|k(t)\dt. 


Combining (and specialising a little), we have a simple but important 
Abelian result: 


Theorem 4.1.3 (Aljancic et al. (1954); Bojanic & Karamata (1963a)). If 6>0, 
J t?|k(t)|dt is convergent for —d<a<6, and f e R, then 
| k(t)¢(xt)dt ~ C(x) | k(t\dt (x 00). (4.1.2) 


By Lemma 4.1.1 the condition on k here may be written 


3n > 0 with | “|k(ldt=O(x") (x +04), 
£ (4.1.3) 
| |k(t)|dt=O(x~") (x 00); 


we will see in § 4.4 below that this cannot be weakened. 
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We can write (4.1.2) as 
frenoa [roa (x> œ). 


It is sometimes useful to have results of the same kind in which k(t/x) is replaced by a 
more general function of t and x. Consider | f(x, t)¢(t)dt; this reduces to the above 
when xf(x, xt)=:k(t) is independent of x. 


Theorem 4.1.4 (Vuilleumier (1963)). If, for some 6>0, 


[ses thdt>ceR 


| ræ 0lae= 0009 (x + œ), 


0 
| t?| f(x, t)|dt = O(x?) 
and f e R, then 


| fe 9etode~eete) (x'=> 00). (4.1.4) 


This is the function version of Theorem 4.2.1, below, and may be similarly proved. 


2. Improper integrals 


Now for a related result, in which integrals over (0, 00) need not exist in the 
Lebesgue sense but merely as improper integrals. The class of slowly varying 7 
must be restricted to compensate. We write J, ,,J” , fo; to denote improper 
integrals obtained from f on letting aļ0, btco or both respectively. 


Theorem 4.1.5 (Bojanic & Karamata (1963a)). If k is locally integrable on 
(0, œ) and there exists n>0 with 


| k(t)dt=O(x") (x 30+), (4.1.5a) 
0+ 
| k(t)dt=O(x™") (x>); (4.1.5b) 
then for every quasi-monotone slowly varying f, 
| korinar | k(t)dt (x> œ). (4.1.6) 
0+ 0+ 


Note that the existence of y >0 such that (4.1.4a.b) hold is equivalent to the existence 
of the improper integrals 


1 aa 
| t °k(t)dt, | t’k(t)dt 
OF 1 


for some 5>0. This may be shown by a straightforward integration-by-parts 
argument; cf. Lemma 4.1.1. 
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Proof. Put K,(x):=J°~ k(t)dt. For 0<x<y, 


| i k(t)¢(t)dt 


x 


y 


K,(x)¢(x)— K3(y)¢(y) + K,(t)d¢(t) 


x 


<sup{u'K ,(u):x<u<y}° fomio) [ azo}, 


By (4.1.4) the supremum is bounded as x, y > 00; x "¢(x), y "¢(y) 20 by 
slow variation of 7; the integral on the right tends to 0 by Corollary 2.8.2, as 7 
is quasi-monotone. Thus f o k(t)¢(t)dt exists, finite, as similarly does 
fo, k(t)¢(t)dt. Combining, fọ; k(t)¢(t)dt exists, finite; likewise, so does 
JO, k(t)¢(xt)dt for each x>0. 

As before, (4.1.1) holds; it remains to consider (ee |? . For the first, let 
K,(x):=f%, k(t)dt, then 


f k(t)¢(xt)dt 


o+ 


= K (avs) ~ Ih K (t)d,/ (xt) 
oE 


<|K ,(a)|¢(xa)+sup{y~"K,(y):0<y<a} | t"|d,¢(xt)|. 
0 
By Corollary 2.8.2, 
| nlazeol=== | u"\d¢(u)| < Ma”? (ax) 
0 0 


for some M; by (4.1.3) the supremum on the right is finite, and K ,(a)=O(a") 
asa—>0+.So 


lim sup /€(x)<M'a". 


x> 0 


i k(t)¢(xt)dt 


Orr 


Similarly, 


ik : k(t)¢(xt)dt = K ,(b)¢(bx) + |j- : K ,(t)d,¢(xt) 
b 


b 


and a similar argument gives 


H h k(t)¢(xt)dt\/¢(x) <M"b". 
b 


lim sup 


x—> 0 


The result follows on letting aļ0, bf o. E 


3. Mellin convolutions 


Essentially the same results can be given in Mellin-convolution terms: 


Theorem 4.1.6 (Arandelović (1976)). Let the Mellin transform k of k converge at 
least in the strip o<Rez<t, where —0<0<T<O. Let peé(o,t), 2ERo, 
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ceR. If f is measurable, f(x)/x? is bounded on every interval (0,a], and 
Tx) ex"7(x) © (x 0), (4.1.7) 

then 

k% f(x) ~ck(p)x?¢(x) (x > œ). (4.1.8) 
Proof. Choose ¢>0, then there exists X such that | f(x) — cx”? (x)| < ex”? (x) for 
all x> X, and such that / is locally bounded on [X, œ). Set 

g(x) =x? (x)Iry, o)(X), 
M = sup| f(x)|/x’, 
(0,X) 


h(x) = Mx°To,x)(x), 
then | f—cg|<eg +h everywhere, so 
lk fl) —ck ¥ g(x)| <|k| (eg +h)(x) Yx. 
Replacing k(t) by t?~ 'k(1/t) in Theorem 4.1.3 we find k% g(x) ~K(p)g(x) as 
x > œ. Similarly, |k| ¥.g ~|k| (p)g. So to show k% f~ ck(p)g it suffices to check 
that |k|*h=o(g). But 


|k| h(x) =M iL (x/u)?|k(u)|du/u, (4.1.9) 
x/X 
which is o(x°) since k(a) converges, so is 0(g(x)). E 


In the above result, the wider the convergence-strip extends to the left, the weaker 
the bound needed on f at 0+. With an exceptionally amenable kernel, such as the 
Laplace-Stieltjes transform’s, the bound can even be replaced by an L' condition. See 
Theorem 4.8.7, below. 


4. Improper Mellin convolutions 
The ‘improper Mellin transform’ 
k(z) -| Kodlt= | u*k(1/u)du/u 
0+ 0+ 


exists in some strip g; < Re z < ø, (which may be empty). By the remark after (4.1.6), 
existence in some open strip containing Re z=p is equivalent to 


| t?k(1/t)dt/t = O(x") (x 30+), 


oF 


| a Pk(I/t)dt/t=O(x-") (x> 0) 


x 


for some y >0. So we can apply Theorem 4.1.5, with t?~'k(1/t) replacing k(t): 


Theorem 4.1.7. Assume that the improper Mellin transform k of k converges in some open 
strip containing Re z=p. If f € R, and x`’ f(x) is quasi-monotone then for the ‘improper 
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Mellin convolution’ we have 


| k(x/t)f(t)dt/t~K(p)f(x) (x > oo). 


0+ 


The above results and certain others were obtained for monotone f by Soni & Soni 
(1975), I. 


4.2 Radial matrices 


The results of this section extend, and slightly correct, Vuilleumier (1967), 
following the classical work of R. Schmidt (1925). 

The relevance of convolutions results from the fact that when the argument 
of a function in (4.1.1,2,6) involves both x and t, it does so only through x/t or 
xt. Also important are operations in which two arguments occur, but not in 
quite such a simply related way. One classically important context is that of 
matrix transformations, as defined in §4.0. Of course these, like the 
convolutions of the previous section, are special cases of the setting of 
Theorem 4.1.4 (take f(x, t) = apx). However, the matrix and convolution 
cases Classically are considered separately. 


Theorem 4.2.1 Let a be quasi-p-radial. If s,~cn?¢,, where (¢,)€Ro and ceR 
then r, exists for all large n and r,~cK,n°/,,. In particular, if also K, >0 then a 
is R,-permanent. 


Proof. Since s, =O(n"), (4.0.12b) shows r, exists for large n. In terms of the 
quantities in (4.0.5) we have r,/(n°/,)=R,/¢,,, and in view of (4.0.4d, 13a) we 
need to prove f (¢,,/¢,,— 1da (t) > 0, that is, X; An ;(¢;/¢, — 1) > 0. Actually 
we prove more: 


2 [Anll — 1] + 0 (n > œ). (4.2.1) 
El 


Write i 
Lan supl), 4 = nini (Gi): 


j<n jèn 
Theorem 1.5.3 gives 4, ~/, ~fa IfO<u<l, 
E S A TEAT) 


j<un j<un 
<| 3 Ani hinat 1). 
j<un 
By (4.0.12b) the bracketed term on the right is O(n ~”), and ¢,,,/¢,~ Cand Cn — 1. 
So the right is u’O(1), which can be made arbitrarily small by choice of u. 
Similarly, if v> 1, 
È [Anll 1] =0" 00), 


j>vn 
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which can be made arbitrarily small by choice of v. Also )); |A,,,;| = O(1), by 
(4.0.12a) with o :=p, whence by uniform convergence 


L Anll 1] > 0. 


un<j<un 


Combining, we obtain (4.2.1). E 


We now characterise ‘interval radiality’. 


Theorem 4.2.2. For — © So, <p <0, S% fixed, suppose that 
M,<œ Voel, o2). (4.2.2a) 


Thus «Ee NBV (0, œ) for n>N, say. Then (xP)„> y converges narrowly if and 
only if 


lim [ae exists Vo €(6,, 03). (4.2.3a) 


n> æ 


In that case the p-limit function a® satisfies 
| teda] <M,; (4.2.4) 
a is then (6,,0,)-radial, and the respective o-limit functions «® satisfy 


a(t)= | u” Pda (u) (0<t<o) (c€(6,,¢0;)). (4.2.5) 
10) 


Proof. Recalling the proof of Proposition 4.0.1, we see that (4.2.2a) alone 
implies a is p-preradial, so the set («'”),. y is equitight, and by Theorem A6.4 
any subsequence (f,) of («”),., has a further subsequence (g,), say, 
converging narrowly to some g e€ NBV(0, oo). The subsequential (or ‘partial’) 
limit g then has 


[erica <M, (c€(0;,03)) (4.2.6) 
by Proposition A6.7. Also, as we now show, 


ferao > [erag (n= œ) VoeE(o,,¢,). (4.2.7) 

For choose o,n with oi <<o—y<o+n<o,. Given £>0, we may find u>0 
sufficiently small and v>u sufficiently large that 

u"M, -,<«/24, v "Me +y<€/24. (4.2.8) 


Let heC,(0, œ) be such that O<h(t) <t” P everywhere and h(t)=t?~? on 
(u,v). Writing G, for g,—g, 


[eraco = [roic (f + Pe —h(t))dG,(t). 
0 v 
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On the right the first integral tends to 0 since G, 40. For the second, 


| "(=P —h(t))dG, (0) 


0 


<2 | t?~°(|dg,(t)| + ldg) 


<2u" | t=" P (ldg (t) +|dg(t)]) 
(0) 


<2u”(2M,-„+0(1)) (n > œ) 
by (4.2.2a,6). By (4.2.8) this is less than ¢/3, for large n. Similarly for the third 
integral. This establishes (4.2.7). 
Suppose (4.2.3a) holds. If g, g¢ NBV(0, oo) are subsequential narrow limits 
of («,) then by (4.2.7), 


| t7~?dg(t)=lim | -Pda P(t) 


n 


= | Prag) RETRE, (4.2.9) 


Since also g(0 + )=0=g(0 +), the uniqueness theorem for bilateral Laplace- 
Stieltjes transforms (Widder (1941), VI §6) gives g=g. Thus the narrow 
subsequential limit is unique. By Proposition A6.8, «” is narrowly 
convergent. 

Conversely, if x” * a” then the proof of (4.2.6—7), applied to «” and a”, 
shows that (4.2.3a,4) hold. The latter inequality shows that a”, defined by 
(4.2.5), is in NBV(O, œ). Now we can prove 


for “Pda” (t) > for Pda P(t) (n—>æœ) WheC,(0, œ) 


in the same way as for (4.2.7). But this says | hda®’ > | hda’, so shows that 
a) S aO, o 


We note that (4.2.9) cannot ensure g=g until the possibility g =ĝ + constant has 
been ruled out. The condition f,(1)=0 in Vuilleumier (1967) Theorem 2 is not enough 
to ensure this, and we have corrected the result in re-working it above. 

When a is (c,,0,)-radial we can define 


a(z) -| tda (t) (o=Reze(o,,0,),t=ImzeER) (4.2.10a) 


0 


whence, by (4.2.5), 
a(z)= | t7~"da(t) (Reze(o,,0,)). (4.2.10b) 


When (64,62) includes the origin we thus have a(z)=f t?dx(t), a form of 
Mellin-Stieltjes transform of «©. Condition (4.2.3a) can then be interpreted 
as pointwise convergence of «,(z) := f t?da((t), the corresponding transform 
of «. We can rephrase the results of the two theorems above as 
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Corollary 4.2.3. Fix —0<o,<p<0o,<. Then a is (0,,6)-radial if and 
only if it is quasi-o-radial for all o € (64,62), that is, 


M, :=lim sup i: lan ;\(j/n <œ (GE(04,05)) (4.2.2b) 
and 
lim J a, (j/n)’ exists (0€ (6;,c2)). (4.2.3b) 
n> j=1 


In that case the latter limit is a(o), for all o €(o,,05), and further, if s, ~ cnf, 
with cE R, (¢,)€ Ro and o € (61,02), then r, => j a, js; exists for all large n and 
r, ~~ca(a)n’/,,. In particular, if ais (o,,0)-radial then it is R,-permanent for all 
o elci, oz) for which a(c)>0. 

We will prove converses to these results in §4.5. And in §4.7 we shall see that under 
radiality, a is asymptotically equivalent to a (Mellin—Stieltjes) convolution. 

For a ‘remainder’ formulation of permanence for radial matrices see Aljanci¢ (1977). 


4.3 Fourier series and integrals 
We illustrate these results by an important example from Fourier series. 
Consider the case a, j = sin(j/n)/j. If 0<v<1, 


Y lai SD Ut ~n-"/v=O(n), 


j>n j>n 


X bani" 0( X irr )=0 (n-); 


j<n 
combining, we obtain (4.2.4) for all o (:= —v) in (— 1,0). Take p:= —4 in 
(4.0.6), then for t>0, 


1 A -3 . 
== ) (ż) sin 7 
n 0<j/n<t n n 


t 
> | u`? sin udu=a(t). 


For 0<v<1, i 
fio- fe ~ sin t dt 
=}n/{T (1+ v) cos 4nv}, (4.3.0) 
where we have employed the first of the formulae 
f t “sin tdt=4n/{T(u) sinru} O<p<2), (4.3.1a) 


| t*costdt=45n/{T(u) costnu} (O<p<1) (4.3.1b) 
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(Whittaker & Watson (1927), p. 260). (The improper integral in (4.3. 1a) 
reduces to a Lebesgue integral when 1 <p <2.) The conditions of Corollary 
4.2.3 are thus satisfied, with ø €(— 1,0). We may replace 1/n by 0, and let 6{0 
through continuous values (proofs as above). We obtain 


Proposition 4.3.la (Vuilleumier (1963), extending Aljanci¢ et al. (1956), 
Heywood (1954)). Let 0<v<1, / eR, and ceR. If 

S,~ct(n)/n” (n> œ) (4.3.2) 
then the Fourier sine-transform 


f(0):= x s; sin(j@)/j (4.3.3) 


(is absolutely convergent and) satisfies 
f(8)~cO"2(1/0)-32/{T(1+v)costnv} (00+). (4.3.4) 


This (like all Fourier series results of this type) is capable of great generalisation; see 
e.g. Bingham (1978a) for extensions to Jacobi series. More delicate results, with 
conditional convergence and quasi-monotone /, are considered below. We note in 
passing the Fourier sine-transform analogue, obtainable as in Theorem 4.1.6: 


Proposition 4.3.1b. Let 0<v<1 and let s(-) be locally bounded on [0, 0) and have 
s(x)~c¢(x) as x> œ, where £ERy. Then the Fourier sine transform f(@):= 
J s(t) sin(@t)dt/t* *” satisfies 


f(0)~c0°2(1/0) 42/{T(1+yv) costzv} (8>0+4). 
Next the conditionally convergent case, where sine and cosine transforms 
behave similarly: 


Theorem 4.3.2 (Bojanic & Karamata (1963a), extending Zygmund (1968), V, 
(2.6), Hardy & Rogosinski (1945)). If ¢ is quasi-monotone slowly varying then 
the following series are conditionally convergent for all 0>0, and 


3 /(n) sin nO/n" ~tr0t ~ 17(1/0)/{T (u) sin ru} 
= (@>0+) O<yp<b), (4.3.5a) 


n 


3 f(n) cos n/n" ~4n64~ 1 2(1/0)/{T (u) cos $ru} 
n=1 
(0—>0+) (0<yp<1), (4.3.5b) 
> ¢(n)e™® n" ~ 04-1 ¢(1/0)T(1 — pe t 


(020+) O (4.3.5c) 


Here, (4.3.5c) follows from the other two conclusions because T'(u)I (1 — u) = 
n/sin nu. To prove the theorem we first note that it holds for /(n)=1: 
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Lemma 4.3.2’. The following series converges for all 0>0, and 


y sin n/n in 1/{T(u) sin Sn} (@+-0+) O<u<1); (4.3.6) 


n=1 


similarly for the cosine case. 


Proof. See Zygmund (1968), pp. 69-70 for the cases 0< u< 1, and for u= 1 observe 
that $7 n`' sin nð is the Fourier series of the function g that has period 27 and is 
defined on [0, 27) by g(x) :=4(n—x) (0<x<2z), g(0):=0. go 


Proof of the theorem. We deal only with the sine series. Write /,, for /(n) and 
set U,(x) := $, sin kx/k", convergent for x >0 as noted above. Indeed, since 
$ sin kx =sin (m+n)x ‘sin 4(m—n + 1)x/sin $x 

k=n 
it is easy to see that 
S sin kx 
k=n 
with c:= n/./ 2; then |U,,(x)| <c/(n"x) by Abels inequality (Whittaker & 
Watson (1927), § 2.301). 
We have on summing by parts that for fixed x €(0,4z), 


<c/x (m,n>1,0<x<4n), 


OnU (x) — LU m4 1 (X) + by U,(x)(4;—-¢;-1) 


yar sity x 


n+1 
<E a Dy j=l) 
x ntl 
E(w rtm at | jaro) 


(6 
<= {m "Zm +n (1+0(0)}, 


since / has finite right gauge-function, being quasi-monotone. Letting 
m,n — co we obtain the (conditional) convergence of YP n-“Z, sin nx. (Quasi- 
monotonicity of / may not be dispensed with here: for general slowly varying 
l, the series need not converge.) 

By (4.3.6), it suffices to show that 


(x)= 5 n "{¢(n)—C(1/x)} sin nx 
1 


EEE ANE & SAE 


Choose 0<a<1<b< œ, and split the sum defining S(x) into the sums over 
n<aj/x, over a/x<n<b/x, and over n>b/x, denoted S,(x), S(x), S3(x) 
respectively. By the UCT, S,(x)=0(x“71/(1/x)). Summing by parts, and 
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writing q :=[b/x], 


IS3@0)|=|Ugs1044g+ 1-4} F V0) -40-0 
q+2 


AWE) 


Since / has finite right gauge-function we can find M = M (u), X = X(u) with 


| t'|d¢(t)|<My*¢(y) (y>X). 
y 


Then for x<b/X, 
|S3(x)| < (c/b")x“ + {M¢(b/x) + |¢([b/x] + 1) —Z(1/x)|}. 
Choose ¢>0, then b so large that (M +2)c/b" <e; then let x > 00 and use 


uniform convergence to conclude $3(x)=o(x"~ 1Z(1/x)). The same estimate for 
S,(x) is proved similarly. Ga 


Note that the sine case of the theorem combines with Proposition 4.3.la: one 
obtains (4.3.5a) for 0< u <2, with 7 general for 1 < u <2, quasi-monotone for0<y<1. 
With further restrictions on / there is even an extension to —1<jy<0, where 
convergence of the sine series is replaced by Abel summability; see Bingham (1978a). 

The analogue for Fourier integrals, 


| Derdin 241 )x) TU + 0+) (4.3.7) 


0+ 
for 0<u< 1, / quasi-monotone slowly varying, is a special case of Theorem 4.1.5. 
Under suitable conditions one may integrate by parts to obtain Fourier-Stieltjes 
integrals; in this context the result is due to Pitman (1968). Similarly, 


k AUGERE T E AE (x + 00). (4.3.8) 
0+ 


For converses to some of the results of this section see Proposition 4.8.5 and § 4.10. 


4.4 Mellin-Stieltjes convolutions 


It is often useful to have results for convolutions where, instead of the 
Lebesgue integrals of (4.0.2), one has Lebesgue-Stieltjes integrals. For 
U € BV (0, œ) (see Appendix 6) we consider k # U, as in (4.0.3), for suitable 
kernels k. The conditions we will impose on k and U turn out to ensure k # U 
exists on (0, 00). 

Supposing the latter to be the case, and that U is absolutely continuous, let 
u be such that UE u(t)dt/t, then k # U reduces to k% u. If U(x) ~ cx?¢(x) 
where p>0, and some form of the Monotone Density Theorem applies, 
u(x) ~ (c/p)x°¢(x) and we can apply Theorem 4.1.6 to k¥u. 

On the other hand when k is absolutely continuous on each [0, a], writing 
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k(x)= f% h(t)dt/t and using Fubini’s theorem we see that k* U=h* U. (We 
used this identity for the Laplace-Stieltjes transform in § 1.7.) Again, Theorem 
4.1.6 can be applied to the latter convolution. 

When the conditions needed for these methods fail there are still at least two 
alternatives. For both results below we need stronger boundedness/ 
integrability conditions on k than Theorem 4.1.6’s. 


Theorem 4.4.1 (Bingham & Teugels (1979)). If k(-) is measurable, locally 
bounded on (0, œ), if for some p>0 and 6>0, 


O(x?~*) (x > œ) 
= 4.4.1 

S lore (x + 0+), TR 
and if U(x)/x? =¢(x) with ¢ (slowly varying and) near-monotone, then 


k £ U(x)~ pk(p)U(x) (x œ). (4.4.2) 


k & U(x) = |k(1/t)d,{ U(xt)/U(x)} 
z | k(1/t)d,{t?¢(xt)/¢(x)} 


=) [kaweta = [karaten 


By Theorem 4.1.6, the first term on the right converges to pk(p) as x > œ. By 
(4.4.1) the second is 


i (oe) 
of | Parno) +0 | tadeto) 
0 1 
= o( |" Paco ol | azon) 


=o(1) (x> œ) 


as both gauge-functions of / vanish identically. E 


Alternatively, one can keep to a monotone U (if cp#0, any U satisfying 
(4.4.4) below is asymptotic to a monotone function), and then on the kernel an 
intermediate size-condition is appropriate, weaker than the pointwise bounds 
(4.4.1) but stronger than convergence of the Mellin transform on a strip. Thus 
for any f:(0, 00) > R and finite constants o <r, let 

ee ebemax (er aeten 8) SUP, SC). (4.4.3) 


We shall assume ||k||, ,< co. For remarks and context about this condition see 
§ 4.9 below. 
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Theorem 4.4.2 (after Bingham & Teugels (1979), Polya (1917, 1923)). Let k be 
a.e. continuous on (0, œ) and such that ||k||,,.<co for some finite constants 
o<t. Let U be monotone on (0, œ), right-continuous, and O(x’) at 0+. If 


U(x)~cx?¢(x) (x > œ) (4.4.4) 
for some cER, f € Rg, and p€(a,t), then 
k * U(x)~cpk(p)x°¢(x) (x> 00). (4.4.5) 


Proof. Let 
k= sup |k(x) 


ELIE 


y ek, (N<0) 

Ey (= n<N 

N (4.4.7) 
Sek, (N>0) 


n>N 


thus ey>0 as N> +œ. Letting U(x) :=U(x A 1), we first show that 
k$U(x)=0(x°¢(x)) (x> œ). (4.4.8) 


For monotonicity and the bound on U at 0+ give |U(x)/x?|<M<oo for 
0<x<e, and so 


; (4.4.6) 


1 co 
| k(x/t}dU())< X _k,|U(x/e")— U(x/e"**) 
o n=[logx] 
< J k,M(1 + e°)(x/e")? 
n=[logx] 
<M(1+e’)x’e([log x]) (x>1) 
=0(x’) SO); 


whence (4.4.8). 

The effect of (4.4.8) is that (4.4.5) is equivalent to the corresponding 
assertion about U(- v1). Trivially, this is so for (4.4.4) also. Thus we 
may without loss assume U to be constant on (0, 1]. We may also, without 
impairing (4.4.45), assume log 7 is bounded on every interval (0, a]. It follows 
then that 

|U(ex) — U(x)|/{x?¢(x)} <M’<co (x>0), 
for the numerator vanishes on (0, 1/e], while the quotient is bounded on every 
(1/e,a], and by (4.4.4) tends to c(e’—1) as x > œ. 

We first prove the result for k of compact support: suppose k vanishes 
outside [e~ ™, e], for some N eN. By the norm-condition, k is then bounded, 
and, being a.e. continuous, x’ 1k(1/x) is then Riemann-integrable: for any 
e>0 we can find step-functions f,g with f<k<g and g(p) —f(p)<e. Now if 
h= 1ta,» 

h& U(x)/{x?¢(x)} = {U(x/a) — U (x/b)}/{x°2(x)} 
> c(a?—b~*)=cph(p) (x > œ), 
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giving (4.4.5) with h in place of k. This extends to step-functions by linearity. 
Applying the result to the step-functions f,g above, we obtain the result for k, 
since U monotone implies k% U(-) lies between f * U(-) and gł U(*). 

For the general k we have, for N>0O, 


| K( = )au9 
(0,x/eN) \t 


< F klU) Ue) 


<M'x?¢(x) 3 e7 "+ Dek 4(x/e"*1)/#(x) 


n=N 
<M'A'e °x?¢(x)én, 


where for the last step we used Potter’s Theorem, part (ii), with 6:=p—o. 
Similarly, for N>0, 


| K( = au 
(xeN, œ) t 


Thirdly, writing p(x):=k(x)I;.-",.¥y(x), we find 


LSM Aem X (XEN I 


| k(x/t)dU(t) = px U(x) 
[x/e’ xe] 
~cpp(p)x?¢(x) 


CONOS) t ?k(t)dt/t 


[e=N, eN] 


by the compact-support case. Now 


KU) =( | is | + | )aesinav. 
0,x/eN) [x/eN,xeN] (xeN, œ) 


Divide by x’/(x), let x > œ and then N — œ; the result follows. ual 


4.5 Converse Abelian Theorems 


The results of §4.1 state that, under certain conditions on the relevant 
kernels, if f behaves in a certain way, so does some average (e.g. convolution) 
of f. To pass from this average back to f is a Tauberian, rather than Abelian, 
problem, and needs “Tauberian conditions’; see below. The Tauberian 
theorems in question are then ‘corrected converses’ of the Abelian theorems. 
This section concerns results converse in a different sense. We show, for 
instance, that if (4.1.2) holds for all f e R$, then k necessarily satisfies the 
conditions of Theorem 4.1.3. This theorem, despite its near-triviality, is thus 
best-possible, and the same is true of several of the other results of § 4.1. 
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1. Integral averages and Mellin convolutions 


Theorem 4.5.1 (Bojanic & Karamata (1963a)). Let k e L! (0, œ). If (4.1.2) holds 
for every £ ERG then there exists 6>0 with | |t7k(t)|dt < co for |Re z| <ô. 

We prove more. First, it is convenient to consider regular rather than slow 
variation. Second, one need demand integrability only for some, rather than 
all, x>0. 


Theorem 4.5.2 (Arandelovic (1976)). 
(a) The following are equivalent: 
(i) for each f €R*, there is some x>0 with | k(t)f(x/t)dt/t convergent; 
(ii) for each f €R* and each x>0, | k(t)f(x/t)dt/t converges; 
(iii) there exists 6 >0 with k(z) (absolutely) convergent in p<Rez<p+o: 


[lesan <œ (p<Rez<p+0). 


(b) The following are equivalent: 
(iv) | k(t)f(x/t)dt/t=O(flx)) (x > 20) Yf eR: 
(v) there exists 6>0 with k(z) (absolutely) convergent in p— ô< 
Rez<p+o. 


Proof. 

(a) Clearly (ii) = (i), and (iii) = (ii) is straightforward since x f(x) is 
bounded on every (0, X], and O(x°) as x > œ. 

To prove (i) = (iii), take first f(x) =x? in (i), hence [P|k(t)|t7?dt/t< oo. It 
remains to prove 


1 
| |k(t)|t~°~°dt/t<co for some 5>0. (4.5.1) 
0 


Choose / € R$, then we may set f(x) := x°? (x) in (i); thus f |k(1/u)| f(ux)du/u< oo 
for some x. Since f € R, we may find A such that f(u) <2x~°f(ux) for all u> A. 
Thus |? |k(1/u)|u?/(u)du/u< co. By Proposition 2.3.9, f? |k(1/u)|u? *¢du/u< oo 
for some 6>0, whence (4.5.1). 

(b) By Theorem 4.1.6, (v) = (iv). Suppose conversely that (iv) holds; then in 
particular we have (i), whence (iii). It remains to show that 


ik |k(t)|t~°*°dt/t<oo for some 6>0. (4.5.2) 
1 


Let E be the linear space of bounded measurable functions h:(0, 00) > R, 
vanishing on [1, 00); E is a Banach space under the supremum norm. With 
f €R* fixed, choose he E and write f,(x):= (1+ ||h|| +h(x))f(x), then f; is in 
R* and so satisfies (iv). Subtracting, we find 


ih k(t) f(x/t)h(x/t)dt/t=O(f(x)) (x > œ). (4.5.3) 


x 
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Write f 
u,(h) = a f k(t)f(x/t)h(x/t)dt/t; 


thus u,(h)=O(1) as x > œ. Since f € R, we may find X such that 1/f is locally 

bounded on [X, œ). The left-hand side of (4.5.3) is locally bounded in x 

because the integrand is bounded in modulus by |k(t)|C(x/t)’t~* for some 

constant C. Hence u,(h) is locally bounded in xe[X, œ), and so 
sup{u,(h):x>X}<oo Whe. 

But (u )x>x are continuous linear functionals on the Banach space E. By the 

Principle of Uniform Boundedness, sup{||u,.|| :x>X}<0oo. Now 


lu. -5 | 2 |k(t)| f(x/t)dt/t, 


then considering h(t) := s k(x/t) (0<t<1). Thus 
lim SUD ay T =n |k(t)| f(x/t)dt/t<oo Wf ER*. 


Take any f € Ro, let A> 1 be so large that 1// is locally bounded on [A, œ), 
and redefine 7 to be 1 on (0, A]. With f(x) := x°//(x) we find 


lim sup ¢(x) fk (t)|t~°~*dt< oo. 


xo 


Theorem 2.3.8 gives 


x> oO 


lim sup “| |k(t)|t tdt < co 


x 


for some n >0, and finally (4.5.2) follows by Proposition 4.1.1a. E 


Thus Theorems 4.1.3, 4.1.6 are essentially best-possible: lim, „ k ¥ f(x)/ 
f(x)=Ř(p) for all f €R* if and only if the Mellin transform k(z) is absolutely 
convergent in some open strip containing Re z=p. 


2. Radial matrices 


The Abelian results in § 4.2 are also essentially best possible (Theorem 4.5.5 
below). The proof needs the following two lemmas, the first of which is from 
the classical Toeplitz-Schur theory of regular methods of summation, the 
second a less-known complement. Both are best proved by the Uniform 
Boundedness Principle as used above, or by one of the variants known as the 
Banach-Steinhaus theorem. As usual, a = (a, ;)°;-, isa real matrix, s = (s); 
a real sequence. If s, +0 we call s null. 


Lemma 4.5.3. If, for every null sequence s, r =} j=1 4n,j8; İs convergent for 
each n, and sup, ,|",|<00, then sup,s; 0” 4 ie? eae 
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Proof. The linear space co, of all null sequences, is a Banach space under the supremum 
norm. For each n define a linear functional T, by T,s =P, 4p, jSj Then 
SUP, >1|TyS|<00 for each sec, so by the Uniform Boundedness Principle, 


sup, >1||T,|| < ©. But clearly ||T,|| =>, |a,,;|- O 


Lemma 4.5.4 (Agnew (1939); Rogers (1946a,b)). Suppose that for every null 
sequence s there exists N = N(s) such that ¥ 7%, a, js; is convergent for each 
n>N. Then there exists no such that Y% |a, |< for all n>no. 


Proof. On co define linear functionals T, m, for n,m=1,2,..., BY Ty mS = D741 An, jS) 
Then || Tp m|| =’, |a,,;|. Suppose the conclusion fails, then ioe exists a sequence of 
integers n’ > œ such that 


lim sup|| Ty m|=00 for all n. 


By the Banach-Steinhaus theorem (in the form given by e.g. Rudin (1974)), for each n’ 
there exists a meagre set S,,<c, such that 


ZDI „mS =0 for all s¢S,,. 
But co\|_),, Sw is non-empty, hence a contradiction of the hypothesis of thelemma. (J 


Theorem 4.5.5 (extending Vuilleumier (1967)). For R,-permanence it is 
necessary that a be quasi-p-radial. For a to be R,-permanent for all o €(o,, 0) 
it is necessary that it be (o,, 0 )-radial. 


Proof. Supposing a is R,-permanent, (4.0.13b) is immediate on letting s, =n’. 
We prove (4.0.12b). Thus the matrix A=(A,, ;) of (4.0.5) is Ro-permanent and 
we are to show 


© È [Anun =00) (n=), 
i È |A,,|li/n)-""=00) (n> o), 


for some n>0. Let /=(Z4,) be slowly varying and let s be a null sequence. 
Similarly to the derivation of (4.5.3), we see that 


z An ;8Cj=O(C,) (n> 00). (4.5.4) 


In particular, for each ds n the series on the left is convergent, so by Lemma 
4.5.4 there exists ny such that 57, |A,,,|¢;< 00 for n>no. Write 
Cnj =Antngitilentn (,J=1,2,...). 
If s is any null sequence then each series r, = Yj; C,,;8; (n> 1) is convergent, 
and by (4.5.4) we find sup, <;|r,|< 00. By Lemma 4.5.3, 
sup S |A,,,;]¢j/ln< ©. (4.5.5) 
n>m j=1 


Here no depends on f. 
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Now suppose (i) fails for every n >0. Then we can find sequences (m(i))¢ and 
(n(i))@ such that n(0):= 1, n(i— 1)<m(i—1)<n(i) (G=1,2,...), and 


m(i) 


Y an O oa Ges): (4.5.6) 
j=n(i) 
Set 
ei Ly (n(i— 1) <n<n(i),i=1,2,...), (4.5.7) 
nad 
f =op( »S aii) (n=1,2,...), 
j=1 


so that /„ is slowly varying. Because DS 1/j>log(m/n) whenever m>n, we 
find that for n(i)<n<n(i+1), 


1 r= ; 
ldla =e D w) 


i j=n(i) 
(am) 
So from (4.5.6), 
m(i) 


œ 
D [Ano n> L Arol no >i 
ie 


j=n(i) 
which contradicts (4.5.5). 
Similarly, if (ii) fails then we can find n(i) > œ such that 


n(i) 
ye At Deu = b(n 2) 
j=1 


and then on defining e, by (4.5.7) and 7, :=exp(—S4={ £;/j) we again arrive at 
a contradiction of (4.5.5). Thus a is p-radial. 

Finally, if a is R,-permanent for each o E€(¢,,0,) then by the above it is 
quasi-o-radial for every such ø, so is (c4, c2)-radial by Corollary 4.2.3. E] 


Just as for convolutions and for radial matrices, Vuilleumier’s Theorem 4.1.4 for 
integral transforms may be shown similarly to be essentially best-possible. See also 
Martić (1981). 


3. Improper integrals 


The condition in Theorem 4.1.5 is also necessary as well as sufficient, and this is easier 
to prove than in the results above: 


Theorem 4.5.6 (Bojanic & Karamata (1963a)). If fo k(t)ìdt exists and is finite, and 
(4.1.6) holds for every quasi-monotone slowly varying ¢, then for some ņn>0, (4.1.5) 
holds. 


Proof. Write 


£ (x) =| 


1 (0<x<1) Aion 2 (0<x<1) 
20) >l 20) = V0 (x>1) 
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By (4.1.6), 


Ips 


1/x co — o= 
| k(t)dt + | k(t)¢(xt)dt ~ 7(x) | k(t)dt, 
1 0+ 


1/x op co — 
2 | k(t)dt+ | k(t)¢(xt)dt ~ 7(x) | k(t)dt. 
1 0+ 


0+ |x 
Subtract: ja k=o(¢(x)) as x > œ for every quasi-monotone slowly varying /, in 
particular for all non-increasing slowly varying /. By Theorem 2.3.8, ee k=O(x~")as 
x + œ, for some y >Q. 
Next, let / be any non-decreasing unbounded slowly varying function, and fix x so 
large that the left-hand side of (4.1.6) exists. Write g(u)=J?~ k(t) (xt)dt, then g(u) = o(1) 
as u—œ so there exists 


| g(t)d,(1/¢(xt)) = { | j aaee) 


=0(1//(xu)) (uo). 
But, integrating by parts, 


co — 


| g(t)d,(1/¢(xt))= —g(u)/¢(xu) + | k(t)dt 


u 


and so 
| k(t)dt=o(1/¢(xu)) (uo). 


Slow variation allows us to replace this bound by o0(1/¢(u)). Finally, (4.1.5b) follows by 
Theorem 2.3.8 again. o 


4.6 Elementary Tauberian Theorems 


We restrict attention here to transforms (whether of matrix or convolution 
type) that are absolutely, rather than merely conditionally, convergent. We 
take the matrix case first, for which the theory in this and the next two sections 
is based on Baumann (1967). 


1. Matrix transforms 
a=(a,, ;) will be quasi-p-radial (see § 4.0). Theorem 4.2.1 then gives (r,) € R, if 
K,>0 and (s,)¢R,. The converse is not in general true, but is true under 
suitable ‘Tauberian conditions’ on (s,). 

First, we clearly need K, #0. If a is p-radial as well as quasi-p-radial then 
Corollary 4.2.3 shows K,=a(p) (defined in (4.2.10)). If we are willing to 
impose the ‘complex’ condition a(z)#0 for all z with Re z=p then 
comparatively mild Tauberian conditions on (s,) suffice. We defer these 
matters to § 4.8, contenting ourselves here with K, #0 only. 

It will be seen that when the matrix a is non-negative (a,, ; >0 for all n, j)—or, 
in the convolution case, the kernel k is non-negative — one-sided Tauberian 
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conditions (slow decrease, slow increase and the like) suffice; in the general 
case, two-sided Tauberian conditions (slow oscillation, etc.) typically are 
needed. (For cases where one-sided Tauberian conditions do suffice for 
kernels or matrices which change sign see Diamond & Essén (1978).) 


Theorem 4.6.1. Let a be quasi-p-radial with K, £0, tet f € Ro, c € R and suppose 
(s,) satisfies the two-sided Tauberian condition (4.0.16). Then r,~cK ,n°¢,, if 
and only if s,~cn?Z,,. 


Proof. The infinite series in (4.0.12b) is finite for n>N say. Since n—N ~n as 
n > œ, (4.0.12b) remains true if we replace n by n — N throughout. Then on re- 
indexing, the series in (4.0.12b) becomes finite for all n>1, and (4.0.12a) 
becomes 
M, :=sup [las < < Yo e[p—n, p +n]. (4.6.1) 
n2>1 

Since f dal”) converges to K, £0, again by re-indexing we may assume it is 
always non-zero with the same sign as K,. Set a), j = a„ ;/| da”, r= =} j apj Sj» 
then we see that r,~cK,n’/, if and only if r,~cn’/,. Thus, dropping the 
primes, we may in effect assume f da?’ = 1 = K, for all n. We are to prove that 
r,~cn’¢, implies s,~cn??,, Theorem 4.2.1 having covered the converse 
assertion. 

Choose e>0, then for all n, 


B 
f tda (t)| < B” Mlp —n) 
<E (4.6.2) 
for a sufficiently small B= B(e)< 1. Similarly we can find C = C(e)> 1 so that 


| tda (t)|<e Yn. (4.6.3) 


Cc 
We noted (see (4.0.16b) that (S,)=(s,/n®)eoI1,, so by (3.8.10) there is a 
constant K such that 
|S; —S,|/¢, <K max((j/n)", (n/P) Vj,n>1. (4.6.4) 


Now 


[Fa — Sn ( (S;—-S,)/¢,, 


n,j 


(È Hess yn ae De >) nan, —S,\/¢,- 


J<Bn  Bn<j<Cn j>Cn 


By (4.6.2-4) the first and third terms are each at most eK. The middle term 
tends to 0 since by Corollary 3.1.8c, 


|S;—S,|/Z, +0 (n> co) uniformly in j/ne[B, C], 
and 5); la, ;\(i/n)? <M(p). CJ 
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2. One-sided Tauberian condition 


The one-sided result is harder. It hinges on the method of monotone 
minorants, due to Vijayaraghavan (1926, 1928); cf. Hardy (1949), §§ 12-14, 
Delange (1950), I, Theorem 9, Karamata (1932). 


Theorem 4.6.2. Let a be non-negative and quasi-p-radial, with K,#0, let 
(la) E Ro, cE R and suppose (s„) satisfies the one-sided Tauberian condition (see 
(4.0.14)) 


w(p,¢f;A)=0 VA>1. 
Then r,~cK,n°¢, if and only if s,~cn?Z,,. 


Proof. As before, we may assume (4.6.1) and that f da”) = 1=K,, without impairing 
non-negativity of a. In terms of the quantities of (4.0.5), in view of Theorem 4.2.1 it 
remains to show R,~c/, implies S,~c/, where R, =) j~ 1 A,,)5;- Here is the toolkit. 


Take 6 :=n/4 and e>0, then as with (4.6.2-3) there exist B(e)< 1, C(e)> 1 such that 
D G/n) An aE E Gin) ee Mok (4.6.5) 
j>Cn j<Bn 

Since $; A,,;=1 these with non-negativity give 

ie A enaA: (4.6.6) 
Bn<j<Cn 
The Tauberian condition gives that for each e>0, A> 1 there exists N; (e, 4) such that 
(S;-S,)/¢,2 —€ (n<j<dn,n2N,). (4.6.7) 
Also it makes f(x) := = Sng satisfy Theorem 3.8.6(a) (with p =0), so there exist K, N, 
such that 


(S;—S,)/¢,2 —K(i/n (j>n>N3). (4.6.8) 
Finally, by Theorem 1.5.6(ii) there exists K’>1 such that 
¢./¢,<K’' max((r/s)’, (r/s)"°) (r,s=1,2,...). (4.6.9) 


Write T,:=S,/7Z,, and 
T,:= —min(0, T;,..., Tn) 


for its monotone minorant. As usual, we abbreviate S,,, as Sy, etc. Now 


R,/¢,= X An jTj¢ illat (E Bnlln) Y An (Sj; — Sen)/l Bn 


j<Bn Bn<j<Cn 


+ (5n/Cn) Da An (Sj —Spn)/CBn 


j>Cn 


Ton oaa) 2 Anis 


j>Bn 


> Ias Y An ji/n)°— El Br/¢ n) D A,,j 


j<Bn Bn<j<Cn 


ra K(f Bn/ln) y An j(i/n)? a (¢2,/¢,,)min((1 a &) Tgp Tgn) 


j>Cn 
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for large n. Since R,//,, > c we find for large n that 
c+e> —T,,K'e—e(1+e)—K(1+e)e+min((1 =)" Taleb) dee) 
Hence for each ¢>0 there exists N = N (e) with 
T,<cteteT, (n2N). (4.6.10) 


The key step will be to use this upper bound on T, to obtain a lower bound. First we 
show that for n> N3, 


Tj — Ton <KK (jn)? + K'(i/n)"|Ten] (j> Cn). (4.6.11) 
From the definition of T, one may check that for i<j, 
T;—T,< —min{T, —T;:i<k <j}. (4.6.12) 
And for kži> N3, 
T, — T,= (4/4 )(S_-Si)/4i + (C/tx — DT; 
> —(¢,/¢,)K(k/i)’ + min((¢/¢,)T;, — T;) 
> —KK'(k/i)”? + min(K'(k/i)’T;, —T;), 
hence (4.6.11), on applying (4.6.12) and noting that Creat, 
For the lower bound, choose ¢>0, take N as in (4.6.10) and write 


Rolla = An jTibiln+ Y, ATs 


j<N N<j<Bn 

a y Ang Tilalla E Ton(4cn/ Cn) Dy Ami 
j>Cn Bn<j<Cn 

— E Apv(C/tn)Sen—S)/e; 
Bn<j<Cn 


=f, +)}2+}3+}4—} 5 say- 
In £5, j<Cn<Cj/B, so (4.6.7) gives (Sc, —S,;)/¢;= —e for large n. Then the uniform 
convergence of /,//, to 1, and (4.6.6), give —)5 <2e for large n. The latter argument 
also shows that F, lies between (1+ 3¢)T¢, for all large n. Next, by (4.6.9) and (4.6.5), 


Sek max, Ini e 


In ))>, by (4.6.10) all the T, are bounded above by c+e+eT¢,, and then, arguing as 
above, we obtain 


Y2<K%+KeTo, 


say. Finally, by (4.6.10) and (4.6.9), for large n, 


Vask’ Y A, jin)? G+e+e(T)—Te)+eT c,), 


j>Cn 


whence by (4.6.11) and (4.6.5), 
Za SKO” +K Oe|Ten| + K eT cy. 


Combining all these estimates and R,,//,,>c —e we find that for constants K® and large 
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enough n, 
c—8 SK e+ To, + Ke|T eq] + KOT c,. 
That is, for large enough n, 
T >c —6—eT,— ET]. (4.6.13) 

With (4.6.10) and (4.6.13), the rest is easy. First we prove (S,,) bounded below. For if 

not there is a sequence (n’) with T, = min{0,7,,...,T,}= —T,— — «©, and (4.6.13) gives 
02 ¢—84 (l—2e)T,; 

a contradiction (if we take <4). 

Since (T,) is bounded below, (T,) is bounded above. This and (4.6.10) give (T,) 
bounded above. So |T,|<M, say, whence T,,<M also. Now (4.6.10) and (4.6.13) give 
c—e—2Mée<T, <c+e+eM 
for large enough n. Thus T, >c. o 


3. O-version 


We note for later use that non-trivial conclusions still result if the Tauberian 
conditions w(A) =0 or W(A) =0 are weakened to w(A) < œ, W(A) < œ for some 
(hence all) A> 1. 


Theorem 4.6.3. Let a be quasi-p-radial, with K,#0, and let (¢,)€Ro. If (i) 
W(:)< œ, or (ii) a is non-negative and w(')<@, then r,=O(n°Z,) implies 
s.=O(n’Z,). 


Proof. For (i) just use Corollary 3.1.8a instead of 3.1.8c in the proof of Theorem 4.6.1. 
For (ii) we follow the proof of Theorem 4.6.2, replacing every use of (4.6.7) by that of 
(4.6.8), which still holds. We find that (4.6.10) and (4.6.13) are replaced by 

T <K+<T, (n>N), (4.6.10’) 

T,2 —K™ —eT,—elT,| (n>N’), (4.6.13) 
for some K®, K"), N, N’ depending on e. We fix e<4. Again, if (T,) is unbounded 
below then (4.6.13’) leads to a contradiction. The rest of the proof is 
straightforward. E 


4. Convolutions 


In place of the matrix transform r„=} j a, ;s; one may consider the analogous 
convolutions J s(xt)da(t) or J s(xt)o'(t)dt. The latter we can write as s ¥ k(x) 
where k(t) :=a’(1/t)/t. Functions s, interpolated from sequences as above are 
automatically well-behaved at 0+, but in what follows we have to impose 
such behaviour explicitly. 

Tauberian conditions are in terms of the functions W, w of (4.0.17,18). 
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Theorem 4.6.4 (Delange (1950), I, Theorem 2.7). Let — œ <a<p<t<o, let 
k(z) converge at least in a<Rez<t, and assume k(p)40. Let CERy. Let 
f:(0, 0) > R be measurable and such that x` °f(x) is bounded on every interval 
(0,a]. Suppose either (i) W(f,7,p;°)=0, or (ii) k is non-negative and 
w(f, 7, 0; ')=0. Then (4.1.8) implies (4.1.7). 

The proof is similar to those of Theorems 4.6.1—2 above, and for case (ii) we refer to 
the reference cited. In case (i) the proof is rapid and we give it: 


Proof of case (i). We showed in calculating (4.1.9) that k% (fF 10,1) )(x) =0(x”/(x)) as 
x > 00. So each of (4.1.7-8) and (i)/(11) is equivalent to the corresponding statement 
with f replaced by flt, We may thus assume f vanishes on (0,1). We may also, 
without affecting (4.1.78) or (i)/(ii), alter 7 so that it and 1// are locally bounded on 
[0, 00). Choose ¢>0, then there exist 0<a<b with 


| |k(1/u)|u’du/u<e, 
o 


ir |k(1/u)|u'du/u<e. 
b 


Now (i) says that x f(x) €oI1,. By Theorem 3.8.6b and Corollary 3.1.8c, and because 
x Pf(x), and 1// are now bounded on every (0, xo), there exist M, X with 


(ux) ?f(ux) —x~ f(x) SH max(u",u ") (u,x>0) 


(x) `e (we[a, b],x>X). 


Then for x>X, 


KSO -KOSO _ | pop N flu SU) —x flo) du 
XAS) E u f(x) u 


a b ioe) 
<{'+[+[ || 
0 a b 


b 


<Me+te | u’|k(1/u)|du/u+Me 


a 


<}2M + fei thodu/ule. 
So the left-hand side tends to 0. T 


Again, there is an O-version under a weaker Tauberian condition: 


Theorem 4.6.5 (Delange (1950), I, Theorem 9). In Theorem 4.6.4 alter (i) and (ii) to read: 
(i) Wf, 2, p, °)<, or (ii) k is non-negative and w(f, 7, p,°)<oo. Then kX fix) = 
O(x?¢(x)) implies f(x)=O(x?7(x)) (x> œ). 


4.7 Matrices and convolutions 


1. Matrix transforms as approximate convolutions 


We compare the transform by a matrix a with the integral transform with 
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respect to a), the putative p-limit function of a. For the integrand of the 
integral transform we need a function on (0, oo) that interpolates (s,,). Given a 
sequence (s„) we shall take s(‘) to be a fixed interpolant as specified in § 4.0, for 
instance the function that is linear on each [n—1,n] and agrees with s, at 
integer arguments (the linear interpolant). If S, := s,/n° then S(x) :=s(x)/x? is 
an interpolant of (S,). 

In view of the expression (4.0.4c) for the matrix transform we shall consider 
the difference 


n=A,(s) = y= Da, n,jSj = | sine (4.7.1) 


This looks better in terms of S(: 3 as above, for since the signed measure da”) is 
supported by the set {j/n:jeN}, on which S(n-) and s,./-? agree, we obtain 


A,/n?= [sonaa —a'))(t). (4.7.2) 


The results of this section, based on Baumann (1967), will be used in the 
Wiener Tauberian Theory below. Recall the classes BSO(p), BSD(p) defined 
in § 4.0. 


Theorem 4.7.1. Fix p € R, let a be p-preradial and let x” e NBV(0, œ). Then a is 
p-radial with p-limit function «” if and only if 
A,(s)=o(n’) (n>) Vs=(s,)¢BSO(p). (4.7.3) 


Proof. We write a, « for x”, x”), throughout the proof. Now «, € NBV(0, œ) 

for n> N, say. Altering the first N rows of a makes no difference to premiss or 

conclusion, so we can assume without loss that a, € NBV(0, œœ) for all n. By 

preradiality, («,),>1 18 equitight, hence so is (f,,),.; where p, :=«, —a, that is, 
M :=sup {len <00, 


n>1 


lim sup( f+ li- ‘)tbl=0. 
ôļO n2>1 


Suppose a, * a, so B, 0. Take (s,)¢BSO(p), then K :=sup,|S,|< ©. 
Choose ¢>0 then there exists 5>0 such that (| +){,)|dB,|<4e/K for all n. 


Then i u 
sup (| +| Jimny <te (4.7.4) 
21 0 1/6 
So to show f S(nt)dB,(t) > 0 it remains to prove just 
1/6 
lim sup | S(nt)dB,,(t)| <4e (4.7.5) 
n> oo ô 


Since (s„,)€ BSO(p) we may find 4> 1 and T such that 
|S(u) —S(t)|<5e/M (t>T,ue[t, At]). 
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For a large enough integer r we can find points 6=t)<t,<...<t,=1/6 with 
all t,/t;_,<A and with lim, £,,(t;)=0 for each i. Then for n>T/0, 


1/6 r tj 
| S(nt)dB,(t)|=| > 1 (S(nt) —S(nt;_ ,))dB,(t) 
3 f= Cis 


+ S(nt;— ;)(B,(t;) — B,(t;- D} 


<(e/M) E | [abl +K Y Bt) -Balt 


tj-1 
<(4e/M)M+o0(1) (n> œ) 

as required. 

For the converse, by Theorem A6.4, from any subsequence («,,,) we may find 
a further subsequence (x„,) converging narrowly to a, say. Take h, continuous 
on (0,0) and of support contained in some compact interval [u,v]. By 
selection, ensure n, ,,/n; tends to infinity as j > œ, and exceeds v/u for all j. 
Let 


0 (other ne N). 


Then (s,)=(n?S,)€BSO(p) by uniform continuity of h. With S(:) as 
continuous interpolant, the first part of the proof shows 


5 ae (neN, unj<n<on,,j=1,2,...) 


| toon — [sona >0 (j> æ). 


But S(n;')—>h(:) pointwise, and since &eNBV(0,%0), dominated 
convergence makes the last integral converge to | hda. Thus 


[sonan 0> | hd& (j> œ). 


The latter argument applied to (4.7.3) shows f S(nt)da,(t) > f hda. Thus 
| hda = { hdã. By an easy approximation argument we can extend this from the 
general continuous h of compact support to the general h € C,(0, 00). Then by 
Lemma A6.3, ¢=«. So all subsequential limits of («„) are «, and a, 5 a by 
Proposition A6.8. T 


2. Asymptotic commutativity 


The next result shows that p-preradial matrices are asymptotically 
commutative in their effect. 


Theorem 4.7.2 Let a=(a,,;) and b=(b,,;) be p-preradial, define c= (cn j) and 
d=(d,,;) by c :=ab, d := ba, and define BP), y(-), EPC) by the versions of 
(4.0.6) for b,c, d respectively. If a” * a) and PP$ BO then zO % y® and 
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5”) 4 y) where yP =a $ BO = BAF a”). Also 


D2 (Cnj— dni) 79 (n> 00) V(s,)€BSO(p). (4.7.6) 


Proof. The matrix A of (4.0.5) is 0-preradial. We define B, C, D analogously and note 
that C= AB, D = BA, and that a? is given in terms of A by a(t) =) <ypAy,;3 Similarly 
for BY, etc. The effect of using these matrices is to reduce the problem again to the p=0 
case. So we now assume this is done, i.e. that a and b are 0-preradial. Also we omit the 
superscript (0) from a,x, etc. 

One may check that c is 0-preradial; to prove (4.0.9b) with c replacing a, observe that 


» 


j<6n 


Man ibi J 


i 


< È lanl 2 lbnilt X land Z bijl 


i<ôn i>dn j<òði 


Also y:=a žbe NBV(0, œ) by Proposition A6.10. 
If (s,) € BSO(0), Theorem 4.7.1 gives 


O, = Dy, 8) [senago >0 (k>). 


From o, > 0 follows Y;, 4,,,.0; > 9, that is, 


È Cn j— >} ank [senago >00 m> o). 
k 


Write I, for the AE One may check that (/,) € BSO(0); then Theorem 4.7.1 gives, 
in terms of the linear interpolant I(-) of (J,), 


È anal froo (n> œ). 


Let I(x): =| s(xt)dB(t). Since s(°) is slowly oscillating we have for each fixed t that 


lim,... .(s(xt) —s (xJ) ))=0 and likewise for s(xt)—s(([x]+ 1)t); dominated convergence 
then gives I(x) —I(x) +0. By a further use of dominated convergence we obtain 


freia- | I(nx)da(x) > 0. 
The last integral is f s(nt)d)(t), by Proposition A6.10. Thus 
È cns j ap s(nt)dy(t) +0 Y(s„)€ BSO(0), 


and the conclusion y, = y follows from the converse part of Theorem 4.7.1. 
Since y=ß $a (Proposition A6.10) we find similarly that 6,>y. For the last 
assertion consider c—d, which has limit function y—y=0. Ei 


3. Non-negative matrix 


For non-negative matrices, again a one-sided Tauberian condition suffices, at 
least when the putative limit-function is absolutely continuous. 


226 4. Abelian and Tauberian Theorems 


Theorem 4.7.3. Let a be non-negative and p-preradial, and let «” € NBV(0, œ) 
be absolutely continuous. Then a is p-radial with p-limit function « if and only 
if (for A, given by (4.7.1) or equivalently (4.7.2)) 


A,(s)=o(n?) (n>0) Ys=(s,)EBSD(p). (4.7.7) 


Proof. Again we write «,, « for aP, x”. Now (4.7.7) implies (4.7.3), so the ‘if statement 
is covered by Theorem 4.7.1. Thus assume «, * a, so that B,:=«,—o« > 0. As in 
Theorem 4.7.1 there is no harm in assuming «, €NBV(0, œ) for all n. We set M := 
| da + sup, | da, (where aĵ since all «„?). On choosing (s,) € BSD(p), €>0, we may again 
find 6>0 so that (4.7.4) holds, so it suffices to show (4.7.5). We again let 
K :=sup,]|S,| < 00. It is easy to see that S(‘) is slowly decreasing: thus we may find 4> 1 
and T such that 


S(u) —S(t)> —4e/M_ (t>T,ue[t, At). 


Because each a, is non-decreasing, narrow convergence of «, implies pointwise 
convergence at each continuity-point of the limit (not so in general). As g” is assumed 
continuous we have pointwise convergence everywhere. 

We show later that for some r we can find points 6=t,<t,<...<t,=1/6 with all 
t;i/ti-ı <Å and such that for all n, 


r 


D (Stm) -s00 | da(t)|<4e. (4.7.8) 


To prove (4.7.5), denote the integral in it by I,,, then firstly 


=> l I © (S(nt)—S(nt,_ ))da,(t)+ | i (int) ~Sinodaco} 


spel ti- vf dB, (t 
=i {S(nt;)— S(nt;- ie da(t 


In the first sum, the integrands S(nt) — S(nt;_ ,) and S(nt,) —S(nt) both exceed —te/M, if 
nò> T, so the first sum is at least —+e. The second sum tends to 0 as n> œ, by 
pointwise convergence of 8, to 0, and for the third sum we have (4.7.8). Thus 
lim inf I, > —4e. 

Secondly, 


Ls 2 Fil (S(nt) — S(nt;))do,, orf (Sint) ~Sin)iato 


$ son f" dp.,(t) 


+È {Stat S(n on | da(t 


and the same arguments yield lim sup I, <4e, whence (4.7.5). 
Finally we establish (4.7.8). By hypothesis, da(t)=a(t)dt where a(°)>0. On (6, 1/8] 
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we can find a simple function ¢ with 


1/6 
| |P(t) —a(t)|dt <75 £/K; (4.7.9) 


specifically, ()=Fk-1 mlm- 1)xm)]() where ô=x(0)<x(1)<...<x(k)= 1/ô. 
Now for each m=1,...,k we take equidistant points: x(m— Xn 6 in eee 
Xm,p(m) = X(m) such that all Xm, ;/Xm j-1 <4 and 


| o pdx = pm(Xm,j—Xm,j-1)<T6 €/(Kk). 


Arrange the points x,, ; into a strictly increasing finite sequence (ti) =o. The left-hand 
side of (4.7.8) is at most 


y= 


Y {S(nt;)—S(nt;-1)} j (a(t) — p(t))dt 
i=1 Hae 


plus 


t 


E {Sint)—S(nt,_,)} | Odi 
i=1 


ti-a 


Y= 


For ¥2, recall that the integrals arising from the same interval coincide; the sum in 5, 
then partially telescopes to give 


k Xm, p(m) %m,1 
=| F {Sinxto) | $(t)dt — S(nx(m— 1)) | poar} 
ERKL =4e, 


m=1 
while ¥, <4e by (4.7.9). This proves (4.7.5). Oo 


4.8 Wiener Tauberian Theorems 


1. Matrix transforms 


Now we weaken the Tauberian conditions on (s,) at the cost of strengthening 
the conditions on the matrix a. Our key tool will be Wiener Tauberian theory, 
specifically Wiener’s Theorem in Pitt’s form (Widder (1941), V.10) for the 
ordinary Mellin convolution. 


Theorem 4.8.0 (Wiener—-Pitt Theorem). Let k(z):={ t~*k(t)dt/t exist and be 
non-zero for Rez=0. If f is bounded, measurable and slowly decreasing, 


kt f(x) > ck(0) (x> œ) 
implies 
fx)>c (x>). 
In what follows the matrix a will at least be p-radial for some p, so we can 
define a by (4.2.10) for Re z=p. As usual, r,=} j 4,5). 
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Theorem 4.8.1. Let a be p-radial with p-limit function «” satisfying the Wiener 
condition 


a(z)#0 (Rez=p). (4.8.1) 


Suppose that either (i) (s,,) € BSO(p), or (ii) a is non-negative and (s,,)€ BSD(p). 
Let ceR. Then r,~cn? if and only if s,~cn?/a(p). 


Proof. The transformation (4.0.5) reduces everything to the p =0 case, so we 
assume it done, and thus that p =0. Again, we omit the superscript (0) from 
a.) etc. Now the Abelian assertion (which asserts convergence of r,, from that 
of s,,and does not need the Tauberian conditions) may be proved as in § 2.2 by 
splitting the sum X}; a, j8; iNto Yj cas + YD jsnjs ANd Ys < jn < 1/53 alternatively, note 
that ais a regular summability matrix and employ Toeplitz’s Theorem (Hardy 
(1949), 43). 

Suppose conversely that r, >c. Take b a non-negative O-radial matrix 
with absolutely continuous 0-limit function f, where B(0)= 1 and b (z)= 
| Zapi ve for» Rez=0= For example» .b,. ;=e74"/n, P(x) =f5 er “du, 
B(z)= I(1+z) The Abelian assertion Eo with above yields q,:= 
Èj bn jrj > c. Now 4, =>; Cn,j8; where c=(c,,;)=ab; here c is non-negative if a 
is, and c is O-radial with 0-limit Mieion y=a%f. Since f is absolutely 
continuous, so is y. By (A6.10), »(z)=a(z)B(z), so y is non-zero on Re z=0. 
Relabelling c as a, we may suppose « is absolutely continuous, and thus use 
Theorem 4.7.3 in the non-negative case. 

Write F(x) := | s(xt)da(t), then by Theorem 4.7.1 [Theorem 4.7.3 in the non- 
negative case], since (s,)¢BSO(0) [or BSD(0)], we obtain r,—7(n) > 0 as 
integer n > ©, 80 r(n) > c. In the general case, since s(°) is slowly oscillating it 
is easy to deduce F(x) c as x > œ through all real values. In the non- 
negative case, 


r(x) —F( p= | xt) —s(Lx]t)}da(t), 


and since da is a measure (not signed ae ee and s(‘) is bounded and slowly 
decreasing, Fatou’s lemma gives lim inf, (F(x) —7([x]))>0. From 


P(x] + 1)—F(x)= es (Lx] + Dt) —s(xt)}da(t) 


we similarly verify that lim inf(7([x] + 1)—7(x))>0. Thus again F(x) > c. 
Since « is absolutely continuous we can rewrite 7(x) as k%s(x) where 
k(t) =a’ (1/t)/t. Now 


hey f: a (1/t)dt/t? = |ixidu=ic, 


non-zero on Rez=0, by hypothesis. So the Wiener—Pitt Theorem gives 


S, = s(n) > c/a(0). m 
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We move on to the Wiener analogues of Theorems 4.6.1,2, making use of 
the “Tauberian functions’ w(:), W(-) of (4.0.14,15) and the transform « of 
(4.2.10a). 


Theorem 4.8.2. Let c; <p <03, let / e Ro andceR. Leta be (o,, 6 )-radial with 
a satisfying the Wiener condition (4.8.1). Suppose either 
(i) (s„) satisfies the two-sided Tauberian condition W(s, é 5p; b4-)=0, 
or 
(ii) a is non-negative and (s,) satisfies the one-sided Tauberian condition 
w(s,7,p;1+)=0. 
Then r,~cn?¢, if and only if s,~cn°Z,/a(p). 


Proof. ‘If is part of Corollary 4.2.3. Conversely, suppose r, ~ cn’Z,,, or R,~ct, 
if we use the notation of (4.0.5). Set T,:=S,/¢,. By Theorem 4.6.3, (T,) is 
bounded. Now a is quasi-p-radial, so (4.2.1) holds, hence 


& And (¢,/¢,— =1)7;>0 (1500), 
But ¥; A, AC t)T)= Ril, +c, so we deduce that 


X An,jT) > ¢ (n> 00). (4.8.2) 
j=1 
Now the matrix A is 0-radial, with 0-limit function N, say, whose * transform 
is given by X(z)=a(z—p). So A satisfies the conditions of Theorem 4.8.1 
[including non-negativity in case (ii)]. To check that (T,) € BSO(0) [BSD(0)], 
write 
Ii = T,= (Sm = Nie air JER Cul on) 
use the Tauberian condition on the first term on the right, and boundedness of 
(T,,) and the UCT on the second. Thus (T,,) is as we need for Theorem 4.8.1, 
which, applied to (4.8.2), yields T, ~c/Ñ(0), hence S,~c/,,/a(p) as required. 
m 


2. The Vuilleumier-Baumann Theory 


Theorems 4.6.1—2 and 4.8.2, with the results of § 4.2, form a complete circle of 
Abel—Tauber theorems for radial matrices. Note the two-fold dichotomy 
between one- and two-sided results (depending on whether or not a is non- 
negative), and between elementary and Wiener settings. The Vuilleumier— 
Baumann Theory is best-possible in two ways: 

(i) the radiality condition on a is necessary, as well as sufficient, by 
Theorem 4.5.5; 

(ii) the Tauberian conditions W(1+)=0, w(1+)=0, W(-)=0, w()=0 
imposed on (s,) are each implied by the conclusion s,~cn?/, of the 
relevant Tauberian theorem, and thus do not narrow the scope of the 
results: all sequences satisfying the conclusions are covered. 
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For developments of the Vuilleumier-Baumann Theory, including O-versions, 
when the matrix a is triangular, see Zimering (1973). 


3. Convolutions 
Wiener Tauberian theory for the Mellin convolution k ¥ f is simpler in that 
§ 4.7, which essentially reduces radial-matrix transforms to convolutions, is no 
longer needed. With the Wiener condition 


k(z)#0 (Rez=p), (4.8.3) 
on the kernel, we can weaken the Tauberian condition (1)/(ii) of Theorem 4.6.4 


on f: 


Theorem 4.8.3 (after Bingham & Teugels (1979), § 4). Let -w<a<p<t<om, 
let k converge at least ino <Rez<t, and satisfy (4.8.3). Let f:(0, ©) > R be 
measurable and such that x °f(x) is bounded on every interval (0,a]. Assume 
either (i) W(f, 7,9; 1+)=0, or (ii) k is non-negative and w(f,7,p;1+)=0. 
Then (4.1.8) implies (4.1.7). 


Proof. As in the proof of Theorem 4.6.4, we may take f to be zero on (0, 1), and 
¢ and 1/¢ to be bounded on every (0, XJ]. Let T(x) :=f(x)/{x?¢(x)}. By 
Theorem 4.6.5, T(x)=O(1) as x > œ. Putting these facts together, T(-) is 
bounded on (0, «). The proof is now essentially the same as for Theorem 
4.8.2. Thus (4.1.8) says 


/ duet Sts 
| k(1/u)u? an T(ux) — + ck(p) (x 0). 


But 


[ecu] Oe P 1 Tike soe 4G Bee), 
£(x) u 


for the integrand tends to 0 pointwise, and by Potter’s Theorem, (ii), is 
dominated by |k(1/u)|w?~*{.A’(u? v u~?) + 1} sup T, which is integrable if p + ô 
are within the convergence-strip. Thus 


| k(1/u)u? T(ux)du/u= | k(t)t~°T(x/t)dt/t  ck(p). 


Provided T is slowly decreasing we can apply the Wiener—Pitt Theorem to 
this, with k(t)t~° replacing k(t) and T(-) replacing f(-), to conclude T(x) >, 
as required. 

For slow decrease (defined in § 1.7), write 


T(x) 7G) SE A Ip rtwo( 1-2) 


¢(x) ¢(x) 
Use boundedness of T and the UCT to show that the second term on the right 
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tends to 0 as x > œ, locally uniformly in ue(0, 0). Slow decrease of T 
follows. LJ 


The above may be extended to certain convolutions of the form f x K, for we may 
use the method of Baumann (1967), 159, as in the proof of Theorem 4.8.1 above, and 
replace K by its convolution with an absolutely continuous Wiener kernel. 


4. Integral transforms 


These methods yield also Tauberian converses to the Abelian Theorem 4.1.4 on 
‘convolution-like’ integral transforms. For such results see Wiener (1932), VI, Pitt 
(1958a), § 4.3, Delange (1950), Karamata (1938), Vuilleumier (1975). 


5. On Wiener Theory 


The Wiener—Pitt and similar theorems are illuminated and quickly proved by a 
Banach-algebra approach, which yields the following celebrated result (see e.g. Reiter 
(1968), I, §4.1): 


Theorem 4.8.4 (Wiener’s Approximation Theorem for L'). For f € L’ (R) the following 
are equivalent: 
(i) linear combinations of translates of f are dense in L; 
(ii) the Fourier transform |” , e'*f(x)dx is non-zero for all real t; 
(iii) the only bounded measurable solutions g to the integral equation 


i f(x—tg(t)\dt=0 YxeR 


satisfy g=0 a.e. 

We shall use this in §4.11. The function algebra here is L', under (ordinary) 
convolution. 

How might function algebras be relevant to the setting of Theorem 4.8.3? If we do 
not want to assume existence of k(z) off the line Re z=p it would seem essential to 
restrict the class of slowly varying / allowed to appear in (4.1.8). Such an approach, 
which can readily be put in Banach-algebra terms, was elegantly done in Bochner 
(1934) (and see also Bochner & Chandrasekharan (1949), VI). If we are not willing to 
restrict / then convergence of k in a strip of positive width is needed just to ensure 
existence of k Af for all f eR, (by Theorem 4.5.2). Taking the p =0 case, convergence 
of k(z) in |Re z|<« is equivalent to k(e*) belonging to the set 


Li ral ol fooltx<ce (4.8.4) 


Under convolution this is a weighted or Beurling function algebra (Beurling (1938)) and 
falls in the ‘analytic’ case, in that the Fourier transform of f € L, is analytic in [Im z| <a. 
For L, the analogue of Wiener’s Approximation Theorem was discovered 
independently by Nyman and Korenblum (see Gurarii (1979) for a review and 
references). It needs stringent conditions on f in order that linear combinations of its 
translates be dense in L,, namely that its Fourier transform be non-vanishing in 
[Im z| <a and decay to zero sufficiently slowly at + œ on the real axis. These are much 
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stronger than what we need for k in Theorem 4.8.3, and correspondingly the 
conclusions of resulting Tauberian theorems are much stronger and involve 
dominated rather than regular variation (Korenblum (1958), Theorems 5,6). It thus 
appears that Theorem 4.8.3 is properly intermediate in strength between the L and L, 
settings. 

We give three important applications of the theorems of this section. 


6. Sine series 


The case a,, ;:=sin(j/n)/j of Theorem 4.8.2 yields a Tauberian converse to 
Proposition 4.3.la. The Wiener condition holds because the right-hand side of 
(4.3.0) is clearly non-zero for 0 < Re v < 1, the gamma function having no poles 
to the right of the imaginary axis. 


Proposition 4.8.5. Let 0<v<1, f€R,, ceR and suppose (s,) satisfies the 
Tauberian condition 

lim lim sup max |j"s;—n’s,|/¢(n)=0. 

All n>o n<j<An 
If the series (4.3.3) defining f is convergent for all small 0>0, and f satisfies 
(4.3.4), then (4.3.3) holds. 


7. Lambert summability 


We shall need this in connection with the Prime Number Theorem. 


Definition. If s,=Si a; (n=1,2,...), we write 


and say } a, converges toc under the Lambert summability method (‘is Lambert- 
convergent to c’) if 


o0 


D na,(1—x)x"/(1—x") N): (4.8.5) 


n=1 
This implicitly says the series in (4.8.5) converges, perhaps conditionally, 
when x(< 1) is close to 1. But then a, = O(1/(nx")) as n > co, for each such x 
and so for all x (0, 1), and the series in (4.8.5) is absolutely convergent. 
Essentially it is a power series. 
Replacing x by e~'*, and noting that 1—e~'!/*~1/x as x> œ, (4.8.5) 
becomes 
o (nx) 
T(x) = Ps ie (x > 00). 
Write so :=0, s, += siy as usual, and K(u) := 1/{u(e!/“— 1)}, then 


(x)= is K(x/t)ds(t) (x>0). 
0 
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The above bound on a, shows this exists as a Lebesgue-Stieltjes integral and, 
writing R@=(F k(v)dv/v, allows use of Fubini’s Theorem to obtain 


œ (*x/v 
T(x)= | | ds(t)k(v)dv/v=s ¥ k(x). 
0 0 


Thus s„ > c (L) is equivalent to k ¥ s(x) > c as x > œ. The kernel is readily 
seen to be non-negative, and k(z) exists in Re z> — 1. For Rez>0, 


ra= | t-*~'K(t)dt (integrating by parts) 
0 


=z \, {u7 /(e" — 1)}du 
0 


=zI(1+z)¢(14+2), (4.8.6) 
the last step by a classical formula of Riemann for his zeta-function ¢. We can 
continue this relation analytically to the whole complex plane. Now T has no 
zeros, since 1/I is entire, and ¢(s) has no zeros on Re s= 1 (see e.g. Widder 
(1941), V, Theorem 16.5). So k(z) is non-zero on Re z=0. At the origin, a 
removable singularity, k(0) = 1. We may employ Theorem 4.8.3, case (ii), with 
p=0, 7=1, hence 


Theorem 4.8.6 (Lambert Tauberian Theorem). If s, > c (L), and s,, is slowly 
decreasing, then s, > c. 


8. Laplace-Stieltjes transform 


The (generalised) LS transform of (1.7.0b) can be written f/x) =k ¥ f(x), 
where 


k(1/x):=xe"* (x>0). (4.8.7) 


Here k(z)=I'(1+z) which is never zero. 


Theorem 4.8.7 (Karamata Tauberian Theorem: third form). Let p> —1, 
ZER,, cER. Let U eL}.[0, œ) and define U by (1.7.0b), where convergent. 
Then (1.7.1) implies (1.7.2). Conversely, suppose for some o€(—1,p) that 
x ~’U(x) is bounded on every (0, a]. Then (1.7.2) implies (1.7.1) if and only if one 
of the Tauberian conditions (1.7.10,10’) holds. 


Proof. (1.7.1) implies U is locally bounded on some [X, œ). But 
X 
a ix e "* U(t)dt 


ae Ju 


o(x?¢(x)), 


|k*( Ulo n0] = a 
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so it suffices for the forward assertion to prove it for UI;y_,.), and Theorem 
4.1.6 does so. 

(1.7.10) is w(U,7,p;1+)=0 so we have the converse assertion by Theorem 
4.8.3(ii). And at the end of the proof of that result we showed in effect that 
(1.7.10,10’) are equivalent under the other conditions. So we have the converse 
assertion under (1.7.10) also. We noted at the end of § 1.7 that the Tauberian 
condition in use is necessary. E 


4.9 Tauberian Theorems for Mellin-Stieltjes convolutions 


1. The Theorems 


We seek Tauberian converses of the Abelian results of § 4.4. The requirement 
of recent sections, that k exist in an open strip, is strengthened by requiring 
that ||k||,,., defined in (4.3.3), be finite for some o <<. 

The norm || ||, is an amalgam of the L' norm and a weighted norm on 7?. 
For amalgams generally see e.g. Fournier & Stewart (1985). We do not know of, 
nor shall we need, any general study of the function-space corresponding to 
our norm. Putting, formally, c=t=0 and logarithmically transforming the 
variable, we obtain the norm Vy <n< SUPtnn+14|f()|. This is Wiener’s 
classical amalgam-norm which he created in order to prove his ‘second 
Tauberian Theorem’ (see e.g. Widder (1941), V, § 12). The latter theorem is 
equivalent to the / = 1 case of Theorem 4.9.2 below. However our aim now is 
to prove 


Theorem 4.9.1. Let —xo<o<p<t<o; let ceR and CER o. Let k be 
continuous and non-negative on (0, œ), have ||k||, <, and satisfy the Wiener 
condition (4.8.3). Let U be monotone on (0, œ) and O(x’) at 0+. Then (4.4.5) 
implies (4.4.4). 

This result appears here for the first time. (An earlier version in Bingham & Teugels 
(1979) has a gap in the proof.) Most of the proof is concerned with the following 
‘general Tauberian theorem’. We use a double-convolution idea of Pitt (1938), 
Theorem B, similar to that in the proof of (Baumann’s) Theorem 4.8.1 above. 


Theorem 4.9.2. Let k, U,¢,c,o,p,t be as in Theorem 4.9.1. Then (4.4.5) implies 
hs U(x) ~cph(p)x?¢(x) (x> œ) (4.9.1) 

for every continuous real-valued h with ||h\|,...<0o for some o'<p<t’. 

Proof. With p fixed, we may replace o by o vo’ and t by t At’, and thus may 


assume o’=o, t’=t. We re-use the notation of (4.4.6), defining h, on h(-) 
similarly. 
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The proof of (4.4.8) holds good, and similarly with h replacing k. Thus 
without impairing (4.4.5) or (4.9.1) we may again assume U constant on (0, 1]. 
And as usual we alter / so that it and 1/7 are bounded on every (0, a]. With 
these properties and (4.4.5) let us show that for some M, 

|U(ex) — U(x)|<Mx?¢(x) (x>0). (4.9.2) 
This is easiest to do if U is non-decreasing. We may assume so, because 
otherwise we could consider — U, —c. Now since k(p) 40, k is not identically 
zero, so by continuity is bounded away from 0 on some interval: we can find a 
positive integer n, real a and e>0 with k(')>« on [e’, e**'/"]. By (4.4.5) there 
exist C, X with 

k & U(x) <Cx¢(x) (x2 X). 
In the left-hand side we throw away most of the integral: 
e{ U(x/e*) — U(x/e**"")} <Cx?¢(x) (xX). 
Thus 
U(e!"x) — U(x) <C'x?e(e*1"x) (x2X"). 
In this we replace x successively by e'/"x,...,e"~1"x, add, and use slow 
variation of / to deduce (4.9.2) for x > X”, say. The properties found for U and 
f at 0+ then allow us, by increasing M, to extend to all x>0. 
Take h as specified and set q :=h* U. Then, with 6 :=min(t —p, p — 0), 


k< | n(x/0||aU (0 


Sine IU Cle) U aE] 


—o<n<o 


<Mx?C(x) Ye Phage (x/e" WE) 
<MA’'x??(x) anes Lp +|n+ lah, 


< M A'e? =PxPt(x)||h Iaz 


by Potter’s Theorem, (ii). Thus q(x)/{x?¢(x)} is bounded on (0, 00), and in 
particular q(x)/x? is bounded on every (0, a] since 7 is. 
We are going to use Theorem 4.8.3 with q replacing f. Let us check the 


Tauberian condition on q. For 1<u<e we have 
|q(ux) — 4(x)| < | |h(ux/t) —h(x/t)||dU(0)| 


< E sup_|h(ue)—h(o)| UEA- Ue), 


Po 
—o<n< 0 € <v< 


236 4. Abelian and Tauberian Theorems 


whence by (4.9.2) and Potter’s Theorem again, 
|q(ux) — q(x)| me 
ee MAL n+l sup |h(uv)—A(v)|. 
XLX) de ti fUP ( ) ( J| 
As h is continuous each summand tends to 0 as uļ1, x > œ, and the nth 
summand is dominated by e~"*!"°(2h,_,+h,) which is summable. So by 
dominated convergence the right-hand side tends to 0, and W(q,7,p;1+)=0 
as we want. 
Because q(x)/x’ is bounded on (0, 1], q(x)/x’*® bounded on [1, œ), and 
I|k\|,..< 00, the integral k ¥ q(x) converges absolutely. And 


Vi X t dt 
k *q(x)= RE) o( aoe ir 
= {i (*) fi (2) due (new variables v ee w:=u) 
v Ww v t 


= (h% (k ł U))(x). 
We have k ¥ U(x) =O(x?’) as x|0 exactly as for q. Theorem 4.1.6, applied to 
(4.4.5), gives 
h% (kž U)(x)~cphi(p)K(p)x?¢(x)_ (x > 00). 
We have just seen the left-hand side is k ¥ q(x). Thus, applying Theorem 4.8.3, 
we obtain q(x)~cph(p)x?¢(x), which is (4.9.1). g 


Proof of Theorem 4.9.1. Our desired conclusion follows formally on taking 
h=11,.), but since this h is discontinuous an approximation argument is 
needed. Choose ¢>0 and let 


0 on (0, 1] 
h(x) = 4 (x—D/e on [1,1+e] 
1 on [1+e, œ). 


Let h(x) := h, (x —e). Then h,,h, are continuous, and bound h = Ifi œ) above 
and below. As noted in proving (4.9.2), we may assume U non-decreasing. So 


h; * U(x) <h& U(x)= U(x) <h, % U(x), 


and 
~ e hese wd U(x) 
PA homma x Cl) SO). 
Letting eļ0 we obtain U(x)/{x?Z(x)} > cph(p)=c. O 


2. Variants 


The assumption that k is non-negative in Theorem 4.9.1 is needed only to establish 
(4.9.2). Hence 
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Corollary 4.9.3. In Theorems 4.9.12 the assumption that k be non-negative can be 
replaced by 


U(ex) — U(x) =O(x°Z(x)) (x > œ). (4.9.3) 
We note that the Tauberian condition (4.9.3) is implied by the conclusion (4.4.4), and 


thus when (4.4.5) holds is necessary and sufficient for (4.4.4). 
If we no longer assume U monotone then for Theorem 4.9.2 it suffices to assume 


| |dU()| <Mx?4(x) Yx>0 


in place of (4.9.3), as examination of the proof shows. However for the approximation 
argument in the proof of Theorem 4.9.1 this needs to be strengthened to 


1 ue 
lim lim sup ——— dU(t)|=0. 
lim lim sup 7) | lauo) 
These conditions on |dU| are no longer necessary for the conclusion (4.4.4). 
As for continuity of k, there does not seem to be a clear general way to dispense with 


it. See Benes (1961) for the 7=1 case. 


3. Alternatives 


If U or k is absolutely continuous, one can try one of the two methods described at the 
beginning of §4.4, of reducing k%U to an ordinary Mellin convolution, to which 
Theorem 4.8.3 can be applied. Where this works — e.g. for the LS transform (Theorem 
4.8.7) — it can yield a better Tauberian theorem than Theorem 4.9.1. But this is to be 
expected, as more information has been used about the kernel. 

For the LS transform we recall the short K6nig—Feller proof of the Karamata 
Tauberian Theorem which we gave in § 1.7. It depends on the uniqueness theorem for 
LS transforms. To create a corresponding proof for a general kernel we would need a 
corresponding uniqueness theorem, in fact the analogue of Theorem 4.8.4(iii) for the 
function-algebra L, of (4.8.4). As we mentioned in § 4.8.5, such a result exists, under 
stringent conditions on f, that is, on the kernel k. The kernel for the LS transform 
satisfies these conditions. We shall not pursue the general case further. 


4.10 Tauberian Theorems for Fourier series and integrals 


1. Conditionally convergent trigonometric series 


Abelian and Tauberian results for absolutely convergent sine series are given 
by Propositions 4.3.la, 4.8.5; these are merely special cases of the 
Vuilleumier-Baumann results for radial matrices. In the conditionally 
convergent case, Theorem 4.3.2 gives an Abelian result; we turn now to its 
Tauberian converse. The Wiener Tauberian theory is no longer available; 
instead we use an Abel-limit argument and Karamata’s Tauberian Theorem. 
The result below and its proof extend to Gegenbauer (ultraspherical) and 
Jacobi series; see Bingham (1978a). 
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Theorem 4.10.1 (Bingham (1978a), extending Aljancic et al. (1956), Yong 
(1969)). Let ¢ be slowly varying, 0<a<1,c,20 for large k. 

(a) If f e L [0, x] satisfies 
¢(1/0) 
0! SÉ 


70) 2c, S ‘T(1—a)sint4za (8@+0+), (4.10.1) 
1 ; 
then 
Son! *¢(n)/(1—a) (n> oo). 
1 


(b) If g €L'[0, n] satisfies 
(1/6) | 


1-4 


g(0) = > d, sin kô ~ T(1—a)cos4nma (8>0+), (4.10.2) 
1 
then 


ee ~*¥(n)/(1—a) (n— œ). 


1 


(c) If, in (a), c,n*/Z(n) is slowly decreasing or if 


lim liminf min (c,,—c,)/(n~*¢(n))>0, (4.10.3) 
All n> n<m<ìn 
then 
Ca ~t(n)/n* (n> œ); (4.10.4) 
similarly if, in (b), d,, satisfies one of these same Tauberian conditions then 
d,~¢(n)/n* (n> œ). (4.10.5) 


Proof. Individual terms c, cos k0 are o(f(0)) in (4.10.1), so we may assume 
c,=0 for all k. Set 


7(1/u) := f(2 arc sin u)(2u)!~*/{T(1—«) sin $na} (O<u<1), 
then since f(2 arc sin u)~ 2*7 tf(u) as u > 0 + , we find 7(1/u) ~ /(1/u). We shall 
prove the conclusions with 7 replacing /, from which the desired conclusions 
follow. Thus, omitting the tilde, we may assume 


f(0)=2* 'T(1 —«) sin $ra: 7(1/sin 40)/sin* ~*(46), 
without altering f. 
For re(0, 1), 


1+2)'r"cosn6=(1—r?)/(1—2rcos 0+r?) 
1 


aye i 4r 219 
BESS Morand tay oer ) 


Since f e L' we may multiply this by f(@) and integrate term-wise on [0, z] by 
Fubini’s Theorem. Since the c, are the Fourier cosine coefficients of f, we 
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obtain 


ny Me -f (1425: roos ae 


1 
nT 1 19 A dQ 
Pee e w (inn x) (4.10.6) 


24 l+r] Jo 4r l 
(: Saas? cos? 10) 
The integral on the right is 


2 1 
n=} 2 10a- 1 
Hay eee if | (cos? 40)" ~}(sin? 46) 1c 
œ œ 1 n—ł 
=y{ | (1 -;) t! -34 /t)dt/t?. 
0 1 
Let X > 1 be chosen so that / is locally bounded on [X?, œ). The function 


eWay SLs Se OE ay be ee) 
n= (0<t<X) 


r 3) d(sin? 40) 


satisfies the conditions of Theorem 4.1.4 with c= 1, so 
| (1—1/t)"~32! -#¢(/t)dt/t? ~T Gan) (n> 00). (4.10.7) 
X . 
Denote the corresponding integral from 1 to X by I,, then 


|, = const. | cos?” 40-0. 
2arcsin X 


<const.cos?"(are sin X ~?): | | f(0)|d0 
0 


=o(¢(,/n)n**) 
since f €L’. Thus we can replace X in (4.10.7) by 1. 
Now write s:=4r/(1+r)*: 
1—s=(1—r)?/(1+r)?~(1—-r)?/4 (rT 1). 
But by the Abelian part of Corollary 1.7.3, 


r(i-4 1 
$a) D/U + o(D yn ~ real ar 2 ( i) (s11) 


T DP 3 1 
~ l| —— 1). 
sindna (1—r)?~* (=) 1) 
Referring back to (4.10.6), this gives 


o BEEE] 1 
Lren dz) (rf 1). 
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By the Tauberian part of Corollary 1.7.3, c,>0 gives 
Yaq~n'¢(n)/((1—a) (n> 0), 
1 


giving the first part. The analogue for sine series is handled similarly, using 


(n+ tr" sin(n + 1)0= {(1 —1?) sin 6}/(1 —2r cos 0 +17). 
0 


Finally, the two Tauberian conditions in (c) correspond to (1.7.10’,10) 
respectively, so, under either of them, Theorem 1.7.5 gives (4.10.4); similarly 
for d,,. oO 


For other ranges of the parameter « the asymptotic relations (4.10.1—2) cannot hold, 
but one can consider ‘corrected’ forms of the sine and cosine series instead: see Yong 
(1971-72). 


2. Monotonicity 


If 7(n)/n* =c,, with c,,|, then it is immediate that c,,/c>,, is bounded for large n. 
Thus ¢(n) is the quotient of two non-decreasing dominated-variation 
functions (n* and 1/c,), so is quasi-monotone by the Quasi-Monotonicity 
Theorem. Combining Theorem 4.3.2 with this special case of Theorem 4.10.1 
we obtain 


Corollary 4.10.2 (Aljancic¢ et al. (1956); Yong (1969)). 
(a) If ca}, (4.10.1) and (4.10.4) are equivalent. 
(b) If d,|, (4.10.2) and (4.10.5) are equivalent. 


The analogue for Fourier integrals is 


Theorem 4.10.3 (Pitman (1968); Soni & Soni (1975), I). If0<a<1,/e Ro, f finite and 
non-increasing on [0, œ), lim,.,,, f(x)=0, the following are equivalent: 


(a) f(t)~e(t)/t® (t> œ), 


(b) | ~ cos tu flu) du~t*-4¢(1/t)-T(1 —a) sin daa (t+0+), 
0 

of “sin tu flu) di~ PTa T a cos dna (t>0+). 
0 


Proof. That (a) implies (b) and (c) follows by (4.3.7). We prove (b) implies (a), the 
implication (c) = (a) being similar. Write F(t) for the left-hand side of (b). Fix x and let 
A Ne Ito,x} G(t) = ja cos tug(u) du=t~' sin tx, then Titchmarsh (1948) Theorem 38 
(with f,g interchanged) gives the Parseval-type identity [? f'g = (2/n) IEI EGIT 


| f(t)dt=(2/n) | aly A F(t)dt/t_ (0<x<o). (4.10.8) 
0 0+ 
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By (b), this is actually a proper integral at 0+, and the same is so at o — because 
tF(t) is bounded on (0, œ), (4.10.9) 


as we now show. For by the ‘second mean-value theorem’ for integrals (Titchmarsh 
(1939)), 


Ai 
FO= tim | cos tu f(u)du 
U>œ Jo 


£ 


= lim f(0+) | cos tudu 


U> œ (0) 
for some € e (0, U), and (4.10.9) follows. 
Choose ô> 0 so small that 1—a + ôe (0, 1). By (b) and Potter’s Theorem we can find 
C, X such that 


Ce ORe) 
OSEE S Crs (1<t<x/X, x> X). 
Then on writing (4.10.8) as 
i f(a)dt 2 x /x Rees F(t/x) dt 2 Me sin ux F(u) du/u 
F(i/x) 1 Jo F(1/x) t n F(1/x) } 


we have dominated convergence, as x > oo, in the first term on the right, so by (b) it 
converges to 


(2/7) (3 singt dtt 
0 


=1/{T(2 —a) sin n(2—a)} (see (4.3.1)) 

= 1/{(1—a«)P(1—a) sin $ra}. 
In the second term on the right, F(u)/u e L'[1/X, œ) so the integral tends to 0 by the 
Riemann—Lebesgue Lemma, hence the term itself is o(1), Thus 


f sode~ raoa —a)I (1 — a) sin $na} 
0 


~x!~*¢(x)/(1—a) (x > œ), 


whence (a) by the Monotone Density Theorem. g 


This last result is capable of considerable generalisation. The method hinges on use 
of the Fourier inversion formula (4.10.8) to reduce the Tauberian part of the proof to 
an Abelian argument (of course, the Tauberian condition f|0 is used in the appeal to 
the inversion formulae). Other ‘Fourier kernels’ possess analogous inversion formulae, 
notably the Bessel-function kernel giving rise to Hankel transforms. For the theory of 
such Fourier kernels, see Titchmarsh (1948), VIII; for the corresponding analogues of 
the result above, see Soni & Soni (1975), II, Bingham (1972a) (and for applications, 
including results for Fourier series as above, Soni & Soni (1975), III). 


3. Integrability theorems 


Analogous to the results above and those of § 4.3 are integrability theorems for sine and 
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cosine series 
o0 


f(x) =4ao Y a, cos nx, 
1 


g(x)=} b, sin nx. 
1 


A specimen result: if 0<a<1, / € Ro and a,J0, x */(1/x)f(x)eL' [0, n] if and only if 
Yn” '¢(n)a, < co; see Aljancic et al. (1955). Monograph treatments are given by Boas 
(1967) (for the case “= 1), Yong (1974). For extensions to Jacobi series see Bingham 
(1979); for related theorems for integral transforms see Soni & Soni (1973), Bingham 
(19785). 


4.11 Tauberian Theorems for differences 


1. Abelian matters 
The results of §§ 4.1-10 relate to the Karamata theory of Chapter 1. We turn 
now to analogous results for the de Haan theory of Chapter 3. 
Let k:(0,00) +R have Mellin transform k(z) =f t *k(t)dt/t convergent 
(absolutely) in some strip — ô <Re z <ô, where 6>0. Thus 


[lsc var Py 00. (4.11.0) 
Suppose f, / and 1// are locally bounded on [0, oo). If f e M, with /-index c: 
{ f(Ax) —f(x)}/4(x) > cloga (xc) VA>0, (4.11.1) 

then in particular, by (3.8.10), there exists C = C(ô) such that 
| f(Ax) —f(x)|/¢(x) <C max(A’,A~*) (A>0,x>0). (4.11.2) 


Now 


k% f(x) — KO) fx) _ M) fou) fO) dy (4.11.3) 


C(x) u ¢(x) u 


and so under (4.11.1) we have dominated convergence: 


{k * f(x) —KO)f(x)}/A(x) > faa /u) log udu/u=ck'(0) (x > œ). 
(4.11.4a) 
Since / € Ro, this gives 
fk% flax) —K(O)f(x)}/4(x) > ck'(0) (x > o). (4.11.4b) 
Subtract and use (4.11.1): 
{k flax) —k¥ flx)}/C(x) > cKO) logA (x00) WA>0, (4.11.5) 


so k% f is also in I, with /-index ck(0). 
Generalising these Abelian results, one could also consider Mellin—Stieltjes 
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convolutions, as in § 4.4, or conditionally convergent convolutions as in § 4.3. This has 
not been done, though particular cases are in Pitman (1968), Theorem 7(iii). 


2. A Tauberian theorem 


The converse implications (4.11.5) = (4.11.1), (4.11.4) = (4.11.1) are more 
difficult, the first, which we now consider, being Tauberian. In the notation of 
Chapter 3, taking g as /, recall Q=QA(f), Q. =Q_(f) are given by 


Q(4)= lim sup Ra —f(x)}/E(x), 


x00 


Q_(f)=Q(—f). 
Recall that f € OI, iff Q< œ and Q_ < œ. 


Theorem 4.11.1 (Bingham & Teugels (1980), extending Delange (1950), II, 
Theorem 9). Let l € Ro. Let f: [0, 00) > R be measurable and locally bounded in 
[0, 00). Let k be such that k(z) converges (absolutely) in |Re z| <6, where 6>0, 
and 


k(z)#0 (Rez=0). 
Assume f satisfies the Tauberian conditions f e OTI, and Q_(1+)=0. Then 
(4.11.5) implies (4.11.1). 
Note. Of course, Q(1+)=0 can replace the condition Q_(1+)=0. 
Proof. Without impairing (4.11.1,5) or the Tauberian conditions, we alter / so 
that it and 1// are locally bounded on [0, 00). Write 


mx) =x Vx lx > 0), 


pC) = [ moss 


and set 

gx(u) = { f(xu) —f(x)}/{Z(x)m(u)} (u, x >0). 
Since f e OI, (3.8.10) gives 

\g,.(u)| LCUN) 

so the g, form a bounded subset of L®((0, 0), 4). Since this space is the dual of 
the separable Banach space Ľ((0,00),u), by the Banach—Alaoglu Theorem 
in the form, e.g., Rudin (1973) Theorem 3.17, we may from any sequence of 
values x > œ extract a subsequence x, with g, weak*-convergent, to 
ge L”((0, œ), u), say: 


fonhar ~ fon du (n>) VWheL'((0, 0), u). (4.11.6) 
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Write 
y(u) :=g(u)m(u) (u>0). 
Because f € OI, the quantity 
S(A) = lim sup| f(/x) —f(x)|/4(x) (A>0) 


is finite. We show that for each fixed A>0 and for almost all u>0 (the null-set 


depending on 4), 
|y(Au) — y(u)| <S(A). (4.11.7) 


For take he L'((0, œ), u) and set h,(v) :=h(v/A)/A, then 


| p(Au)h(u)du = | gh,du 


=) | gx,h,du 
mim | Pe sale Led ryan a (4.11.8) 


Take 4:= 1 and subtract: 
| Qu) —y(w))h(w)du = lim | Mei) Se 


If h has compact support then we can replace /(x,,) here by /(ux,,), and obtain 


fio —y(u))h(u)du| < S(4) foju 


h(u)du. 


whence (4.11.7). 


Next, set G(t o (u)du (t>0), finite because y=g'm, where g is 
essentially A We show that 


G(t)—G(1) {>-Q_(t) (t>1), 
t—1 eit). C1). 
Thus for t<1, taking 4:=1, h := I1] in (4.11.8), 


CORI ae i fa 


(4.11.9) 


du 


t—1 
and the integrand is, uniformly in ue[t, 1], 
È ELEAN) —S(Xn)}/E(x,u) 
<(1+o0(1)) lim sup oy fe) — f(vx)}/E(x) 


~ —Q_(1/t), 


so the t< 1 case follows. The t>1 case is similar. 
Fix t>0. Since k(z) converges in |Re z| <6, we can put h(u):=k(t/u)/u in 
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(4.11.6), whence after some manipulation 


{k ¥ f(tX,) —KO)f(%)}/2(%,) > | rcoktanduj (4.11.10) 


Fix 4>0, replace t by At and subtract: 
{k ¥ f(Atx,) =k% fltx,)}/E(%,) > | K(t/u){y(Au) —y(w)}du/u. 
By (4.11.5), the left converges to ck(0) log A=c | k(t/u)(log A)du/u. Thus 
[ke-r ~cton A\du/u=0 Yt>0. 


But (4.11.7) shows the { } term is essentially bounded in u. Since k is a Wiener 
kernel, we obtain 
y(Au) —y(u)—clogA=0 a.e. in u>0 


by Wiener’s Approximation Theorem for L', Theorem 4.8.5. Integrating, 
1 
A~*G(A)—G(1)= | {y(Au) —y(u)}du=c log A. 
10) 


In particular, G'(1) exists and is G(1)+c. But (4.11.9) and the remaining 
Tauberian condition Q_(1+)=0 show G/‘(1)=0. Thus G(1)=~—c, 
G(A)=cA(log A—1), and so y(A)=c log J a.e. Thus the right of (4.11.10) with 
t= 1 is ck’(0). So we have shown that every sequence of values x > oo contains 
a subsequence x, with 


(K$ SOn) — ROS) En) > cKO) (n > o0). 
The limit being independent of the sequence, we obtain (4.11.4a). (4.11.4b) 
follows, and subtracting it from (4.11.5) yields (4.11.1) as required. E 


3. Non-negative kernel 
While the Tauberian condition Q_(1+)=0is one-sided, f e OTI; is two-sided. 
When the kernel k is non-negative, a one-sided Tauberian condition suffices, 
as before: 


Theorem 4.11.2 (extending Delange (1950), II, Theorem 11, Karamata (1935)). 
If k(-)20 in Theorem 4.11.1, the Tauberian condition f € OII, may be dropped. 


Proof. Again alter 7 so that it and 1// are locally bounded on [0, 00). Since Q_ < œ, 
Theorem 3.8.6a applied to — f yields the existence of B>0 such that 
{ f(y) —f(x)}/C(x) > —Bly/x)? Vy>x>0. 
And Theorem 1.5.6 gives the existence of A such that 
¢(y)/¢(x)<Am(y/x) (x, y>0) 


where m(°) is as in the previous proof. 


246 4. Abelian and Tauberian Theorems 


We may choose «> 1 so that a = fija k(1/u)du/u>0. For x,u>0, 
{ f (2axu) — f(xu/a)}/C(x) > — B(2a*)? Am(u/a) 
so that, writing K for f m(u/a)k(1/u)du/u (< æ), 


M M 
k * f(2ax) —k x f(x/a) + 002) ABK = f(2axu) —f(xu/a) y QaètABm( NeT) du 
¢(x) C(x) ob uj u 


Since k fell (i.e. (4.11.5)) and / € Ro, the left-hand side converges as x > 00, so is 
bounded above by M, say, on some [X, œ). On the right the integrand is non-negative 
so we do not increase the right-hand side by integrating instead over (1/a, «). Thus for 


Nee 
a 
m> | 
1/ 


al et du 
Uja C(x) uj u 


Now for ue(1/«,«), 
{ f(2axu) — f(2x)}//(x)> — B(au)’ Am(2)> — AB(2a’)’, 
{ f(x) —f(xu/a)}/¢(x)> —Bla/u)}? Am(uja)> — ABa*?. 
Write M’ := AB((2«)?+a*), then, combining, 


m> |) EE RO 
1/a ¢(x) uj u 


{ f(2x)— f(x)}//(x)< (M + M'a)/a < œ, 
and so f*(2):=limsup,., œ { (2x) —f(x)}/(x)< œ. With Q< œ, this by Theorem 
3.1.3 (applied to — f, / replacing f,g) forces f € OTI,, as required. O 


Thus for all x> X, 


4. Particular kernels 
Here are some non-negative kernels to which the above applies: 
Laplace—Stieltjes transform. We gave the kernel in (4.8.7) and noted the Mellin 
transform does not vanish in its domain of definition. Applied to this kernel, 


the Abelian implication (4.11.1) = (4.11.4,5) together with the Tauberian 
Theorem 4.11.2, extend Theorem 3.9.1 to non-monotone functions. 


Cesaro means. Here, for «>0, 
M = ee 1 i TAS . 
kx f (x)= (C, f (x) = Tax |, (xt) f(tjat; 


K(x) = Iti o (X)(1— 1/x)**/{xT(@)}; 
k(z)=T(z+1/T(z+a+1) (Rez>-—1). 
It is easy to see that k is non-zero in Re z> — 1 (consider e.g. the Euler product 


for the entire function 1/I'(z+a+1); see (5.4.3) below). Compare also 
§ 1.11.10. 
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Holder means. For «>0, 
1 x 
k M =A poe ie (stil b 
* f(x)=(H,f X(x) Tax i {log(x/t)}*" “f(t)dt; 


K(x) =Ip1 ,0)(x)(log x)*~*/{xT'(w)}; 
k(z)=(1+2z)74. 


Lambert transforms. Here k(1/x)= —x(d/dx)(x/(e* — 1))>0 and k is given by 
(4.8.6), non-zero on Re z=0. As in § 4.8, there are applications to Lambert 
series ) f° na,(1—x)x"/(1—x"). 


5. Remainder formulations 
Tauberian remainder theorems typically deduce f(x)=c+O(p,(x)) (x— œ) from 
k¥ f (x)=ck(0)+ O(p3(x)), under Tauberian conditions. Here the p; are specified 
o(1) functions. See Ganelius (1971), Lyttkens (1974). Using Tauberian-remainder 
methods Aljancic et al. (1974) deduced for the LS transform that U(x)= 
xl (x(c + O(p,(x)))/P(a+1) from U(1/x) = x°¢(x)/(c + O(p(x))). These results are 
not related to Theorems 4.11.1—2 above. 

The theorems of this section do, however, relate to ‘slow variation with rate’ as in 
§3.12. Thus taking L :=exp f, L :=exp(k¥f), (4.11.1,5) say that L, L satisfy SR2. The 
Laplace—K ohlbecker case is that usually considered: see Goldie & Smith (1987) and 
§5.4, below. 

Omey (1985) has a Tauberian remainder theorem relating to the O- and ratio- 
Tauberian theorems of §2.10. 


4.12 Theorems of exponential type for Laplace transforms 


1. Kohlbecker’s Tauberian theorem 


We now consider Abelian and Tauberian theorems of exponential type for 
Laplace transforms, complementing the Tauberian theorems of Karamata 
and de Haan. We distinguish three cases. The first is essentially due to 
Kohlbecker (1958): 


Theorem 4.12.1 (Kohlbecker’s Tauberian Theorem). Let u be a measure on R, 
supported by [0, 00) and finite on compact sets. Let 


M(A) -| e */Adu(x) (A>0). 
[0, œ) 
Let «>1, B>0, PER,, and put W(A) =(A)/AER, -;. Then 
log u[0, x] ~B") (x> o) 


if and only if 
log M(A) ~ (a — 1)(B/a)” ©- PYA) (A> 2). 
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Proof (cf. Kasahara (1978)). Set A) == (B/a)'/@~», 
(a Vay ar (xe 0) 
h(x) = 
= (x<0). 
The relevance of these is that BA — å” is strictly concave on (0, oo), attaining its 
unique maximum h(B) at A=A . 
Now for €>0, 


oO 


mua- | eau) 


a) 


(EA) 
> 
bagia) 


>exp{ —AP(EA)/P(A)}  u(P(EA)), 
writing u(x) for u[0, x]. Thus, as ġ € R,, 


1 ; 1 
lim sup 7 log M(W(A))> —¢* + ¢ lim sup z 08 HCPC), 
A> x> 0 


and similarly with lim inf. Taking suprema on é, 


lim sup ; log M(W(A))> (im sup - log Moo), (4.12.1) 
A> x> o 

lim inti log M(W(A))> (tim inf log Mo). (4.12.1’) 
A> x00 


Lemma 4.12.2. If 


1 
lim sup = log ulo(x)) <B (4.12.2) 


then 


1 o0 
(i) lim sup- log f e NNUS) E BEE EES), 
Aro À (ča) 


1 (EA) 
(ii) im sup 5 log | er du(x)= BE Ce (0 ce 1,): 


Proof of the Lemma. Fix €€(0,A 9), then «é*~!<B and so by choosing «’ 
exceeding « and sufficiently close we may ensure that 


c= Bnw éA e410: 


Choose also «”e(1,«) and set m(x):=x* ~x* (x>0). Choose B'>B and 
d€(0, 1). Then for x, y>X, say, we have 


U(p(x))<e?* 
by hypothesis, and 


P(y)/P(x) > dm(y/x) 
by Potter’s theorem applied to 1/¢. 
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We can write m(x)= fọ n(t)dt where n(t) :=0't” ~! (0<t< 1), «"t” ~! (t> 1). 
Note that n(t)<a’t* ~' for all t. Define p(x) := B’x —dm(x), then for 0<x Z 
we find 


(PE — Po)}/E-x)=B'—5 | OIE 


Š 
>B- Í at OEA 


B DEE 
Choose £>0 and put &, :=¢—ke (k=0, 1,2,...). Take integer K so large 
that O0<čk <e. We may take / so large that A> X, €,A>X, and plé,A) > 
P(E, +14) for each k=0, 1,... K —1. For such A and k, 


D(A) 
| exp{ —xA/$(A)}du(x) 


(Ee +1) 
<exp{ —AP(,+1)/P(A)$ M(P(EA)) 
<exp{ —Adm(&, +1) + B’E,A} 
=exp{A[p(o,+1)+ B’e]} 
<exp{A[p(é) —c(k + le + B’e]}. 
Summing, 


P(SA) 
| <exp{AL p(é) + (B’ —c)e}}/(1—e*) 
P(A) 


<(1+0(1)) exp{A[ p(é) + B’e]}. 
Again, for such A, 


(SKA) 
| <u(P(E,A)) <7 <eF™, 


and since p(é)>0 this bound is asymptotically negligible compared to the 
previous one. Thus 


(EA) 
| <(1+o0(1)) exp{ALp(g) + B’e]}, 
sO 


1 (EA) 
lim sup toe | <p(č)+ B'e 


A> o -0 
= B'é — ô min(é*,, č” )+ B'e. 
Let B'| B, a’ |a, «fa, e]0, ôf 1, and (ii) follows. The proof of (i) is similar. [J 


Lemma 4.12.3. If (4.12.2) holds then 


lim sup ; log M(W(A)) <h(B). (4.12.3) 


A> æ 
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Proof. With A, as above, choose 0<1, <o <å, < œ. Then 


1 (A 2A) 
lim sup =- log | exp{ —Ax/(A)}du(x) 
) 


A> A (Aya 
<lim sup : log[exp{ —Ad(A, A)/$(A)} “U(p(A2A)) } 


IBI (4.12.4) 


as PER,. By the previous lemma, 


1 ‘P(A, A) 
lim sup; log | <BA, — 44i < B4, — 4i, 
A> œ 


1 (e 0) 

lim sup toe | < BA, —/13,<BA,—Aj. 
A plà) 

So for each e>0 and all large enough 4, 


iP <3 exp{A[BA, —1% +e]}. 
The left-hand side is MW). Thus 
TASS : log M(W(A)) < BA, — 14 +e. 

Let 4,749, 42}20, £10, then the bound becomes BA, —/13=h(B). E 
Lemma 4.12.4. If (4.12.2) holds, but 

limsup ; log M(w(A))>C>0, 
then 

lim inf = log w(6(x))> (1 /23)B, 
where 4, <A, are the roots in (0, ©) of BA—A*=C. 


Proof. Using Lemma 4.12.3 we have C <h(B)=sup(BA — 4°), so there are two 
roots 4,,4,, which coincide if and only if C=h(B). Choose n; With 
O<n, <A, <A, <2 < ©. By Lemma 4.12.3, 


1 (nA) Ax 
imsup tog | exp -A ae SBn, ni < BA, — 27 =C, 


1 = 
lim sup log | <Bn -3 <B, — 43 =C. 


Ao (2A) 
Choose e>0, small enough; then for all large enough 4, 


‘p(n: A) œ 
A(C—2 =z 
<e 2A <ete 22) 
Tee $(n2A) 
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while by hypothesis f2 „> e“°~9. So 


(nå) 
> e? C-e) TIAC 2E) _ (1 +o(1))e C=», 
(nà) 


whence 


1 (n24) Ax 
im nt log | ex f- x) Ce 
eas io esa PET te ce 


But (as in (4.12.4) but with lim inf in place of lim sup) 


1 ‘p(n2) 1 
lim inf — oe | <n, lim inf — log ulol(x))— ni. 


à>% b(n A) 
Combining, 


Rie 
lim inf log u(b(x)) > (C +ni)/n2. 
Let n1121, N2442: 


1 
lim inf = log (P(x) > (C +43)/42 = BAy/Ap. oO 


x— © 


Proof of the theorem (continued). Lemma 4.12.3 shows that (4.12.2) implies 
(4.12.3). Conversely, if (4.12.3) holds, (4.12.1) gives 


(im sup 2 log ul) <h(B). 


But h is non-decreasing, and strictly increasing at B, so this gives (4.12.2); thus 
(4.12.2—3) are equivalent. 
Next, by (4.12.1’), if 


~ log ulġ(x) >B (x> œ) (4.12.5) 


then h(B)<lim inf (1/4) log M(W(A)), while also (4.12.3) holds. Combining, 
slog M(W(A)) > h(B) (x > œ). (4.12.6) 


Conversely, if (4.12.6) holds, (4.12.1) gives (4.12.2) as h(-) is increasing. But 
Lemma 4.12.4 with C=h(B), 2, =A, (=A ) gives 
1 
lim inf log u(o(x)) > B. 


Combining, (4.12.5) holds. Thus (4.12.5), (4.12.6) are equivalent. The result 
follows via Theorem 1.5.12 and Proposition 1.5.7(ii). oO 
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2. Limits of oscillation 
Corollary 4.12.5 (Davies (1976); Kasahara (1978)). 
1 
0< B, <lim inf — log u(P(x)) 


1 . 
<lim sup — log u(ġ(x)) <B,< % 
Be Ges 
implies 


h(B,)<lim inf log M(/(A)) 


A> œ 
1 
<lim sup 7 log M(W(A)) <h(B,) , 
A> 


which in turn implies 


1 
A,B,/2,<\im inf — log u((x)) 
x 


x> 0 


1 
<lim sup ~ log u(x) < B2, 


x 0 


where A, <A, are the roots of B,A—2*=h(B,). 


3. Re-statements 


Kohlbecker’s Theorem (and similarly the others below) can alternatively be expressed 
in terms of one function inverse rather than two, thence in terms of de Bruijn 
conjugates (§ 1.5): 


Corollary 4.12.6. With u, M, « as in Theorem 4.12.1, let y € Raa-1), then 
log u[0, x] ~ax/x~(x) (x > œ) 

if and only if 

log M(A)~(a—1)y(A)/A (å> œ). 
Equivalently, let l € Ro, then 

log u(x) ~ax'/*{2*(x)}-@- Viz (x + æ) 
if and only if 
log M(A)~ (a — LAME YeAv@—Y) (A= œ). 


Proof. With @, y as in the Theorem, and B :=«, set y(A) := Aw © (A), then, using the UCT 
where appropriate, 


A~ AWADA) (X ERa) 
x AWA) ~ WA), 
xX (P(A) ~ pla), 
xX (x) ~x/* (x). 


Thus log p(x) ~ap* (x) is equivalent to log u(x) ~ax/y* (x), whereas the asymptotic 
expressions for log M(A) are by definition equivalent. 
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On employing Proposition 1.5.15 it is straightforward to re-express the above in 
terms of / and /*. m 


The Tauberian theorems of Karamata, de Haan and Kohlbecker combine 
in a striking way. If U is a non-decreasing function on R with U(x)=0 for x <0 
and LS transform U, these show respectively that: 

ver ait UG VER, 
expUeR iff exp U(1/‘)eER, 
logUeR iff log O JER. 


4. Kasahara’s Tauberian theorem 


We turn now to the second of our three cases due to Kasahara (1978) (see also 
Rossberg (1966, 1967)). 


Theorem 4.12.7 (Kasahara’s Tauberian Theorem). Let u be a measure on (0, œ) 
such that. 


M(A):= | | e** du(x)<00 


0 
for all A>0. If 0<a<1, PER,, put W(A):=A/P(A) ER, -x then for B>0, 
—log u(x, 00)~ Bp" (x) (x70) 
if and only if | 
log M(A)~(1—a)(ae/B)7" 9Y (4) (4> œ). 


Proof. One considers the function 47 — BA, which is strictly concave on (0, «0), attaining 
its unique maximum /(B) :=(1—«)(«/B)*""~” at Ay =(a/B)'/" -®. One then treats 


œ 


mwa- | AANE) 


(0 


by a procedure analogous to that in the theorem above. E 


Again, one obtains results on limits of oscillation: 


Corollary 4.12.8 (Kasahara (1978)). 


mie 1 
0< B, <lim inf —~ log u(d(x), 0) 


1 
<lim sup APs log u(d(x), 0) <B,< 2% 
implies 
h(B,)<lim inf log M(W(A)) 


A> 


1 
<lim sup = log M(W(A)) <h(B,), 


A> œ 


254 4. Abelian and Tauberian Theorems 


which in turn implies 


1 
AB, /A3 <lim inf ——log u(ġ(x), ©) 
x 


x 0 


1 
<lim sup aoe L(x), 0)<Bo, 


x> œ 


where A, <A, are the roots in (0, œ) of A*—B, =h(B,). 


5. de Bruijn’s Tauberian Theorem 
We name the third case after de Bruijn (1959) (who, in fact, considered all 
three cases). Note first that if p e R,(0 + ) (x <0), W(A) = o(A)/A, then as å > 0, 
g(a), WA)> œ, while as A>, f° (A), WO(A) > 0. (Here, 6° (A) := 
sup{t:¢(t)>A}, and similarly for .) 


Theorem 4.12.9 (de Bruijn’s Tauberian Theorem). Let u be a measure on (0, œ) 
whose Laplace transform 


M(A):= T e~ ** du(x) 


0 
converges for all A>0. Ifa<0, PER,(O+), put WA) = o(A)/AER,_ , (0+); then 
for B>0, 

—log 1(0,x]~B/p" (1/x) (x > 0+) 
if and only if 
—log M(A)~ (1—a)(B/—a)"""Y/po(a) (A = 00). 
Proof. The function —A*—BzA is strictly concave on (0,00), attaining its unique 
maximum h(B) = —(1—«)(B/—a)**~) at A, :=(B/—«)!/"—»). Now for €>0, 


a 


M(Wi2))= | e402 d(x) 


0 


5 | 
0 


1 (a) I 
> : “uy O, L 
>ap] EN, u( ca 


lim sup A log M(W(A))> —€*+ lim sup x log (0, 1/¢(x)], 
A>0+ x70+ 


whence 


and the result may be proved by a method closely analogous to that used above] 


In all three Tauberian theorems above, generalisations are possible to transforms of 
the form f exp{ + f(xs)}du(x) for suitable f: see Kasahara (1978) for further details. 


6. Absolutely continuous measure 


Suppose now that u is absolutely continuous, with density e~/™ or ef®, 
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Under suitable Tauberian conditions on f, one can link the asymptotic 
behaviour of f itself with that of the transforms above. Recall (§2.1) that 
Y_(f; 1+)=1 is a ‘slow-decrease’ condition on f: for all ¢>0 there exist 
6=0(e)>0, X=X(e) such that for x>X, 1<u<1+0, f(ux)/f(x)>1-e; 
similarly for the ‘slow-increase’ condition ‘¥(f, 1+)=1. Where appropriate 
(e.g. (ii) of the next theorem) we assume ef or e / is locally integrable on 
[0, 00). 


Theorem 4.12.10. 
(i) If fe R,, «>0, then 


-io | e I” dy~ f(x) (x> œ). 


Conversely, if 


-iog | e J dy~g(x) (x> œ), gER, 


and f satisfies the Tauberian condition ¥ _(f, 1+)= 1 (in particular, if f is non- 
decreasing), then 


(ii) If f eR, «>0, then 
oe | IM dy~ f(x) (x> 00). 
0 . 
Conversely, if ¥_(f,1+)=1 and 


oe | J™~g(x) (x> æ), JER, 
(0) 


then f~g. 
(iii) If f ER 0+), «<0 (f(1/x)EeR-,), then 


-iog | e IM dy~f(x) (x>0+). 
0 
Conversely, if ¥(f(1/:),1+)=1 and 


-iog | e IM dy~g(x) (x 70+), geER,(0+), 


0 
then f~g. 


Proof. (i) We first prove the direct statement for feSR,. First, g =f “ESR; ja and 


I(x) = | eI” dy 


x 


-| e`tdf (t) 


= ji e 'g'(t)dt. 
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Now 


a e ‘g'(t)\dt=e *g'(x)+ | e ‘g"(t)dt. 


Since g'ESR; x-1 while g”€SR,,,_ >, the integral on the right is negligible compared to 
that on the left, so 


I(x) ~e-F™ g'( f(x). 
But g'o f ESR, so log(g’ o f)=o(f), and 
—log I(x)~f(x) (x> œ), 


as required. 
In the general case, we can find f,eSR,, fı Sf< fo, f,~f. Then 


-ioe | n< ios | 1 < iog | ef, 


and both extremes ~f. 

For the converse, for each e>0 we can find 4>1,X with S(yv)\/f(x) > 1—e for 
X <x <y<Ax. But then also X <y<Ax<jAy, so f(Ax)/f(y)> 1—e. Decreasing A> 1 if 
necessary, we can ensure 1<A*<1+¢. Now 


le e J dy=exp{ —g(x)(1+0(1))} (x œ), 


Ir eS) dy=exp{ —g(Ax)(1 +o(1))} 
a 


=exp{ —A%g(x)(1+0(1))} 
=o(exp{ —g(x)(1+0(1))}, 


so 
Àx 
| ef dy=(1+0(1)) exp{ —g(x)(1+0(1))} (x> 00). 
But 
Ax 
x(A— 1) exp{ -s-os | e SM dy 
<x(A— 1) exp{ —f(x)(1—«)}. 
Thus 
fœ) —e) —log x —log(4— 1) <o(1) +.g(x)(1+0(1)) 
<1 —log x —log(A— 1). 


The left inequality yields lim sup(f/g)<1. The right inequality yields lim inf( f/g)> 
(1 —e)/A*> (1—e)/(1 +e), whence > 1, completing the proof of (i). 
The same method applies also to (ii) and (iii). m] 


Combining the results above, one obtains pointwise results, concerning the 
Kohlbecker transform of § 1.8, and its analogues. 
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Theorem 4.12.11 
(i) Let g(s):=log |p e ®=dx. If a>1, PER,, let W(A):=(A)/2. If 
PU(F,1+)=1, B>0, 
f(x) ~ BO*(x) (x 0) 
if and only if 
g(s)~ (a — 1)(B/a)""" My (1/s) (s+0+). 
(ii) Let g(s) :=log |p e5- 1® dx. If 0<a<1, pER, let W(d):=A/h(A). If 
E eh Dey i 
f(x)~ Bo" (x) (x œ) 
if and only if 
g(s)~(1—a)(a/B)"" ~~ (s) (s— oo) 
(iii) Let g(s) = —log [fe ** J dx. If «<0, p E R,O+), let WA) = P(Ay/A 
Tf Vig sie j= 1) B= 0, 
. f(x) ~ B/p*(1/x) (x 70+) 
if and only if 
g(s)~(1—a)(B/—a)"@"M/pe(s) (s— 00). 
The terms above vary regularly with non-zero exponent, and logarithms are in 
comparison negligible. The theorem may thus be applied to h(s) :=log{s [> e/™ ~** dx} 
in place of g(s) :=log fọ ef® == dx, etc. This is the form obtainable from the earlier 


results by partial integration, rather than by specialisation to an absolutely continuous 
measure. 


7. Boundary cases 


Each of the three cases «e(1, 00), «€(0, 1), xe(— 0,0) has two boundary cases 
corresponding to the ends of the interval. First, the case «= œ: 


Theorem 4.12.12 (Parameswaran (1961)). Let f have Kohlbecker transform K(f;s)= 
log{s Jf ef dx}; let ¢,¢* be conjugate slowly varying functions. Then 
f(x) ~ Vex) (x> æ) 
implies 
K(f;s)~7@*(1/s) (s>0+), 
and conversely if f is non-decreasing. 

We will not give the proof, beyond noting that the result is immediate if /(x) > 
cE (0, œ) (¢*(x) > 1/c) as x > œ. For then ef® — e*'° implies s (> e~ **4™ dx > e!" 
by Abelian methods, so K(f; s) > 1/c,and conversely by a monotone density argument 
if f is non-decreasing. Refinements are possible if f € Ro is specialised to f ETI; see 
§ 5.4. For both boundary cases of « €(0, 1), see Wagner (1968). 


8. Laplace’s method 
The ‘pointwise’ result, Theorem 4.12.11, may be proved by finding the point x, at 
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which the integrand in fọ exp{+xs+f(x)}dx has its maximum, and restricting 
attention to a neighbourhood of this point (Kohlbecker (1958); de Bruijn (1959)). This 
is in effect a form of Laplace’s method for the asymptotic estimation of Laplace 
integrals (de Bruijn (1958), Chapter 4). Under stronger conditions, Laplace’s method 
yields estimates of {> exp{ + xs + f(x)}dx itself rather than its logarithm (‘strong’ rather 
than ‘weak’ estimates; see e.g. Wagner (1968), Balkema et al. (1979), § 6). 


9. Applications 


The Tauberian theorems above will be useful later, Kohlbecker’s in the context of 
partitions in analytic number theory (§ 6.1), Kasahara’s and de Bruijn’s in probability 
theory (Chapter 8). Kasahara (1978) has references to further applications. See also 
Dewess (1977, 1978), Dewess & Riedel (1977), who extend Rossberg’s version of 
Theorem 4.12.7 to OR and ER functions. 


5 


Mercerian Theorems 


5.0 Preliminaries 


From the Karamata Tauberian Theorem (Theorem 1.7.1) it is evident that 
either assertion (1.7.1,2) implies, when c #0, that U(1/x)/U(x) > T(1 +) as 
x > oo. That the latter assertion implies regular variation of U and U isa 
Mercerian assertion, of which we shall consider general-kernel versions 
below. In fact the Mercerian theorems may be regarded as general-kernel 
versions of Karamata’s Theorem and the Aljancic-Karamata Theorem. For 
the first, we assume convergence of the ratio of a function and its transform, 
obtaining as our conclusion regular variation of both. This, the ‘general- 
kernel Mercerian Theorem for Karamata Theory’, is the Drasin—Shea 
Theorem of § 5.2 (generalised further in § 5.3 to Jordan’s Theorem). For the 
second, our convergence condition involves the difference of the function and 
its transform, and our conclusion []-variation of both. This, the ‘general- 
kernel Mercerian Theorem for de Haan Theory’, due to Arandelovic (1976), 
Bingham & Teugels (1980), is treated in § 5.1. In § 5.4 we consider Laplace and 
Kohlbecker transforms in more detail. 

The importance of these Mercerian theorems is crucial, since they tell us 
that the type of behaviour seen in the Abelian and Tauberian theorems 
mentioned above characterises regular variation, under weak conditions. 
Thus, so far from being imposed merely as a convenient sufficient condition, 
regular variation is necessary as well as sufficient for comparability of function 
and transform. 

Notation needed will be little more than the Mellin-transform k and Mellin 
convolution k¥f as defined as §4.0, and of course the Laplace-Stieltjes 
transform U already mentioned above. 
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5.1 Mercerian Theorems for differences 


1. The Theorem 


In § 4.11.1 we gave conditions for, and a simple proof of, the Abelian assertion 
that (4.11.1) implies (4.11.4a). Our task now is to prove the converse. As usual, 
k:(0, 00) > R has Mellin transform k(z) == |? t~ *k(t)dt/t, for all z for which the 
integral converges absolutely. 


Theorem 5.1.1 (after Bingham & Teugels (1980)). Let l e Ro, e>0, 6€(0, 1). 
Suppose f:(0, 0) — R is measurable and locally bounded, and 

(i) f(x)=O(x~*)(x + 0+); 

(ii) g(x) =f(x)—x~" f5 fly)dy is O(x*) as x > œ; 

(iii) k(z) exists for —d<Rez<e; 

(iv) k(0) #0, k’(0) 40; 

(v) k(z) takes the value k(O) only once in some strip —06'<Rez<e, 

where ð >Q. 

Then (4.11.4a) implies (4.11.1). 


Proof. Write f= liui athen since | f(x)|<Cx~? for 0<x<1, 


|k% f(x) —k¥f(x)| < li C(x/t)~*|k(t)|dt/t 


=o(x~°) (x œ) 
=o(¢(x)) (x> œ). 
So if f satisfies (4.11.4a), so does f. Also (ii) remains in force with f replacing f. 
We shall show that then / satisfies (4.11.1), from which it is immediate that so 
does f. Thus, omitting the tilde, we may assume f=0 on (0, 1]. 
Integrating g with respect to dx/x, Fubini’s theorem yields f(x)=g(x)+ 
f5 9(y)dy/y=g(x)+G(x), say (note g=0 on (0, 1]). We show g(x)~c¢(x), 
which by Theorem 3.7.1 yields (4.11.1). 
Watek (x):= iz k(u)du/u. Now k ¥f exists by assumption, and k¥g exists 
because g is locally bounded on [0, œo) and O(x°) at o0. So k¥G=k *f—k Xg 
exists (finite). By Fubini’s Theorem, 


dt d 
ow- || kog = K g(x) (5.1.1) 


Thus 


KX fix) —KO)f(x) =k ¥ g(x) + K ¥ g(x) —K(0)G(x) —K()g(x) 
=k, ¥ g(x) —kO)g(x) 
where k; =k+K —K(O)Ij,..,). Thus (4.11.4a) becomes 
kı ¥ g(x) —K(O)g(x)~cK'(0)Z(x) (x> 0). (5.1.2) 
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One may check that the Mellin transform of k, exists where that of k exists, 
and is given by 
mente ear aoe (240) 
; k(0) +k'(0) (z=0). 
By (iv) and (v), k,(z) —k(0) is non-zero for —5’<Rez<e. And g(x) is OE E) 
as x > 0+ (trivially), O(x°) as x > oo. By Banach-algebra theory (see below), 
we may thus solve 
kı ¥ g(x) —KO)g(x)=h(x) (5.1.3) 
to obtain 
g(x) = bh(x) +k, ¥h(x) (5.1.4) 
for some constant b and kernel k, with Mellin transform Ñ. 2(z) convergent in 
— 0’ <Rez<e. Now by (5.1.2), h(x) ~ ck'(0)/(x). Since g is 0 on (0, 1), locally 
bounded, and O(x‘) as x0, it is easy to see that k,¥g is bounded on every 
(0, a], hence so is h. Thus Theorem 4.1.6 gives 
k> ¥h(x)~k,(0)-ck’(0)4(x) (x> 00). 
Then by (5.1.4), 
g(x) ~ (b + k(0))ck'(O)¢(x). 
When c=0 this suffices. When c 40, similarly 
ky ¥ g(x) ~ K, (O)g(x) ~ (K(0) + R (0))(b + K2 (0))ck (0) A(x). 
Substituting these into (5.1.2) we find, since ck’(0)40, 
k’(0)(b+k,(0))=1; 
thus g~c/ as required. E 


2. The integral equation 
To solve the integral equation (5.1.3) we follow Gelfand et al. (1964) § 18. Thus 
æ: R — (0, œ) is a fixed continuous function satisfying «(s + t) <a(s)«(t) for all 
s,t, so that subadditivity theory (cf. Hille & Phillips (1957), Theorem 7.6.2) 
gives 


tı = — inf t`! log a(t)= — lim t7! log a(t), 
t>0 t> œ 

T,:= —supt ‘loga(t)=— lim t~' log a(t), 
t<0 [aka Ke) 


TOS AO 


L[«] is defined as the linear space of all measurable x: R— C for which 
|x|] = f7 [x(tæ(t)dt <0. Under convolution 


OE | “WE yds 


as multiplication it forms a Banach algebra without unit. V[«] is defined as the 
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Banach algebra obtained by formally adjoining a unit e. Thus V[«] is the 
set of all objects Ae+x, where A46C, xeL[a], with operations defined 
appropriately. (Or more concretely, L[«] can be considered as the space of 
complex measures x(t)dt to which we adjoin e, the Dirac measure at the 
origin.) Now for each ze C with t; <Im z<, the function y,: V[a] > C given 
by 
plier) 2+ | x(tje dt (all Ae+xeV[a]) 

is well-defined. The y, are the ‘characters’ of V[«]. The analogue of Corollary 
1 of Gelfand et al. (1964) § 17, which the authors leave to the reader, is 


Proposition 5.1.2. The element Ae + x € V[«] has an inverse in V[«] if and only if 


(a+ | sige" dt) 40 (c, =Im 2573), (521:5) 


T 


From this it is easy to deduce the analogue of ibid. § 17.6: 


Proposition 5.1.3. Let o@:R—-C be measurable and such that 
o(t)/max(e™™,e7™™*) is bounded. If łe+xeV[«] satisfies (5.1.5) then the 
integral equation 


œ 


Ap(t)+ | x(t—s)p(s)ds=y(t) (teR) 


PA 
has solution 


œ 


p(t)=uy(t)+ | y(t—s)y(s)ds (teR) 


where we+yeV[a] is the inverse of Ae+x. 

To apply this to solving (5.1.3), take a(t) := max(e", e~°"), so that t; = —e, 
t,=0', and we have the result on translating into multiplicative-argument 
terms. 


3. Alternative conditions 


Regarding the conditions of Theorem 5.1.1, increasing 6 or e has the effect of 
weakening the side-conditions on f at the cost of strengthening the conditions on k. 
For condition (ii) it suffices that 
i’) f(x)=O(x°) asx >a. 

Either way this is merely a mild growth-condition on f; no Tauberian condition of the 
type needed in § 4.11 is needed. The situation is reminiscent of that in Mercer’s classical 
theorem for the Cesaro means c, := (1/n)} 1 sẹ of a sequence (s,):s,>¢ implies o„,—>c; the 
converse holds under the Tauberian condition of slow decrease (or slow increase) of 


(s,). But 3(¢,, +s„)—>c implies s,—>c with no condition on (s,); cf. Hardy (1949), Theorem 
51. 
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Instead of (v) we usually can check 

(vy k is non-negative, and e is chosen sufficiently small, 
which suffices for (v) as we now show. For k(0) is assumed positive, so k is not a.e. zero, 
so for real t#0, 


Re {k(0) —K(it)} = | k(u){1—cos(t log u)}du/u>0. (5.1.6) 


Thus k(z) takes the value k(0) #0 only once on Re z=0. Now k is analytic in the interior 
of its convergence-strip, and by the Riemann—Lebesgue Lemma k(z)>0 as 
[Im z| — œ, uniformly in any closed substrip. Thus k can attain the non-zero value k(0) 
at most finitely many times in any closed substrip. So by taking e, 6’ sufficiently small 
(which may strengthen (ii)), we arrive at (v). 


4. Particular kernels 
The non-negative kernels listed in § 4.11.4 clearly satisfy (iii) and (v)’ for 
suitable e, 5’, and have k(0)40. Let us check k’(0). 
Laplace-Stieltjes transform. k'(0)= —y. This case is covered in detail in § 5.4 
below. 
Cesaro means 


at 


$ EER 
Ara whe rea 


(see e.g. Bingham & Teugels (1980)), so k’(0) <0. 

Holder means. k'(0)= —a<0. 

Lambert transform. The Riemann zeta-function has a simple pole at 1 with 
residue 1, so in a neighbourhood of 1 we have 


i(gs1)" 


where aọ=y (Whittaker & Watson (1927), § 13.21, Corollary). Hence the 
function n(z):=z¢(1+ z) has n'(0)=ay=y. Now k(z)=n(z)'(1+2), so 
k'(0)=n'(0)P(1) +O)’ (1) =y 1+ 1(—y) =0; 


the Lambert kernel violates (iv). 


5. Connection with the Aljancic-Karamata Theorem 
Theorem 5.1.1 includes a general-kernel version of the Aljancic-Karamata 
Theorem. For let k(x) :=x ~“Ip1,..)(x), where o>0, then k satisfies the relevant 
conditions of Theorem 5.1.1, and 


x)= |, HOE. cab. 


Thus Theorem 5.1.1, for this kernel, is the implication (ii) = (i) of Corollary 
1.6.3 (with a few extra growth conditions on f). ca ae the kernel 
k(x) = x7I(o,1;(x), where o >0, gives the implication (ili) = (i). 
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5.2 The Drasin-Shea Theorem 


1. The Theorem 


Consider now the converse half of Karamata’s Theorem, supposing for 
convenience that f=0 in a neighbourhood of zero: if 


5l (t/x)f(t)dt/t > I/(o+p)>0 (x > œ), 
f(x) Jo 
then f €R,. Take k(x) :=x~ 7I;,,..y(x): then k(z) = 1/(¢ +z) for Re z> —o, and 
Karamata’s Theorem becomes 
k¥ f(x)/f(x) + kp) (x 0) implies feR,. 

It turns out that versions of this result hold for much more general kernels k. 
Of course, the c#0 cases of Abelian results like Theorem 4.1.6 (where we 
assume regular variation of f), and their Tauberian counterparts like 
Theorems 4.8.3-4 (where we assume regular variation of k¥f) imply in 
particular that k ¥ f(x)/f(x) > k(p). The great importance of the results of this 
section is that they show that, under weak conditions, such behaviour 
characterises regular variation: one has k ¥ f(x)/f(x) > k(p) if and only if f (so 
also k ¥ f) is in Ro Matters are simplest when both k and f are non-negative. 

First, some properties of kernels k (not a.e. zero). We assume that k(z) 
converges on the open strip a< Re z<b, where a is taken as small, and b as 
large, as possible, and either or both of a, b may be infinite. If b, say, is finite, the 
Vivanti-Pringsheim theorem tells us that for non-negative k,z=b is a 
singularity of (the analytic continuation of) k (Doetsch (1937), Chapter 4, § 5). 
Of course if the singularity is a pole, k(z) > œ as ztb: k(b—) = œ. Otherwise 
the singularity is of some more complicated kind, such as a branch-point. If 
k(b—)= 00, b may or may not be a pole, as examples readily show. 

Next, 


k"(z)= | u- *(log u)?k(u)du/u. 
0 

Considering real z and assuming k non-negative, we find 0<k"(z)< œ for 

a<z<hb, so k is strictly convex. Thus k can have at most one extremum (a 

minimum), and equations of the form k(z)=c (c real) can have at most double 

real roots. (It follows that if real z satisfies k(z)=c then z is of multiplicity at 

most 2 as a complex root.) Typical examples are 


k(x)=x "In, (x)  k(z)=1/(6+z), a=—0,b=00, 
with k decreasing (in real arguments), and 
k(x)=e 1, k(z)=T(z), a=0,b=0; 


here kK(a+)=k(b—)= oo, and k has a unique minimum (at m, say) with k 
decreasing on (a,m) and increasing on (m, b). 
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We have some choice in formulating the main theorem of this section as 
between conditions on k and f. Consider first the following condition on the 
(non-negative) kernel: 


for some e>0, k(Ax)>ek(x) for all x>0 and że[1,2]; (5.2.1) 


this may easily be seen to be equivalent to the same condition with [1,2] 
replaced by [1, A] for any A> 1. This condition does indeed hold for the two 
kernels mentioned above, in particular for that giving Karamata’s theorem, 
the result we wish to generalise. Under (5.2.1), we have for Ae[1,2], 


k¥ f(Ax)= | n k(Ax/t)f(t)dt/t 


(0) 
>E | 3 k(x/t)f(t)dt/t=e°k ¥ f(x). 
(0) 


If now (5.2.2) holds (see below: this is the key condition in the Drasin-Shea 
Theorem) we find that for Ae[1,2] and x> X, say, 


S(Ax) > zef). 
Thus f has bounded decrease (f € BD: see §2.1). 

In the result below it is a matter of choice whether to impose (5.2.1) on k or 
bounded decrease on f. By the above, the second is more general, but the first 
makes the result’s rôle as a generalisation of Karamata’s Theorem more 
apparent. Also, f e BD plays the rôle of a Tauberian condition in the proof 
below, and, as we have seen, we do not need to assume it under (5.2.1) as it 
then follows from the other assumptions. That is, under (5.2.1) the result has 
no Tauberian character, but rather a ‘Mercerian’ one; cf. § 5.1. 


Theorem 5.2.1 (Drasin—Shea Theorem). Let k be a non-negative kernel and let 
(a, b) be the maximal open interval such that the Mellin transform k(z) converges 
(absolutely) for a< Re z<b. Let f be a non-negative function, locally bounded 
on [0, 00), vanishing near zero and of finite order 
p := lim sup(log f(x))/log x € (a, b). 

Assume also (5.2.1), or that f e BD. If 

k¥f(x)/flx) >c>0 (x> 0), (5.2.2) 
then c=k(p) and LER 


Notes. We have exercised another choice in making f vanish near zero. After all, it is 
the behaviour of f near œ that is of interest. We could remove this assumption if we 
insisted that a<0<b; the proof would need some changes. Apart from this, our 
theorem is as stated in Jordan (1974), Theorem A, and our arguments are a selection of 
those in Jordan (1974) and in Drasin (1968). The result takes its name from Drasin & 
Shea (1976), Theorem 6.2; for an early special case, see Shea (1969). 
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2. Polya’s Lemma 


The proof needs first the following lemma of Polya (1926), a powerful 
generalisation of the Vivanti-Pringsheim Theorem mentioned above (which 
is its n=1 case). Use of Polya’s Lemma in contexts like the present was 
initiated by Hellerstein & Shea (1968). 


Lemma 5.2.2 (Polya’s Lemma). Let $,(‘) (j=1,2,...,n) be non-negative 
measurable functions on (X,œ), where X >0, such that JP e *b(x)dx all 
converge for Rez>o, but are not all convergent whenever Rez<o. For 
j=1,...,n let f,(z) be holomorphic in some neighbourhood of z=<a, take real 
values for real values of z, and have f(a)>0. Then 


@(z) = } nf e ™ p(x)dx 
j=1 x 
has a singularity at z=o. 


Proof. Let D denote differentiation. For polynomials P, Leibniz’s rule gives 
formally 


P(D)(e?F(z)) = e7 P(c + D)F (2). 


Thus if F is real and m-times differentiable and h, 4€ (0, «) then, for real z, 


(: -aphia rose tao) a 
m m 


m 


hA \” 
= (1 | F(z) 
m 


aay ie m hå m-k Zh k 
e Gym 


TLA DT E 
x (1#) fr Saec} 


Returning now to our problem, we can find 6>0,M, M, with | f;(z)| < M for 
|z-o|<26 and fj(x)>M,>0 for c—d<x<o+6. Cauchy’s inequality gives 


| £9 (z)|/k! < M/5* ((2—0| <0, j= 1, sa..M. he lo deran). 
So we can find «<a<f so close that 
2S) > È (B—a)*| ABk! 
1 


Were z=o not a singularity of ®(z), we could find «, £ close enough to o to 
have $ë («—B)*®(B)/k! absolutely convergent. Write 


C= [e — BDYP! 
(0) 
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Then 


TEDL i il 


a i 5 BOB, n e dx 


using the estimates above. But 


(ef, 
m 


so the last integral above is at most 2C. As the integrand is non-negative, 


peok 


I, Bsos1f Be = x) ds <2C. 


Let m > œ, then Y > œ, hence |? X1 $;(x)f;(B)e ** dx is finite, contradicting 
our assumption that not all |? ¢;(x)e™™ dx converge. E 


3. Proof of the Drasin-Shea Theorem 


We may assume f € BD, as noted earlier. By re-scaling the x-axis, we may 
assume f vanishes on (0, 1). Since 0<c< œ, f is eventually positive, and k is 
not a.e. zero. 


Step 1. We prove c<k(p). Now fọ f(u)du/u'*” converges for Rey>p, and 
fo k(v)dv/v" +” converges for a < Re y <b. Thus for p < Re y <b the product of 
these integrals is, by Fubini, 


ie tdt jë k(t/u)f(u)du/u= 2 F(t)dt/t'*”, 
o 0 


0 
where F=k*¥ f. Thus 


ie {F(t)—k(y)f(t)}dt/t'*’=0 (p<Rey<b). (5:2:3) 
0 


If c>k(p) then by (5.2.2) there exist e>0 and X > 1 with 
F(t)>(k(p)+e)f(t) (t>X). 
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By (5.2.3), for p<y<b one has 


I(y) = — | {F(t)—Kk(y)f(o)}dt/t* +? 
0 
= | i {F(t)—k(y)f(t)}dt/t! +? 


D 2 
-| DV Siop bdt *? (5.2.4) 


where f,(y)'=1, — faly) =K(p)+e-ky), hi (t) = F()—(K(p) +e) (0), 
f(t) = f(t). Here, the f; are holomorphic in a neighbourhood of y = p, are real 
for real y there, and are positive at y = p. Also the ġ; are positive for t> X with 
ly o(t)dt/t' *” convergent for Re y>p. However, as we now show, 


| p-(t)dt/t' "= (y<p). (525) 
X 


For since f(=@,) has order p, there exist t,00, with t +1 >2t„, such that 
S(t,,) = t; for all n. Then on choosing f < B(f) we have by Proposition 2.2.1 that 


for large n, 
2t 
tn 


2tn n 
| feo! +> | CAEN rdt 
tn 


2 
-c'| eet 0, 
1 


hence (5.2.5). 

So we may apply Polya’s Lemma (with a logarithmic change of variable), 
and I(y) has a singularity at y=p. 

But consider I(y) directly from its definition. It is easy to see that 

EOSO *) (10) “ve=0: (5.2.6) 

(For since f vanishes on (0, 1), choosing e with b — €> p we know f(x) < Ax?~* 
for all x. Then F(t)= f, f(t/u)k(u)du/u< At? ~" fF u~ ®-Ək(u)du/u.) Thus 
li F(t)dt/t' *’ is regular in a neighbourhood of y = p, as are the other terms in 
(5.2.4). Thus I(y) has no singularity at y= p, contradicting our conclusion 
above. So c<K(p). 


Step 2. We prove c=k(p). By the Polya Peaks Theorem f has a sequence (s,,) of 
Polya peaks of the second kind, of order p. Using the notation of the definition 
of the peaks (§ 2.5), 


cf(s,) ~k ¥ f(s,) 
> |  f(s,/t)k(odelt 
1/a,, 


> fls,)(1—6,) | C ekidi, 


1/a,, 
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hence k(p)<c. With Step 1, k(p)=c. (We could alternatively have re-used 
Polya’s Lemma here: see Step 2 in the next section.) 


Step 3. Pick Ae(a, p). Write 


g(x) := i f(odt/t** (x>0). 
0 


Then g is finite, non-decreasing and vanishes on [0, 1]. By (5.2.5), g(x) > oo as 
x> 00. 

By (5.2.6), the integral f% F(t)dt/t'** converges. Since g(x) > œ, (5.2.2) 
gives 


| F(t)dt/t!t*~cg(x) (x — 00). 
0 

By Fubini’s Theorem the left-hand side is K ¥ g(x), where K (u) :=k(u)/u’. 
Thus 


G(x) = K ¥g(x)~cg(x) (x> œ). (5.2.2') 


Step 4. Assuming k’(p)>0, we show that g has Matuszewska indices 


a(g)=p —A= f(g). (5.2.7) 
For choose finite pe[B(g),a(g)]. Since g is monotone the Polya Peaks 
Theorem applies to it, so g has peaks of the second kind, of order p. Arguing as 
in Step 2, on (5.2.2’) instead of (5.2.2), we find K(p)<c(=K(p—aA)). If 
K'(p —A)=0, that is, k’(o)=0, strict concavity of K forces p to equal p — 4, so 
(5.2.7) holds. Otherwise we have K'(o —A)=k'(p)>0, so p<p—A, whence 
a(g)<p—A. So to prove (5.2.7) we need to show f(g)>p —A. 

Suppose not, then by the Polya Peaks Theorem we can take p<p—A, 
r, > ©, a, > ©, 6, 20 such that for all n, 
g(urn)/G(rn)<HPL+5,) (ap SH San). 

Choose «€(p —A,b—A); then by Proposition 2.2.1, 


g(y)/g(x) <C(y/x)* (y2x2X). 


1/a, an a) 
ara| + | + | Jaro oe 
(0) 1/a, a, 


1/a, a, a) 
<atraC| rekoda | t ?K(t)dt/t+ | Kod 


0 1/a, 


Then 


(using monotonicity of g in the third integral). The latter three integrals 
converge, since a, p and 0 all lie in the convergence-strip of K. Letting n > œ 
we find c<K(p). Thus K(p)>K(p—A), and taking p close to p—A from 
below, this contradicts K'(p —A)>0. 


270 5. Mercerian Theorems 


Step 5. Now consider the other case, k’(p)<0. Choose Ae(p,b) and write 
g(x) = | f(ddt/t'** (x>0), Rw) :=k(u)/u’. 


By (5.2.2), F, like f, has order p. So {oF (dt/t!*? is finite and is ~cg(x) as 
x— 00. Hence 


~ 


G(x) := K ¥ g(x)~cgG(x) (x > æ). 6220) 
We can now show 
a(9) =p —A= BG) (5.2.7) 

similarly to Step 4. Considering peaks of the second kind we get B(g)>p —A. 
This with the fact that ĝ is non-increasing gives, via peaks of the first kind, that 
alĝ) <p — i, whence (SZT): 

To (5.2.7') we can apply Theorem 2.6.8 ((a) then (b)) to obtain (5.2.7). We 
have thus proved (5.2.7) in all cases. 


Step 6. Here we show that in fact g € R, _,. By (5.2.7) and Proposition 2.2.1, for 
any e>0 there exists C = C(e), X = X (e) with 


g(y)/g(x) <C max((y/x)?~***) (x, y> X). 
Since g vanishes on [0, 1] and is locally bounded we can by increasing C 
extend this to 


g(y)/g(x) <C max((y/x)} +) (y>0,x>X). (5.2.8) 


Fix e so that p +e e€ (4, b). Choose any sequence x, too, with x, > X. Consider 
h,(u) = g(ux,)/g(x,). The h, :[0, 00)—> [0, co) are non-decreasing and by (5.2.8) 
satisfy h,(u)<C max(u’~***) for all u>0, n>1. In particular they are 
uniformly bounded on each interval [0, N]. By Helly selection (on each 
[0, N], then diagonalising) we can find a sequence of integers n’ > œ such that 
hy converges pointwise on [0, 00), to h, say. Then h is non-decreasing, h(1)= 1 
and 


h{u)=O(Uers"*)"at co, SO(u?s rat OF. (5.2.9) 


Now for r>0, 


G(rx,,) GTX y) _ v g(ux,) (z) du 
IXa) Iw) Jo Iw) \uj u` 
As n' > œ the left tends to ch(r). On the right, (5.2.8) gives dominated 
convergence, hence 


ch(r) = iP h(u)K(r/u)du/u (r>0). (5.2.10) 


0 
We show that this implies h(r)=r?~?. 
First note that the subsequential limit h does not depend on the e in use 
above, so satisfies (5.2.9) for alle>0. Since k>0, and k>0 ona set of positive 
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measure, we have as in the previous section (see (5.1.6)) that in some 
sufficiently narrow strip p—2e<Rez<p+2e,k(z) (exists, and) attains the 
value k(p)=c>0 only at the point z=p. Setting k (u):=k(u)/u’, 
ho(r) :=h(r)/r? ~*, (5.2.10) becomes 


chi) = |. ho(u)ko(r/ujdu/u (r>0) 
0 


where ko(z)= k(p + z) converges in |Re z| <2e and takes the value c there only 
at z=0, while h,(r) is O(r*) at œ, O(r~*) at 0. 

It follows from a classical result of Fourier analysis (Titchmarsh (1948), 
§ 11.2; recall that z=0 is at most a double root of the equation k(z)=c) that 
ho is of the form 

h(r)=A+Blogr (r>0). 

Since hy is non-negative, B=0; since h,(1)=1, A=1. Thus h,(r)=1, 
h(r)=r°~’ as claimed. But now the partial limit uw’ ~* of g(ux,)/g(x,) does not 
depend on the sequence (x,,) chosen. Thus g(ux)/g(x) > u?~* as x > œ, for 
each u. — 


Step 7. Now that g has been proved regularly varying, the main task needed to 
finish the proof is to show ¥(f, 1+) = 1. This will be done in Step 9, after some 
preliminaries about f, here, and about k, in Step 8. We shall put in some 
superfluous modulus signs, in order to re-use the proofs in the following 
section. 

Setting g(x) := xĉg(x) we show first that there exist M >0, Y such that 

M~'<f(x)/q(x)<M (x2Y). S2AM) 

Indeed, this conclusion is given by Proposition 2.10.3, with u(x) := f(x)/x!*?. 
As a consequence, f EOR. 

Next, for any fixed B> 1, 


| f(u)k(x/u)du/u=o(q(x)) (x>). (5.2.12) 
0 


For the integral is in fact over (1, B). Choose ø € (a, p), then the integral is in 
modulus at most 


B B 
(sup ofo) | u’|k(x/u)|du/u=const | (x/v)?|k(v)|dv/v 
[1,8] 1 x/B 

=0(x”) 

=0(q(x)). 
Finally we show that for any ¢>0 there exist A(e), X, (e) with 


x/A co 
(| + | ) eestor 
0 Ax 


Take Y as in (5.2.11). By Proposition 4.1.2, since géR,, there exist A, X; 


= Pils) (eX). (3.2.13) 
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[= [on 


By (5.2.11) we can replace q by f and eM~ 2 by e here, and then (5.2.13) follows 
when we use (5.2.12). 


with 


<eM~*q(x) (x>Xj). 


Step 8. We show that for any compact [u,v] <(0, œ), 
| |k(t)—k(t/a)|dt/t +0 (co + 1+). (5.2.14) 


Setting K(x):=k(e*), we have KeLj},(R) and must show that for any 
—0o<a<b<o, 


iF |K(x)—K(x—wu)|dx +0 (uļ0). (5.2.14’) 


But K(-)Ija4)(-) EL (R), and translation is continuous in L'-norm (a result of 
Lebesgue: see e.g. Reiter (1968), I, 2.1). From these facts it is easy to deduce 
(5222147): 


Step 9. We prove ¥(f,1+)= 1. Choose ¢>0 and take A as in (5.2.13). Since 
f€OR we can find K, X, such that 


T CIE REN OA *u<24,x>2AXx,). 


Fix oe(1,2) so small that K(f fi a|ku)|du/u<e and, by Step 8, 
K anlk lou) — k(u)|du/u<e. Then for all x> X,, 


AOK nia S(t)k(x/t)dt/t|/f(x) 


ica ell du B \ £6) pay 
=e f(x) Kou puis) u we ha f(x) w u 


<a 


We can find X, so that |F(x)|>(|c|—e)f(x) for all x>X 3. Then for 
x>X4:=max(X,, X2, X3), 
(\c| + 2e)f(ox) >|F(ox)| +ef(ox) 


Aox 


f(t)k(ox/t)dt/t 


ax/A 


i S(t)k(x/t)dt/t| — 


JA 


ax/A 


= 


= 


— 2ef(x) 


> |F(x)| —3ef(x) > (|c| —4e) f(x). 
We have shown that there exists ag> 1 such that (|c|+2e)f(ox) > (lc| —4e) f(x) 
for all oe(1,cọ] and x>X,. Since € was arbitrary, this gives ¥(f,1+)=1. 
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Step 10. Taking U(x) :=f(x)/x**", Theorem 1.7.5 now gives the regular 
variation of f from that of g. For the result of Step 9 is slow decrease of log f, 
from which condition (1.7.10”) follows easily. T 


4. More variations on the assumptions 


As remarked above, the condition that f vanishes near 0 can be omitted under a mild 
condition on k, and the same holds for the condition on the order of f: 


Theorem 5.2.3. Let k be a non-negative kernel whose Mellin transform k has maximal 
convergence stripa < Re z< b, wherea <0. If ais finite, assume k(a+)= œ; if bis finite, 
assume k(b —)= œ. Let f be a non-negative function, locally bounded on [0, 00). Assume 
(5.2.1), or that f € BD. If (5.2.2) holds, then c=k(p) for some p e(a, b), and MERS 


Proof. As in the previous proof, we may assume f € BD, so the Pólya Peaks Theorem 
applies to f. Considering peaks of the second kind, similarly to Step 2 of the previous 
proof, we obtain 
| t "k(t)dt/t<c (p finite, B(f)<p<a(f)). (5.2.15) 
0 
If a is finite, this integral is necessarily + œ for p <a, and by assumption it approaches 
+œ as pla. If a= — œ then B(f)>a trivially, as f has bounded decrease. 
Because B(f)>a we may choose f so that a<f<min(f(f),0,b). Then by 
Proposition 2.2.1, for suitable C, X >0, 
SOS Cly/xf (y>x>X). (5.2.16) 
So, writing A := Supjo,x] f< ©, 


X œ 
| f(u)k(x/u)du/ju< A | k(t)dt/t 
0 


x/X 


<a f (tX/x) ’k(t)dt/t (as —B>0) 


x/X 
=o(x*) (x= 00) (as k(B) <0) 
=o(f(x)) (x> 0) (5.2.17) 


where we use the fact that the lower order of f is at least B(f). 
Consider now the upper index, a(f). If b is finite then (5.2.15) forces a( f)<b as 

above. If b= and k is not a.e. zero on (0, 1) then for real z, 

1 

o> | t 7k(t)dt/t> œ (zo) 

0 
so again (5.2.15) gives a(f)<b. When k is a.e. zero on (0, 1), necessarily b= œ, and 
k(z)Ļ0 as z+ + œ. For this case, choose p € (B(f), «(f)) and let (r,,) be a sequence of 
Polya peaks of the first kind, then 


ft) ET) f S(r,/t)k(t)at/t 
1 


n Tn/ X œ 
1 a, r, |X 


ay, r,|X 
<(1+6,)f(r,) | t~k(t)dt/t+C *f(r,) | t~Pk(t)dt/t + o( f(r,)) 
1 a, 
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by the Polya peaks definition, (5.2.16) and (5.2.17). Since k(B) < œ, the right-hand side 
is f(r,)(k(p)+o(1)), so k(p)>c. Since k(coo —)=0, this forces a(f)<b again. 

Since the order of f falls within the interval [B(),«(f)], we now have the condition 
of Theorem 5.2.1, that it lies in the interval (a,b). Finally, set fı =f It,,..), then 
k ¥ f(x) —k * f(x) =0(f(x)) by (5.2.17), so fı also satisfies (5.2.2) and Theorem 5.2.1 
may be applied to it. ; CJ 


As a final variant of both forms of the Drasin-Shea Theorem, Theorems 5.2.1,3, the 
assumption f € BD can be replaced, where used, by f € BI. This needs a little more 
thought than in the Tauberian theorems of Chapter 4, where we could just replace f by 
— f. Here we must re-work the proofs, as f must be kept non-negative. However, in the 
proof of Theorem 5.2.1, f € BD was used only in proving (5.2.5), and in Step 7 where 
Proposition 2.10.3 was referred to. The latter proposition expressly allows bounded 
increase instead. And in proving (5.2.5), when f e BI a similar argument involving the 
integral from 4t, to t, works instead. The proof of Therorem 5.2.3 may be similarly 
altered. 

5. Laplace—Stieltjes transforms 
The case of the LS transform is worth noting explicitly. As usual, f as in 
(1.7.0b) may be written f(1/x)=k*¥ f(x) where k is given by (4.8.7). Here 
k(s)=T(1+s) has convergence-strip —1<Res<o and — 1 isa pole. Since 
(5.2.1) is satisfied we need no Tauberian condition on f. 


Theorem 5.2.4 (Comparison Theorem for Laplace-Stieltjes Transforms). Let f 
be non-negative, locally bounded on [0, 0) (and, implied by what follows, 
measurable, eventually positive, and with f(s)< œ for all s>0). If 
(1/x)/flx) + e>0 (x > 0) 
then c=I(1+p) for some p>—1, and f ER,. 
Thus for a non-decreasing function U, the following are equivalent (p >0, 
real arguments): 
VER 
Û(1/:)ER,, 
U(1/x)/U(x) > c, and c=T(1+p) 
in the sense that the first two are equivalent; either implies the third; and given 
the third, the first two hold for an appropriate root p>0ofc=T(1+ p). There 
will be a unique root if c> 1, but two (possibly coincident) roots, or none, if 
0<c<1. For instance, if c= 1 we conclude that U is either slowly varying, or 
regularly varying with index 1. 
The O-version of the latter result is the de Haan-Stadtmiiller Theorem of § 2.10. 


6. Extensions 
Ideas related to those above arise in the study of convolution inequalities, such as 
kX f) > (kp) +0(1))flx) (x> 0). 
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Drasin (1980), extending Drasin & Shea (1976), shows that under suitable conditions 
this yields regular variation of f off an exceptional set of logarithmic density zero: 


S(ux)/f(x) > ue Yu>0 (x¢E,x—> œ), 


| dt/t=o(logx) (x> œ); 
En[1,x] 


these exceptional sets can occur. For ‘locally Tauberian’ results of this kind, see also 
Edrei (1969, 1970), Barry (1970), Garsia & Lamperti (1963), Baernstein (1977). 


5.3 Jordan’s Theorem 


We extend the Drasin-Shea Theorem to kernels which change sign, following 
Jordan (1974). This makes for some extra complexity in the proof. Note first 
that if k may change sign, so may k”, and we lose the strict convexity of k which 
was so useful in the proof above. We must now assume (instead of deducing, as 
in Step 6 of the proof above) that 


k(z)#k(p) for Rez=p and z¥p. (5.3.1) 


Theorem 5.3.1 (Jordan’s Theorem). Let k be a real kernel and let (a, b) be the 
maximal open interval such that k(z) converges (absolutely) for a< Re z<b. Let 
f be non-negative and locally bounded on (0, œ), have finite order p € (a, b), and 
have bounded decrease. 

Assume also (5.3.1), that k'(p) and k"(p) do not both vanish, that k is monotone 
on [p, b), and either 


Case 1. k(-)=0 a.e. on (0, 1), 
or 


Case 2. k(*)>0 on some (0, ô), where0<6<1, with k(:)>0 ona subset of (0, ô) 
of positive measure, and also |k(b—)| = 00 in case b< oo. 
If 
k¥ f(x)/f(x) 2 c#0 (x > 0) (5.3.2) 
then c=k(p) and f €R, 


Proof. We will so far as possible keep, step by step, to the proof of the Drasin— 
Shea Theorem in the previous section. As we noted there, we may assume ‘i 
vanishes on (0, 1). Since c#0, f is eventually positive, and k is not a.e. zero. 
Step 1 is exactly as before, so c <k(p). 


Step 2. Use Polya’s Lemma to show c>k(p). For if not then there 
exist e>0, X>1 with F(t)<(k(p)—«)f(t) for all t>X. Writing 
ky) f(QO-F(D=ZZF()o(t) where fxy)=1, fo) =ky)—kp) +e, 
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p(t) :=(k(p) —e) f(t) F(t), p2(t):=f (t), the proof is as before (use |k| in 
calculating the estimate (5.2.6) for F). 

Steps 1-2 give c=k(p). Step 3 is as before. It holds whatever the value of 
Ae(a,p). We shall later have to make 4 suitably close to p. 


Step 4. We prove g EOR. As g is non-decreasing, it suffices to show 
lim sup g(ox)/g(x) < 00 (5.3.3) 


for some o> 1. We distinguish between the two cases in the theorem. 
In Case 1 (k=0 on (0, 1)), take 4 close enough to p so that 
| K(t)dt/t 
1 


\k()|= >AK(p)). (5.3.4) 


If k(o)>0, choose o> 1 so small that 
0< Ir K * (t)dt/t<4k(p). 
Then for large enough x we ie by (5.2.2’) that 
YE(p)a(ox) <G(ox)= ( | “+ | ate oxo 


<g(x) F K * (t)dt/t+g(ox) ie K*(t)dt/t (since gf) 


<g(x) | K * (t)dt/t +4k(p)g(ox), 


yielding (5.3.3). If k(p) <0, write (5.2.2’) as (—K) ¥ g(x) ~ (—k(p))g(x) and use 
the same argument. 

In Case 2 (k>0 on (0,6), etc.) we may by assumption find ¢>1 with 
%0 K(t)dt/t>0. Then 


G(6x)= (| ote ia Jato x/de/ 
0 x 
ô/o 


> —g(x) | K (t)dt/t + g(ox) | K(t)dt/t. 
ô 0 


If k(p)>0 then G(dx) = {k(p) +.0(1)}g(dx) < Cg(x) for large x and suitable C. 
Combining, 


ô/o (o) 
g(ox) | K(t)dt/t <fc + | K “Odras 


for large x. But if k(p)<0, G(ôx)<0 for large x, and we obtain the same 
inequality with C replaced by 0. In either case we obtain (303.3), 


Step 5. We prove that the upper Matuszewska index of g satisfies a(g)<b—A. 
We know this already from Step 4 when b= œ, which case includes Case 1. So 
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consider Case 2 with b<oo, when by assumption |k(b —)|=00. Now 
f t *k(t)dt/t is absolutely convergent and bounded for z in a neighbourhood 
of b, so it must happen that |f? t~*k(t)dt/t| + œ as real zfb. So, as k>0 in 
(0, ô), i t *k(t)dt/t must be + co for z=b, and the same is of course true when 
Ze): . 


ô 
| t *K(t)dt/t-= +00 (z>b—A). (5.3.5) 


0 
Since — 00 <a(g)< oo, the Polya Peak Theorem yields peaks (s,) of the 
second kind, of order p=a(g). With notation as in the definition of the peaks 
(see §2.5), since k(-)>0 on (0, 5) we have for large n that 


o0 


ô 
a1s)> | gts,/)K Ods- | glSn/t)K (t)dt/t 
1/a,, ô 
ô 


>g(s,)(1—4,) t~ “9 K(t)dt/t —g(s,/6) fo K (t)dt/t 
ô 


1/a, 
as g 1S non-decreasing. But G(s,,) = O(g(s,,)) by (5.2.2’), and g(s,,/5) = O(g(s,,)) as 
g EOR. Divide by g(s,) and let n > co, hence f? t~*K(t)dt/t < œ. With (5.3.5) 
this gives a(g)<b—A. 


Step 6. We prove that ge R,-,. Choose a e (a(g), b—A), then by Proposition 
2.2.1 and monotonicity, 

g(ux)/g(x)<C max(1,u*%) (u>0,x>X). (5.3.6) 
Choose x, > 00, then, as in Step 6 of the previous proof, the functions h,(*) := 
g(x,,)/g(x,,) are non-decreasing and uniformly bounded on each compact set, 
hence there exist h,,, converging pointwise to h, say, which is non-decreasing, 
non-negative, h(1)=1 and, by (5.3.6), has order p(h)<a<b—JA. Further, h 
satisfies (5.2.10) as before. 

In all this, 2 e (a, p) may be as close to p as we please, with no conflict with 
(5.3.4). By the key hypothesis (5.3.1) and a Riemann—Lebesgue lemma 
argument as in § 5.1, we can find some sufficiently narrow strip p — 2y < Re z < 
p+2n in which k(z) exists and attains the value k(p)=c only at z=p. Fix A 
satisfying p—n<A<p, then the strip |Re z|<y contains the point p—A, and, 
within the strip, K exists, taking the value c only at z=p— 4. 

We can now determine p(h). As noted, it lies within [0, b—A), hence within 
the convergence-strip (a—A, b—A) of K. If we let h:=h'I,, o), then p(h) = p(h), 
and the relation between H := K ¥h and H =K ¥h is 


ip h(t)K(x/t)dt/t 
0 


<(sup n) | |K (u)|du/u 
[0,1] x 
=0(1)=o(h(x)). 


|H(x) —A(x)|= 
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Thus, from (5.2.10), H(x)~ch(x) as x > œ. And from H=K ¥h we obtain, 
like (5.2.3), that 


| h {A(t)—K(y)h(t)}dt/t!+?=0 (p(h)<Rey<b—A). 
10) 


By Polya’s Lemma, as used above, we deduce K(p(h))=c. But we have seen 
that for real z, K(z) takes the value c only at p — 2 on [0,7], and at no other 
point in [p —A, b—A] by the monotonicity assumption on k. So p(h)=p—A. 

Thus h(u) = O(u") at œ, O(1) at 0, and K(z) exists in an open strip containing 
|Re z| <n, and takes value c there only at p—A. Since k'(p) and k"(p) do not 
both vanish, k(z) —c has at most a double zero at z= p — A. We may thus solve 
(5.2.10) as before to get h(r)=r’ +. 

Steps 7—10 are proved as before. 0o 


The key hypothesis in the theorem of this section is of course (5.3.1); that the result 
may fail without it is shown by example in Jordan (1974). 

An earlier result for kernels which may change sign is in Ganelius (1970); it puts 
stringent requirements on k. 

If we assume k ¥ flx)/f(x) converges at a specified rate, more can be said: see Jordan 
(1976). 


5.4 Laplace and Kohlbecker transforms 


1. Embrechts’s Theorem 


We now show that the Tauberian results of §3.9 have Mercerian or 
‘comparison’ converses. The first theorem illustrates the use of Jordan’s 
Theorem, the Drasin-Shea Theorem not being applicable. 


Theorem 5.4.1 (Embrechts (1978)). Let U be non-decreasing and right- 
continuous on R, with U(x)=0 for x <0. If 


U(x) — U(1/x) 
peat i a (x > 00) 
‘| tdU(t) 


X Jo 
then U(:) and U(1/) eM. That is, (3.9.4,5,6) are equivalent. 


(5.4.1) 


Proof. We first prove the result assuming U=0 on (0, 1). Set 
1 x 
G(x) =| tdU(t) (x>0), 
xX Jo 


so that dU(t)=(1/t)d(tG(t)), from which it is easy to show (all integrals 
automatically convergent at 0+) that 


U(x) — U(1/x)=G(x)—k¥ G(x) (x>0), 
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where 
ko) =x ienn +e MH Th, (x) (x >0): 

So our hypothesis is 

k® G(x)/G(x) + 1—y (x> œ). (5.4.2) 
Now for Rez>0, 

k(z)=T'(1+z)4+T(z)—1/z 
= {T(z+2)—1}/z. 
This extends by analytic continuation to Re z> —2, which is the convergence- 
strip of k. Now 
k(z)= l x77 t{(1+x)e™*— 1}dx + T SaF xe “dx; 
1 


1 foe) 
k'(z)= | x?~ "(log x){(1+x)e~*—1}dx + | x?! (log x)(1+x)e7*dx. 
0 1 


Thus for real z> —2, k’(z)>0, whence k(-) is strictly increasing from — œ at 
—2 to +æ at oo. Note also that 


1 (oe) 
ko) | (14e tale | (1+x)e~*dx/x 
0 1 


1 foe) 
-1-}| (erin | axis} 
0 1 


=1 —y 
(Whittaker & Watson (1927), 236), while by monotonicity k takes the value 
1—y for real arguments only at the origin. 
We now show that k satisfies the conditions of Jordan’s Theorem, Case 2. 
We show that k(z)= {I'(z+2)—1}/z attains the value 1—y on the imaginary 
axis only at the origin. By the product representation of T, 


l =. Pr 4 =z/n 
aie] e 


(Copson (1935) §9.41), 


T(z+2)=(z+ Iz (z)=e" -»T] fen (1+2)}, 
2 


n 


Thus for real t #0, 


© ioe T? \? 
whence 
Im Ř(it)=(1—ReT(2+it))/t#0 (t non-zero, real), 


as required. 
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To apply Jordan’s Theorem to G we need to know it has finite order. If not, 
U>G fails to be in OR, so Theorem 2.10.2(iii) fails to hold, whence 
U(1/x)/U(x) fails to be eventually bounded, its reciprocal being bounded 
anyway by (2.10.8). And this last failure contradicts (5.4.1). 

By Jordan’s Theorem, G € Ry. Since G(x) = U(x) — (1/x) f% U(t)dt, de Haan’s 
Theorem now gives Uell. 

Now we remove the assumption that U vanishes on (0, 1). Consider a 
general U, satisfying the conditions. First we check that 


| . tdU(t)= 0. (5.4.4) 
0 


For suppose not, then U(co)<o and x(U(a)—U(x))<J% tdU(t) +0 as 
Xx — 00, SO 


xU(x) —xU(1/x)= ih e*{U(co)— U(t)}dt —x{ U(a«o) — U(x)} 
0 


By |. {U(co) — U(t)\dt= ik tdU(t), 
0 0 


and the limit in (5.4.1) is 1, not y. 
Let U,:=U'I,,,,,), then for x> 1, 


1 
U(x) — U(1/x) = U; (x) — 0, (1/x) -> | e™"* U(t)dt 
0 


=U, (x) — Ô, (1/x) + 0(1/x). 
The O-term is o((1/x) i tdU(t)), by (5.4.4), hence (5.4.1) implies the 
corresponding statement about U,, and the proof above gives U, e TI, whence 
Uell. go 


Converses to the more general forms of (5.4.1) given in § 3.13.20 are proved by Geluk 
(1981b), in cases where the Drasin-Shea Theorem applies. 


2. Converse to Theorem 3.9.1 


This has a proof quite different from that of the converse to Theorem 3.9.2, 
above. 


Theorem 5.4.2. Let U be non-decreasing and right-continuous on R, and vanish 
on (— 00,0). For feERo, (3.9.3) implies (so is equivalent to) (3.9.1), (3.9.2) if 
(i) for some e with 0<e< 1, U(x) (or even U(x) —(1/x) le U(y)dy) is O(x*) as 


x > ©, or 
(ii) /(x)/U(x) +0 (x > œ) and U ¢R;. 
Proof. U(x)— Wur U(x) —k¥ U(x) 
where the kernel is k(x)=x~te~'*, for which k(z)=I(1+2), k(0)=1, 


k'(0)= —y. We saw in § 5.1 that k ae the value 1 only once (at 0) in some 
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open strip about the imaginary axis. Further, k(z)# 1 for ø := Re z e (0, 1], for 
the product representation (5.4.3) gives 


ra+aj=e f 


1 


Z 
1+- 
n 


eb <Pto)< 


In case (i) our conclusion thus follows from the Mercerian result Theorem 
on Yl: 

In case (ii), since = 0(U) we have in particular that U(1/x) ~ U(x), and so 
UeR, or R, by the Comparison Theorem for Laplace transforms, since 
I'(1+p)=1 for real p only at 0,1. The second alternative is excluded by 
hypothesis, so Ue Rọ and case (i) applies. oO 


3. Example 
This will show that restrictions such as (i) or (ii) are needed in the above theorem. For 
let U(x):=x+U,(x) where U, satisfies (3.9.1). So U(x)~xeR,, yet U(1/x)= 
x+ 0, (1/x) and so U satisfies (3.9.3) because U, does so. 


4. Kohlbecker-transform and slow-variation-with-remainder formulations 


Suppose now that (5.4.1) holds; thus U eII, and so by de Haan’s Theorem 


Wi ih fl 
=i dU(9)= UC) —~ | U(t)dt 


0 0 
isin Rọ and may be used as auxiliary function for U. Set g(x) := /(x)/U (x), then 
Theorem 3.7.4 gives g € Ry and g(x) > 0 as x > œ. Thus (5.4.1) is equivalent 
to 
U(Ax)/U(x) -—1l~g(x)loga (x> œœ) VA>1, (5.4.5) 
a form of slow variation with remainder (§ 3.12). We shall see that (5.4.5) is 
equivalent to the corresponding assertion about U, 
U(1/(Ax))/O(1/x) -—1~g(x)logA4 (x0) WA>1, (5.4.6) 
and, if U¢R,, to 
U(1/x)/U(x) —1~ —yg(x) (x> œ). (5.4.7) 
Writing f:=log U we see that log Û(s)= K(f; s), the Kohlbecker transform of 
f (§ 1.8). Via (3.12.1) the latter equivalences may be rephrased as the following 
‘Abel_Mercer—Tauber’ Theorem, refining Parameswaran’s Theorem 4.12.12. 


Theorem 5.4.3. Let f:(0, 0) > [— œ, œ) be non-decreasing and let g € Ro with 
g(x)=o(1) as x > œ. The following are equivalent: 
(i) f(Ax) — f(x) ~ g(x) log å (x > œ) VA>0, 
(ii) K(f; As) —K(f; s) ~ —g(1/s) log A (s > 0+) VA>0. 
They imply 
(iii) K(f; 1/x)-f (x) ~ —y9(x) (x00), 
and conversely (iii) implies (i) and (ii) provided e! ¢ R;. 
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Proof. We can work with (5.4.5—7). (5.4.5) implies U € Ro, then that U el, 
where / := Ug. Theorem 3.9.1 gives U(1/:)€T1,, and Karamata’s Tauberian 
Theorem that U(1/:)~ U(-), hence (5.4.6). That (5.4.6) implies (5.4.5) follows 
by the same reasoning. Theorem 3.9.1 also gives the implication from (5.4.5) 
to (5.4.7). Assume (5.4.7), then U(1/x) ~ U(x) so the Comparison Theorem for 
Laplace transforms says U is in Ry or R,. The latter being excluded, we get 
(3.9.3) with / := Ug e€ Ro, and Theorem 5.4.2(ii) applies, hence U eM, O 


5. Another example 


We show that the condition e/ ¢ R, is needed for the converse implication in the result 
above. For let 


A(x) 1 (0<x<e) 
4 ik — 

Iflogx (x ze) 
and U(x) :=x¢(x)e€R,. Then for x>e, 


U(1/x)/U(x) -—1= | j e™{U(xt)/U(x)— 1}dt 
0 


= | Ë e™ {t¢(xt)/¢(x) — 1}dt 


(0 


= it e ‘t{¢(xt)/¢(x) —1}dt 


0 
e/x (eo) 
-| e ‘t(logx— nar- | e ‘t(log t)dt/log xt. 

0 e/x 
The first term is O(x~?*logx). Writing 7, := l 'Iiew) the second integral is 
le ¢,(xt)e ‘tlog tdt, which by Theorem 4.1.3 is (1+0(1))¢;(x) ibe e ‘tlogtdt. This 
last integral is I’(2)=1—y>0. So the left-hand side is ~ — (1 —y)/log x, and (5.4.7) 
holds with g(x) :=(1—y)/(y log x) € Ro, while (5.4.5) fails as U ER,. 


6. Further results 


Theorem 5.4.3 applies to functions f eT , whose auxiliary functions ¢(x) +0 
as x > oo. We turn now to a complementary result for functions f € M + whose 
auxiliary functions 7(x) > œ as x > œ. Recall from Corollary 3.7.9 that in 
this case we can always find a strictly decreasing s(-)ER_, (even in SR_,) 
with xs(x)~7(x) > œ such that 


f(x)= f s(t)dt +o(xs(x)) (x — œ). 


0 
Conversely, each such f is in I with auxiliary function xS(x) > œ. 


Theorem 5.4.4 (Balkema et al. (1979), Theorem 1, ‘A= 00’). Let f be non- 
decreasing. Then 


flat)—f(t)~a(t)log2 (to) VA>0 
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with a(t) > œ as t > œ iff 
K(f; As)— K(f; s)~b(s)loga (s>0+) VA>0 
with b(s) > œ as s> 0+. 
Then there exists a strictly decreasing s(t)eSR_;, mapping (0, 00) onto 

(0, 00), with inverse t(s) with the same properties, and 

a(t)~ts(t)—> œ (t> œœ), 

b(s)~st(s) > œ (s—>0). 
Then 

JOS K(f; s)~st. 


Corollary 5.4.5 (Balkema et al. (1979), § 6). If further 
a(At)~a(t) (t— œ) uniformly in A€[1, a(t)], 
then 
K(f; 1/x) —f(x)~ a(x) log a(x) (x > œ). 
Note that Theorem 2.3.3 gives a convenient sufficient condition for this corollary. 
We omit the proofs, which rest on §3.13.14 and connections with the Young 
conjugate (§1.8). Extensions, involving asymptotically balanced functions (§3.11), are 
in Geluk et al. (1986). 
With f eI with auxiliary function 7, the case / > 0 is covered by Theorem 5.4.3, 
l > œ by Theorem 5.4.4. If / > ce(0, œ), then ef €R,, and this case is covered by 
Karamata’s Tauberian Theorem. The three cases are subsumed together by Balkema 
et al. (1979). 


6 


Applications to analytic number theory 


Much of the theory developed above can be applied to analytic number 
theory. We confine ourselves here to three topics: partitions, the prime 
number theorem, and multiplicative functions. 


6.1 Partitions 


For a positive integer n, let p(n) be the number of unrestricted partitions of n 
(the number of ways of writing n as a sum of positive integers, repetitions being 
allowed), q(n) be the number of restricted partitions (when repetitions are not 
allowed). The estimation of p(n) and q(n) for large n is a classical problem of 
analytic number theory. It was shown by Hardy & Ramanujan (1917) that 


1 
WE a exp{z,/(2n/3)}, 

(6.1.1) 
aln) ~ga exp{t/(n/3)}, 


3int 
and remarkable exact formulae were obtained by Rademacher (1937) (see also 
Andrews (1976)). 

We turn now to a related question which yields cruder information 
(estimates of log „<x p(n) rather than of p(n)) but in much greater generality. 
Let A be a countable set of distinct positive numbers 1, <A,... with An > ©; 
let 0= vo <v; < . . . be the elements of the additive semigroup generated by A. 
Let p(v;) be the number of ways of expressing v; in the form m; 24 +... +m,A, 
for positive integers m; and 4jE€A (when A is the set of positive integers, so 
v;=i, this is the partition-number p(i) defined above). If we formally expand 
the infinite product [JP 1/(1—e~ *), the coefficient of e~*”" is the number of 
ways of expressing v,, in a sum of positive-integer multiples of elements of A; 


6.1. Partitions 285 


thus formally 


0 


fo) =| [0e +) ay Pl Yme ™. (6.1.2) 
(0) 


1 
We restrict attention to those A for which the sum and product above 
converge for all s>0. 
Let n(u) =), <u 1 be the counting-function of A, P(u) := dv,<u P(v;) the sum- 
function of the p(-). Thus P(x) is the number of solutions of mA,+... 
+m,A, <x with the m, non-negative integers. And 


0 


y Pme "= | e “dP(u) 
10) 


0 

=§ | P(uje ™ du; 
0 

similarly 


Ylog(|—e-**)"!= F {n(dy) —n(4,—0)} log te“) 
: : 


=1 


= i log(1—e~$")~1dn(u) 


0 
|. n(uje “du 
oR Teer: 
o l-e 
Combining, the functions n and P are linked by l 
[0] sug 0 
fis)=exp}s | eats | P(ue~* du. (6.1.3) 
of) AS o 
We shall see from this that n varies regularly if and only if log P does. 
Let us for convenience write z(u) :=log P(u), then 


o0 


log fls)=ogs+loe | BO PEL TY 


0 
where z, like P, is non-decreasing. By Theorem 4.12.11(i), log f varies 
regularly with positive index if and only if z varies regularly with index in 
(0, 1). Specifically, ifa>1, PER,, let WA) := G(A)/A. Then for B>0, 
m(x)~Bo* (x) (x> œ) 
if and only if 
log f(s) ~ (@— 1)(B/a)"""" Py (1/s) (s10). 
We can write the first expression in (6.1.3) in Mellin-convolution form as 
log f(1/x) =k ¥ n(x) 
with kernel k(t) = 1/{t(e*/* — 1)}. The calculations that led to (4.8.6) show that 
this has Mellin transform 
k(s)=T'(1+s)C(1+s) (Res>0). 
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It is easy to see this is non-zero in Res>0. For 1/T is entire, and the Euler 
product for ¢ (see (6.2.1) below) shows that ¢(s) has no zeros in Res> 1. 

Now y“ ER, ,,— 1). Since k is non-negative, and n(~) vanishes near 0 and is 
non-decreasing, Theorem 4.8.3 applies and says n(x)~Cyw* (x) as x > œ if 
and only if 


log f(1/x) ~ EA (x > 00). 
We thus obtain (Kohlbecker (1958)): 
Theorem 6.1.1 (Kohlbecker’s Theorem). Let the partition-numbers p(v,,) of the 
additive semigroup generated by the A, be defined by (6.1.2); let n(u) =, <u 1, 


P(u) =¥,,<y p(y). Let a>1, PER,, W(x):=P(x)/x, and let the positive 
constants B,C be linked by 


(0 —1)(B/a)/@-) = (Ak) 


log P(x)~Bọ~=(x) (x> œ) 


Then 


if and only if 
n(x) ~ CyT (x) (x> 00). 

In the classical case where A={1,2,...} and n(x)=[x], C=1, W(x)=x, 

(x) =x?, «=2, and as ¢(2)=n7?/6, B= =7,/3, we obtain 
log È p(n)~n,/Gx) (x > 0). 

For the restricted partition-number gq(v,), the number of ways of 
representing v; in the form A, +... +4, with all the A, distinct, one has the 
generating-function relation 


g(s) =|] +e" )=) q(v,)e7"  (s>0). (6.1.4) 
1 0 


But g(s)=f(s)/f(2s), and if Q(x) =P, <.q(Vm)s g(s)=s fo O(x)e~ * dx. 
Reasoning as above, if either statement in the theorem holds, then 
log g(s)~(1-=2- "log f(s) 
and hence 
log Q(x) ~(1—27 +6- D)e- Diz log P(x). 


The limiting case « > co in Kohlbecker’s Theorem is also of interest. For this we 
need to be able to handle ‘Lambert transforms’ (Mellin convolutions with the above 
kernel) in the limiting case. Geluk (1979) has studied this question, using de Haan 
theory and the Mobius inversion formula; his results refine work of Parameswaran 
(1961). For the resulting theorem on partitions, see Geluk (198 1a). 
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It will be seen from (6.1.1) that the rates of growth relevant to partitions lie between 
powers (when Karamata’s Tauberian Theorem applies) and exponentials (when 
Kohlbecker’s Tauberian Theorem applies). The relevant Tauberian theorem here is 
due to Ingham (1941); cf. Wagner (1968). For applications to partitions extending 
those above, see Schwartz (1965a,b), (1967), (1968a), (1969), Pennington (1953), 
Meinardus (1954). 


6.2 The Prime Number Theorem 
Write 
Fel) aL 
psx 


for the number of primes p which are at most x: 


Theorem 6.2.1 (Prime Number Theorem, PNT). 
n(x)~x/logx (x> œ). 
There are many known proofs of this important and classical result, which 


fall broadly into three categories. 
First, one may use complex analysis. The Riemann zeta-function, defined by 


(8) =) Un’ 
1 
(for Res>1 and then by analytic continuation) possesses the Euler product 
C(s)=[] 1/—p-*) (Res>1) (6.2.1) 
Pp 


(see e.g. Hardy & Wright (1979), Theorem 280; here and below $ „, Į J, denote 
sums and products over primes p), from which the relevance of ¢(s) to prime 
number theory is immediately clear. The zeta-function is regular except for a 
simple pole at s= 1 of residue 1; it never vanishes on the line Re s= 1 (see e.g. 
Widder (1941), V, Theorem 16.5). The classical method of proof, originating 
with Hadamard & de la Vallée Poussin in 1896, is to show ¢(s) non-zero in a 
suitable region to the left of Re s= 1, and apply Cauchy’s Theorem. One may 
obtain PNT in this way, with an error term. Write li(x) for the logarithmic 
integral: 


li(x) = ip dt/log t. 


2 
Then 
n(x) —li(x) = O(x exp{ —c(log x)'/1°}) (6.2.2) 
for some constant c>0 (Ayoub (1963), II §2). For a strikingly simple proof 
of this kind (without error term) see Newman (1980); for the better error-term 
O[(x/log x) exp{ —c(log x)*”* /(log log x)*/°}] see Chandrasekharan (1970). 
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Secondly, one may use elementary methods (that is, avoiding complex or 
Fourier analysis). This was first done by Selberg and Erdos in the late 1940s. 
Elementary methods, naturally, yield weaker error estimates; for the error- 
term O(xexp{ —(log x)'/’/(loglog x)?}) see Diamond & Steinig (1970). 
Tauberian theorems related to elementary proofs of PNT are due to Erdos 
(1949), Karamata (1957), Pitt (1958b), Shapiro (1959) and others. Elementary 
methods in prime number theory have recently been surveyed by Diamond 
(1982); cf. also Daboussi (1984). 

We shall confine ourselves here to methods of the third type, using Fourier 
methods, that is, the Wiener Tauberian Theory in one of its formulations. 
Further, we shall not pursue the question of error estimates. It will be seen that 
the only transcendental information now required on the zeta-function is its 
non-vanishing on the line Res=1. 

Again, the methods fall into three broad categories. First, one may use a 
complex Tauberian theorem, such as the Wiener—-Ikehara Theorem; see e.g. 
Widder (1941), V § 17. Second, one may use Ingham’s method. This uses the 
kernel g, where 


go(t)=[1/t], g(t) =2go(t) —ago(at) — bgo(bt) 


(here [ -] denotes integer part and (log b)/log a is irrational), and the Wiener— 
Pitt Theorem. For this, see Ingham (1945), Hardy (1949), § 12.11. Thirdly, one 
may use Lambert series. We shall give two such proofs. The first, due to 
Delange, is an easy application of the work of § 4.11. The second, for which see 
Widder (1941), V, § 16, is more classical but less well adapted to our methods, 
and we shall merely sketch it. 

Define the von Mangoldt function A by 


log pif n=p* with p prime and k=1,2,... 
A(n) — p 
0 otherwise 


and its sum-function by 


eA A(n)= ¥ log p. 


nsx p“<x 


It may easily be shown by elementary methods that the Prime Number 
Theorem is equivalent to 


W(x)~x (x> œ) 


(see e.g. Hardy & Wright (1979), Theorem 420), and we shall prove it in this 
form. 


First proof (Delange (1955b)). Consider the Lambert series YP A(n)(1—x)x"/ 
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(1—x"), or YP {A(n)/n} -n(1 —x)x"/(1 —x") (cf. § 4.8). We have 


DT= D Aln" 
al n,k>1 
“EEN 
£¥ (log m)x" 
1 
-fi Y tarot) 


es?! TA 1 y i IEN 
HE 8 l= 1—x a 1=x/’ 


A(n)(1 —x)x" 


z 1 
Z oe( 5 )- y+o(1), (xT). 


Now the left-hand side is, after replacing x by e~!*, k¥ g(x) with g(x) := 
Tacx A(n)/n and k(s)=sI'(1+s)€(1+s) (cf. § 4.8). So 


thus 


k¥g(x)=logx—y+o(1) (x> œ), 
whence 
kM g(ax) —k Mg(x) > loga (x >20); 
also k(0)= 1 and k is non-negative, as we showed in §§ 4.8, 4.11, and g is non- 
decreasing. By Theorem 4.11.2 we thus have 
g(Ax) —g(x)=logA+o(1) (x> œ) VA>0, 
and hence by (4.11.4) 
g(x)=log x—y— k'(0)+0(1) (x=). 
Then by Euler’s summation formula 


W(x)= >} Aim=xa0s)- | g(t)dt 
1 


n<x 


(see e.g. Hardy & Wright (1979), Theorem 421), whence easily 
W(x)~x (x> æ). m 


Second proof. Consider the Lambert series 


fe) = OO | ant), 
1 = o =e 


€e 


where 
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Integrating by parts, as in the Lambert calculations in § 4.8, 
f(1/x)/x=h ¥ k(x) 
with k as above. Now h is easily checked to be slowly decreasing, while k is non- 


negative Wiener. One may show by elementary methods (cf. Widder (1941), V, 
Theorem 16.6) that 


f/x) x> —2y (x > æ). 
The Lambert Tauberian Theorem then yields h(ao)= —2y, or 


f aaan aea 


Write H(x):= f} udh(u): then 


x 


H(x)=xh(x) — | h(u)du, 


0 

so from h(x) > —2y as x > œ we see that H(x)=0(x), which states that y(x)~x. O 

For an interesting discussion of PNT and its link with Lambert and Ingham 
summability, we refer to Hardy (1949), Appendix IV. A survey of summability methods 
in number theory is given by Karamata (1958). 

Despite its apparently extremely specific nature, the Prime Number Theorem is 
capable of generalisation to much wider settings. For Beurling’s generalised primes, 
see §6.4.2; for other aspects see Knopfmacher (1975). 


6.3 Multiplicative functions 


We work throughout this section with a real-valued arithmetic function f 
(that is, f is defined on the positive integers), with f non-negative, and 
multiplicative: 


f(mn)=f(m)f(n) for m,n coprime. 
We shall need to impose certain asymptotic regularity properties on sums 
involving f. The result below shows the relationship between the conditions 


we shall use. Sums over p will be over primes, sums over n,k will be over 
positive integers. 


Proposition 6.3.1. For b>0, 


bx 
2 APTE (x > œ) (6.3.1) 
implies 
lo 
TELE AE TNT (6.3.2) 
psx p 
which in turn implies 
Lo hog a (x00) WA>0. (6.3.3) 


x<log p<Ax 


6.3. Multiplicative functions 


Proof. If T(x) :=¥ „<x f(p)=(b+0(1))x/log x, then 
Ux)=F eh SETAT ) 
1 


p<x Pp 
_ T(x) log x 
h X 


=b+ot1)+ | (b+o0(1))dy/y 


~ blog x. 
This in turn implies, writing V(x) :=} „<x f(p)/p, that 


xr Gh x. 
ris) | (y) _ wf U(y)dy 
1 logy logx J, ylog*y 


=b+o0(1)+ * {b +o(1)}dy 
ı ylogy 
SO 
AD yej=b+olt)+ È {b+oD)dr 
log p<x P 0 


giving (6.3.3). 


+ | T(y)(log y— 1)dy/y? 
1 
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O 


Our main result on multiplicative functions, due in this formulation to 
Geluk & de Haan (1981), extends and simplifies work of Wirsing (1961), 
(1967), de Bruijn & van Lint (1964). For related results, and error estimates, 


see Schwarz (1968b). 


Theorem 6.3.2. Let g be a non-negative multiplicative function such that 


D g(p')<a 
p,k>2 
and 
© {g(p)}? < oœ. 
Pp 
If 


©  g(p) bloga (x+0) WA>0 


x<log p<Ax 


for some b>0, then 


N(x) = } g(n)eER,, 
and 


Diatr rary ° ry BP LI} gei 


psx 


(6.3.4) 


(6.3.5) 


(6.3.6) 


(6.3.7) 
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where y is Euler’s constant and 
C:=[ | [e- 9 {1+9(p)+9(p?)+..-}], 
P 
the infinite product converging. 
Proof. Write P(x):=} „<e g(p), and form the Dirichlet series 
Z g(p) a 
P(s) = T’ N(x) = gin) 
a a 


Then Ê, Ñ are the LS transforms of P, N. 
Since g is multiplicative, we have the Euler product 


N(s)= [1}1+ ae a...) 


(cf. Hardy & Wright (1979), Theorems 285, 286). Write 


(p') 
atprs)= yO, 


k=1 


then 
log N(s )= Llog(l +g(p,s)). 


We write this as 


t)dt 
] 2 
og N(s) =2,9(P, 8)— dal (p.s) e Toe F (6.3.8) 
For the first term on it right, by (6.3.4), 
2 aps) =} PEE D g(p*)+o(1) El). (6.3.9) 
P p,k>2 


For the second term on ais right, 


1 
airs? | <4g(p,s)* 


(0 


which by (6.3.5) and (6.3.4) is summable in p. So by dominated convergence 
the second term on the right of (6.3.8) converges, as s|0 to 


SAS fd ig TF oe 
) g(p, ; T1+tg(p, 0} 7 Host! +g(p, 0) —9(p,0)}. 


Combining this with (6.3.9), 


log N(s)=¥ BP tetol )=P(s)+e+0(1) (s10) 


P 


6.3. Multiplicative functions 293 


where 
c= Pano log(1+g(p,0)) —g(p, 0)} 
=) {log(1 +g(p,0))—g(p)}. 
Thus 
N(s)=(1+0(1))e exp{P(s)} (s10), (6.3.10) 
where 


e =|] fe L1+9(p)+9(p?)+.. J}. 


Now (6.3.6) says that exp P € R,. By de Haan’s Tauberian Theorem 
P(x)—P(1/x) > yb (x> œ). 
Thus 
exp{P(1/x)}~e~”’ exp{P(x)}eR, (xe). 
Using (6.3.10) we find Ñ(1/-) € R,, and so by Karamata’s Tauberian Theorem 
N(x)~N(1/x)/T(1+b)eR, (x7 00). 
Finally, 


— yb 


NO)~ Fa apf PPO) > o), 


which is (6.3.7). E) 


Corollary 6.3.3. Under the conditions of the theorem, 
e ib 


2 9) m LL ata p)+g(p7)+...) (x 0). 
Proof 


> g(n)=(1+0(1)) r 


nsx 


REIS fr [e~9(1+g(p)+9(p?) + af 


exp x ani} ai 


psx 


One can use Theorem 5.4.2 to reverse the implication in the theorem above, granted 
suitable auxiliary information on g. 

The case f(n) = 1,g(n)= 1/n is particularly important. By the Prime Number 
Theorem, (6.3.1), hence (6.3.23), hold with b=1, and then Theorem 6.3.2 


yields 


1 
>; —=loglog x +y+c+o(1), 


psx 
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where 


Additionally, the corollary gives 


1 Cae 
1—=|~ 5 
IL 3 log x 


Both are classical results due to Mertens; see Hardy & Wright (1979), § 22.8. 


One also has the Euler product 
2 


T 1 PTR 


pl) 


P 


SO 


combining with the above, we find 


1\ 6e’ log x 
eS GO). 
I a n? 
These formulae may also be derived more directly by considering the 
Riemann zeta-function. One has 
È W/p'**=N(s), Nœ) = È 1p. 
P 


pse 


But if 


1 P 
h =] | ES 1/p 
2 ( A 


P 
(the infinite product converging for Res>4), by (6.2.1) 


exp 1/p" “l-n +s)X(1+s)~h(1)/s (s}0), 
or 


Y 1/p'*8=log(1/s)+log h(1)+o0(1) (s10). 
P 


De Haan’s Tauberian Theorem now gives 
N(x)=log x+log h(1)+y+o0(1) (x > œ) 


and the Mertens formulae follow as before (Delange (1955p). 

It is possible also to make comparisons between two multiplicative functions. Recall 
that all three conditions in Proposition 6.3.1 hold with b=1 for f=1, by the Prime 
Number Theorem. It was shown by Wirsing (1967), Satz 1.2.2, that if f, is real-valued 
and multiplicative, with | f,|</,, where the multiplicative function f, satisfies (6.3.1) 
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and g(n):=f,(n)/n satisfies (6.3.5,6), then the ‘mean value of fı relative to f,’ always 
exists, and is given by 


[zm EP) ($42) oe 


where the right-hand side is to be taken as zero if the infinite product diverges. Taking 
f,=1, one thus sees that if the multiplicative function f is real-valued and fC )|<1, 
then its mean-value always exists and is equal to 


ME) 


For further discussion of this and related mean-value theorems for multiplicative 
functions, see Elliott (1979-80), Chapters 6, 9, 10, 19, and references therein, and more 
recently e.g. Daboussi & Delange (1982), Delange (1983), Hildebrand (1984). Note, 
however, that with f the Mobius function u (Hardy & Wright (1979), § 16.3) the mean- 
value theorem above is equivalent to PNT; see e.g. Hardy (1949), (12.11.4). 

For related work on additive functions, see Delange (1974). 


6.4 Exercises and complements 
1. Error terms in PNT. Write © for the upper bound of the real parts of the zeros of 
¢(-). Then (Ingham (1932), Theorem 30) 
n(x) —li(x)=O(x® log x), W(x) —x=O(x® log? x) (x > œ) 
(cf. (6.2.2)). Under the Riemann hypothesis (that all non-real zeros lie on 
Res=4), ©=4. Conditional on this, the above bounds are almost best-possible. 
For it is known (Littlewood (1914)) that both the quotients 
(x(x) —li(x))(log x)/(x*logloglog x), (W(x) —x)/(x? log log log x) 
have lim sup + œ and lim inf0, as x > oo. 
For some recent results involving the parameter ©, see Chen (1981). 


2. Generalised primes. We could, following Beurling, take any countable sequence 
of positive numbers (p,,)° with p, strictly increasing to oo, and call the p, the 
generalised primes and the elements of the multiplicative semigroup they 
generate the generalised integers. Versions of the Prime Number Theorem apply 
in this context also (Bateman & Diamond (1969); Diamond (1969)). 


3. Rényi’s Theorem. Let Q(n), w(n) be the number of prime factors of n, with and 
without repetitions, B,(x) the number of integers <x with Q(n) —w(n)=k. Then 


B,(x)/x > p, (x> œ), 
where 


o =i 
S alee, 
2 Pa n( Po) 


P 
This generalises to the context of Beurling’s generalised primes if the counting- 


function of the generalised integers is regularly varying (Bateman & Diamond 
(1969)). 
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4. If f is Riemann integrable on [0, 1], 


l { 
EX S flix) > | fitdt (x > 00). 
psx 0 
More generally, if 0<q,<q,<..., q, > ©, Q(x) is the number of q <x, and 
Q(x)~x/¢(x) with 7 e Ro, then 
(x) 


1 
= sard = | Sf(t)dt (x= œ). 
x 0 


q<x 


Hence show that 


1 
— È logp>1 (x>), 


psx 


log x 


1 
ie a E (a> -— 1), 
yg ca ( 0) 


1 
log x SANE i pet es 
A ll) naan 
PE 
BAGA Ii 
(Pólya (1917)). 


5. If f is a real or complex-valued multiplicative function with | f(-)|<1, and 


x! +a 


(use 


1 
B È f(p)log p> p#¥#1 (x> œ), 


psx 


then 


1 
a DD fn))>0 (n> æ) 


n<x 


(Delange (1961b)). Remainder versions are possible: see Tull (1965), Delange 
(1967). 
6. A remainder form of Mertens’ theorem: for some constant a, 
e 


IT (: 5) aloes [1+ O(exp{ —a(log x)*/*})] 


psx p 


(Vinogradov (1963)). 
7. Uniform distribution. Let U be non-decreasing with LS transform Û, to #0 be 
real and fixed, 
U*(x) -| e`" dU(y). 
[0,x] 
If 
U*(x)/U(x)=>0 (x= œ) 
then 
Û(o+ito)/Û(o)>0 (¢ +0+) 
and conversely if U(1/:)e€R (Vaaler (1977)). 


> 


6.4. Exercises and complements 297 


8. Uniform distribution, continued. Given a positive sequence (a,), let 


An =) ay. 
1 
Call (x,) a,-uniformly distributed mod 1 if, for all O<u<v<l, 
1 
A D ap>v—u (n> œ) 


n u<{x,}<v,l1<k<n 
(here {:} denotes the fractional part). The case a,=1 is the classical case of 
uniform distribution mod 1; see e.g. Kuipers & Niederreiter (1974). 

If 


His) =} ae = 
1 


converges for Re s>0,and f(1/:) eR, then for «> 0 the following are equivalent: 
(i) («x,) is a,-uniformly distributed mod 1, 
(ii) for each integer k 40, 

f(o+2niak)/f(a) +0 (¢>0+). 
Hence, if p, is the nth prime and « is irrational, («p,,) is l-uniformly distributed 
mod 1 (Vaaler (1977)). 


7 


Applications to complex analysis 


7.1 Entire functions 


We shall be concerned through most of this chapter with entire functions of 
finite order. We begin by summarising some standard and classical facts, 
for which see e.g. Titchmarsh (1939), Chapter 8, Levin (1964), Chapter 1, 
Cartwright (1956), Chapter 2. 

A function f is entire if it is holomorphic throughout the complex plane; 
alternatively, if its Cauchy—Taylor expansion 


{B= saz (7.1.1) 
0 
has infinite radius of convergence. We write 
M(r) or M(r, f):=sup{|f(z)|:|z| <r}; G2) 
then M is non-decreasing, and the maximum-modulus theorem gives 
M(r)=sup{|f(z)|:|z|/=r}. (7.1.3) 


By Cauchy’s inequality, we have for each n that la, |r" <M(r). Thus if 
A(r) = sup{|a,|r":n=0, 1,...} 
denotes the maximal term, we have 
Ar) <M(r). 
We write also 
v(r) = max{n:|a,|r" = A(r)} 


for the index (necessarily finite) of the maximal term. 
The order of f is 


l 
p or p(f) Zima EEMO 


nst rT (7.1.4) 
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Thus f is of finite order if and only if 
|f(2)|=Olexp(r) (\z|=r > æ), 
for some c, and the order p is the infimum of those c which can occur. 
We introduce also the lower order 
i ene oe eel 
rey logr 
thus 0 <y <p < œ. We shall confine attention, unless stated otherwise, to the 
case of finite order p. 
We shall keep to these notions of order and lower order throughout the present 
chapter, so there should be no confusion with the similarly named concepts in § 2.2. 
Note first that M(r) may be replaced by A(r) in the definition of order (Polya 
& Szego (1972-76), IV, Problems 51, 54). 


(7.1.5) 


Theorem 7.1.1 
(i) For all entire functions f, 


: log log 4 : loglog M 
lim sup SARAR ”) =lim sup Sea o 1 
PRN logr EA log r 


(ii) For entire functions f of finite order, 
log M(r)~log A(r) (r> œ). 


More detailed information on the growth-rate of an entire function f of finite order p 


is contained in the type a: 
log M(r) 


r? 


o := lim sup =inf{c: M(r)=O(exp{cr?})}. 


r= 00 


In terms of the Taylor series, we have 


Theorem 7.1.2. The order p and type o are given by 
lim nlogn 
=lim sup ————., 
pee Toga) 


(cep) P =lim sup n'/?\a,|"/", 


The function f is said to be of minimal, mean or maximal type if o =0, 0< 6< œ or 
o= œ; f is of exponential type if p< 1, or p = 1 and ø < œ. For functions of minimal or 
maximal type, the concept of order used above is insufficiently detailed, and one needs 
the so-called refined or proximate order of § 7.4 below, with respect to which f has 


mean type. 
Let the zeros of f, counting multiplicities, and other than the origin, be 
Z1,Z2,-.. with 0<|z,|<|z.|<...; then if there are infinitely many zeros, 


Z, > œ aS n > oo except in the trivial case f=0, which we exclude without 
further comment. The zero-counting function of f is 


n(r)=n(r, f) = X H|z|<r} O<r<oco), 


k>1 


the number of zeros in |z|<r. 
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We shall be closely concerned with the connection between the zero- 
distribution and growth-rate of f. To this end, we define the Weierstrass 
primary factors E(z, p), p=0,1,2,... by 


Pp 
E(z 0) Siz, E(z, p):= (1—2) apl Ak) =R a): 
1 
If f has finite order, then the infinite product 
[| £@/z,, P) 
1 


is convergent for some integer p. We always choose the least possible p; then 
the product is called the canonical product formed from the zeros z, of f, and p 
is its genus. If z,=r,e', the convergence-exponent p, of (z,) is 

pı '=inf{c>0:} r, ° converges}. 
Then if p, is not an integer, p is its integer part [p; ], while if p, is an integer p is 
pı OF p; — 1 according as $ r,” diverges or converges. Always, 

Py—-1<p<pi SP. 

(If f has no zeros, p and p, are 0, while the canonical product is 1.) 


Theorem 7.1.3 (Hadamard Factorisation Theorem). An entire function f of 
finite order p may be written 


f(z)=z"P(z) exp{Q(z)}, 


where m is the order of z=0 as a zero of f, 
P(z)= | | E(2/z,, P) 
1 


is the canonical product formed from the zeros of f and Q is a polynomial of 
degree q Sp. 

The theorem reveals striking differences between the properties of entire 
functions of non-integer and integer orders p. In the first case, which is 
‘typical’ and simpler, it may be shown that the order p and convergence- 
exponent p, are equal. In particular, an entire function of non-integer order 
must have infinitely many zeros. Further, the growth of f(z) as r= |z| > œ is 
dominated by that of the canonical product P(z). Neither statement is true for 
integer order p. Here there may be no zeros at all (as for instance with f(z)=e’, 
p= 1), and the growth-rates of P and exp Q may be comparable. However, 
since P has order p, and exp Q has order q, we have 


p=max(q, p;). 


The genus of f is defined as max(p,q), and is thus an integer. Note in 
particular that for genus zero, 


O=] (1—z/2,) 


(finite or infinite product). 
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We shall see in the sequel that the Karamata Theory of Chapter 1 is readily 
applicable to the case of non-integer order, whereas for integer order it is the 
de Haan Theory of Chapter 3 which is required. 


7.2 Entire functions with negative zeros 


1. Formulae 


Let f be an entire function, with infinitely many negative zeros —a, 
(0<a,<a,<...) and no others; thus f(0) is non-zero, and absorbing a 
constant we may suppose f(0)= 1. Suppose first that f is a canonical product; 
let p be its genus. Then we have 


fO=1 LE 44.) 
1 


and 
p=min} m=0, eee ane coh 
1 
In particular, for genus p=0 we have 


FE) =11 (42/0) 1a,20) 
1 


and so f(r)=M(r) for r>0. 
We first note an important relation between f and its zero-counting 
function n(°), due to Valiron (1913). 


Theorem 7.2.1. Let f be a canonical product of genus p with negative zeros and 
zero-counting function n(°); then 


O (2/t)P* 


log o= | ERP 


dt 
n(t)—, arg 747 
(taking the branch of log f that is real on the positive real axis). 


Proof. For b>0, f? dn(t)/t?=S@ 1/a? < co. Since both are finite for b=p + 1 as 
the genus is p, for each ¢>0 we can find R= R(e) with fg dn(t)/t' +? <e. But 
then forr>R 


{n(r)—n(R)}/r P< | dn(t)/t! +? <e, 


whence 


n(r)=o(r* 2) mna): 
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But sf 
log f(z) =) log E(—z/a,, p) 
1 


0 


= i log E(—z/t, p)dn(t). (7.2.1) 


Now (even if p=0), 
log E(z, p)=log(1—z)+ } z/k, 


1<k<p 


hence 


d iced} ol Ca ee 
— log E(—2z/t, p)= ; 
pe So tie t 1+2z/t 
Since n(t) vanishes for t near 0 and E(z/t, p)=O(1/t'*”) as t> œ, on 
integrating (7.2.1) by parts the integrated terms vanish, giving, for Rez>0, 


oo d 
log f(z)= -f n(t) q 8 E(—z/t, p)dt 


(0) 


oad (z/t)?*! dt 
aS) [ me) CETHA 


The result extends to |arg z|< 7z by analytic continuation. go 
Write z=re", |6|<7: then 


; Ey inity at 
log fire”) =(—)Pe |, Oe t 
The integral on the right is the Mellin convolution kg ¥n(r), where k,(-) is the 


complex-valued kernel 
xP K1 


k(x) 
Now (Titchmarsh (1939), § 3.123) 


o0 Ss d 
| ae sr (0<Res< 1). 
Gust ae oe Snes 


Using Cauchy’s Theorem to rotate the line of integration, 


xX; dx me a < 


nels 


(—)Pell? + DOR (5) = (p<Res<p+1,0¢n). 


sin 7s 


2. Non-integer order 
Suppose now that for p<p<p+1, / €R, c>0, 
n(r)~cr’e(r) (r> oo). (2.2) 
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By Theorem 4.1.6 we find, taking the real and imaginary parts of k,(-) 
separately, that for all 0 with =n <0<nr, 

idp 

log fire) ~ ae 


ee eal). (7.2.3) 


There is also a Tauberian counterpart. The following result is due to Valiron 


(1913), Titchmarsh (1927), Bowen & Macintyre (1951), Bowen (1962), 
Delange (1952). 


Theorem 7.2.2 (Valiron—Titchmarsh Theorem). Let f be a canonical product of 
genus p with negative zeros and zero-counting function n(-). Let p€(p, p+1) 
and ¢(°)€Ro. Then (7.2.2) implies that (7.2.3) holds for all 0€(—n,7). 
Conversely if (7.2.3) holds for a single 0€(—z, n), then it holds for all, and 
(7.2.2) holds. 


Proof. All that is left is to show that (7.2.3) for a single 0 implies (7.2.2). If 9=0 
this is easy: as noted above, (—)? log f(r) =k, ¥n(r), and we can apply 
Theorem 4.8.3, as kọ is non-negative, kols) is non-zero in p< Res<p+ 1, and 
n vanishes near 0 and is non-decreasing (so trivially satisfies 
w(n,f,p,1+)=0). 

Pick 0, non-zero with —n<0<n. Let g,(x) and h,(x) be the real and 
imaginary parts of k,(x) (x real). Thus 


hylxd= 5 (ke(x) —k _9(x)) = —x?*?(sin 0)/(1 +2x cos 0+x?), 


ky(s)—k_,(s) (—)?*!nxsin 0(p+1-—s) 
h,(s)= 2i == . > 
i sin 7s 


and we see h,(s) does not vanish in p< Re s< p+ 1. Now (7.2.3) says kg ¥n(r)~ 
ck,(p)r?Z(r), whence 
Jo ¥n(r) ho ¥n(r) 
r’¢(r) r’¢(r) 
and so hg ¥n(r)~ch,(p)r¢(r). If —2<0<0, hy is a non-negative kernel while if 
0<@<nz, —hy is, so (7.2.1) follows again in both cases by Theorem 4.8.3. O 


> CGo(p)+ ich,(p) 


Rather more is true: under suitable conditions, even the real and imaginary parts of 
(7.2.3) separately for a single 0 suffice. For these and related results see Bowen & 
Macintyre (1951), Bowen (1962), Delange (1952), J. M. Anderson (1965a), Drasin & 


Shea (1970). 
The restriction to canonical products may be removed: 


Theorem 7.2.3. Let f be entire, with negative zeros and non-integer order p; let 
n(°) be its zero-counting function and ¢ € Ro. Then the conclusions of Theorem 


7.2.2 hold. 
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Proof. Since f(0)= 1, the Hadamard factorisation of f may be written f(z)= 
exp{P(z)}f,(z), where P is a polynomial of degree deg P<[p] and f, the 
canonical product of f. Since log f(z) and log f,(z) differ only by P(z)= 
O((z|'?) = o(|z|"), (7.2.3) for f and f, are equivalent and f, has the same order p 
as f. The genus of the canonical product f} is thus [p]. Since exp{P(z)} is never 
zero, the zeros of f and f} are the same, so (7.2.2) for f and f, are equivalent. 
Now apply the result above to f}. fe] 


Various other extensions are possible (Bowen (1948)): 

(i) negative zeros may be replaced by ‘oriented’ zeros a, with arga, > 7, 

(ii) one may obtain uniformity on compact -sets in (—z, n), 

(iii) in place of limits along a ray as in (7.2.3), one may use limits along a sequence z, 
with |z,|foo and z,4,/z, > 1. 

On the negative real axis, one cannot have (7.2.3) with 0= n because of the 
behaviour of log f in the neighbourhoods of the zeros. But a similar statement 
can be made, if an exceptional set is excluded from the limit. Recall (§2.9) that 
lim* denotes a limit in which an exceptional set of density zero is excluded. 


Theorem 7.2.4. Let f be entire, with negative zeros and non-integer order p, and 
suppose n(r)~cr?¢(r) where c>0 and f € Ro. Then 
tim* PEDI 
7 r¢(r) 

This is due to Titchmarsh (1927) for 0< p< 1; the other cases will follow 
from our study of (7.2.2-4) in the much more general setting of completely 
regular growth (§ 7.6). 

Comparison statements are also possible: 


= CA COt ID. (7.2.4) 


Theorem 7.2.5 (Jordan (1974)). Let f be a canonical product of non-integer 
order p and negative zeros. If for some 0€(—n,7), 


log| f(re®)| 
n(r) 
then a=n(cos 0p)/sin mp, and (7.2.2-4) hold for c=1 and some LER. 

Here the relevant kernel changes sign, and it is this which motivates 
Jordan’s Theorem as an extension of the Drasin-Shea Theorem. The case 
p E€ (0, 1), 0=0 is due to Edrei & Fuchs (1966), Drasin (1968), and Shea (1969), 
and follows from Theorem 5.2.3. See also Drasin & Shea (1970). 

In the case of genus zero, f(r)=M (r) for r>0, but this need not hold for genus q> 1. 
For the maximum-modulus analogue of the Valiron—Titchmarsh Theorem in this case, 
see Wheeler (1973). There are also analogues with log f(r) (or log M(r)) replaced by 


T(r)= T(r, f), the Nevanlinna characteristic of f. (For definition see e.g. Titchmarsh 
(1939), p. 284c.) 


>a#0 (r> o), 
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Theorem 7.2.6. Define C(p) by 


p~ '(q+ 1)/|sin zo| (4+23<p<q+1) 
(q4=0,1,...). For p non-integer and £ € Ro, (7.2.2) holds if and only if 
T(r)~C(p)r°¢(r) (r> œ). 2S) 
If, conversely, p>4 and 
T(r)/n(r) > C#0 (r> æ), (7.2.6) 


then C=C(p) and (7.2.2), (7.2.5) hold for some f € Ry. However, (7.2.6) does not imply 
(7.2.2) for p<. 

This result depends on an approximate integral representation for T, in terms of 
N(r) := fẹ% n(t)dt/t, of the form 


r= | N(rt)dK,(B,(r), . z PrO t) + O(r?) 


0 
for some kernel K,, and functions f; depending on N. The Abelian and comparison 
assertions are due to Edrei & Fuchs (1966), Shea (1966), Hellerstein & Williamson 
(1969), Hellerstein et al. (1970), the Tauberian assertion to Baernstein (1969) (cf. Edrei 
& Fuchs (1960)). 


3. Extremal properties 
We quote 


Theorem 7.2.7 (Ostrovskii (1961)). If f is a canonical product of order p and 
genus p (p<p<p+ 1), then 


T log| f(re’”)| ., 7 cos p0 sie “af OEE) 
ina A aa eee n(r) 


lim sup shan 00 ee Jie.) 
oe n(r) sin mp ee n(r) 

We know from the Valiron—Titchmarsh Theorem that for functions f 

satisfying (7.2.2-3) with c>0, equality holds here. Call such f of Valiron— 

Titchmarsh type. Then the result above may be interpreted as giving an 

extremal property of functions of Valiron—Titchmarsh type. Such extremal 

properties have been extensively studied; see, for instance, J. Williamson 

(1970) and the references cited above. A further extremal property is provided 
by the following result, valid for all entire f of order p: 


a 


arg f(re®) 7 sin p0 TE 


log M(r T 
AOE OT O>) 


lim inf Sar 
room T(r) sin Tp 
(Valiron (1935), Goldberg (1963), Govorov (1969)). That functions of 
Valiron—Titchmarsh type are extremal here also follows from the results 


above. 
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4. Meromorphic functions 


Many of the results above may be extended to meromorphic functions with negative 
zeros and positive poles (Edrei & Fuchs (1966)); see also J. M. Anderson (1979). 


5. Integer order 


The factor sin zp in the denominators above shows that the results must be 
reformulated for integer order p. We consider separately the cases of genus p 
and p—1, extending Bowen (1962). The case when f is a polynomial is 
trivially included in the first of these. 


5a. Order p, genus p 


Here it is appropriate to define 


I(r) = | " n(odt/t! +P, (725) 


0 
then n(r)~r?¢(r), where 7ERo, yields JER, and J(r)/¢(r) > œ, by 
Proposition 1.5.9a. We may rewrite the integral representation of Theorem 
Tezelras 


x i * dJ(t) 
(—)Pe tog fret) =r | Ai pels 


On integrating by parts, the integrated terms vanish, giving 


i0)__ ( __ )ppi(p+1)0).p ï r/t 
logf (re®) = (— Pe 0+ Dr rescore 


d 
J(t) = (|| <n). 


Thus 
F(r, 0) =(—)Pe~ #2 + —P Jog f(re®) =k, ¥ I(r) (7.2.8) 
where now we redefine 
g(x) 00/1 xe). (7.2.9) 
This kernel has k,(s)=e'®*~1) zs/sin ns, which exists and is non-zero in 
—1<Res<1. Hence, using Theorem 4.1.6 for the Abelian assertions, and 


Theorem 4.8.3 on the non-negative kernel kọ for the Tauberian assertion 
(7.2.12) = (7.2.10), we obtain 


Theorem 7.2.8. Let f be a canonical product of integer order p and genus p, with 
negative zeros only. For f, € Ro, c>0, the following are equivalent (as r > o): 


J(r)~c¢4(r), (7.2.10) 
log f(re’*) ~c(—re!®)"¢,(r) YOel— n,n), (Ze) 
log f(r) ~e(—r)P4,(r). (7.2.12) 


Ifour initial hypothesis is n(r) ~ cr”? (r), this result is not best-possible, for by 
the Representation Theorem for II, we have the more detailed information 
that J eII, with 7-index c. We are led to 
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Theorem 7.2.9. With F,J as in (7.2.7.8), CER, c20, the following are 
equivalent: 
n(r)~crP¢(r) (r> oo), (7.2.13 
J(Ar)—J(r)~c¢(r)logi (r>æœ) VA>0, (7.2.14 
F(Ar, 0)—F(r,0)~ce~*®¢(r)logd  (r>c0) WA>0 YO#n, (7.2.15 
( 


F(Ar,0)—F(r,0)~c¢(r)logA (r>co) VA>0. 7.2.16 


) 
) 
) 
) 
Each implies 

F(r, 0)—e ”®J(r)~ciðe "®/(r) (r > œ). (7.2.17) 


Proof. (7.2.13-14) are equivalent, by Theorem 3.6.10. That (7.2.14) implies 
(7.2.15) follows by the Abelian argument of §4.11.1 (considering real and 
imaginary parts of the kernel separately), and (7.2.15) includes (7.2.16). Now 
the kernel kọ satisfies the conditions of Theorem 4.11.2; also J satisfies the 
Tauberian condition there as it is non-decreasing. So (7.2.16) implies (7.2.14), 
which implies (7.2.17) as in §4.11.1; note that k,(0)=i0e~®. There is no 
converse (Mercerian assertion), as k,(s) takes the value k,(0)=e~ twice on 
the imaginary axis. O 


The case p=1,/(-) constant is particularly important: 


Corollary 7.2.10 (Offner (1980)). If f is a canonical product with negative zeros, 
order 1 and genus 1, c>0, deR, the following are equivalent: 


[ana (r> œ), 


t? 

1 

r~! log f(re!®) + ce log(1+re’) + —de® (r>œ) VOAn, 
r ‘log f(r)+clog(1+r)>—d (roo). 


Proof. J(r)=J, n(t)dt/t*, so the first statement is 
J(r)—clogr— d. (7.2.18) 
The theorem above applies with 7(:)=1. By (7.2.17—18), 
r`! log f(rei®) + ce! log r+de® > — iche”, 
giving the second assertion, which includes the third. The third assertion 
implies (7.2.16), whence, by the theorem, (7.2.17), which with the third 
assertion gives (7.2.18). E 


These results are well illustrated by the function 1/I: take (via (5.4.3)) 
(Spee Z 
:= ———— = 1 +- =z/n 
fa) ARAT K A 
(y is Euler’s constant). Corollary 7.2.10 applies with c=1, d=y—1, and yields 


log '(z)=zlogz—z+o(|z|) (|z| + ©, arg z=const.e(—7,7)), 
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a weak form of Stirling’s formula. Theorem 7.2.9 applies with 7(-)=1, and Theorem 
7.2.8 with 7,(r)=log r. 


5b. Order p+ 1, genus p 


Here we work with 
A= | n(t)dt/t? *?; (7.2.19) 


then n(r)~r?¢(r), where f € Ro, yields J e Ry and J(r)/¢(r) > œ. The integral 
representation may now be written 
log fen) S (a) eee ie (+ Te J(t) = 
hence on redefining F as follows we find 
F(r, 0) = (~ je dr etd log f(re®) =k, ¥ I(r), (7.2.20) 
with kọ again given by (7.2.9). 
Arguing as before, we obtain 


Theorem 7.2.11. Let f be a canonical product of integer order p +1 and genus p, 
with negative zeros only. For f; € Ro, c>0, the following are equivalent (as 
r— o): 


Ir n(t)dt/t?*? ~ £ (r), 


log fre") ~(— rer * E VOET 
log f(r)~(—)Pr?**2,(7). 
There is a refinement corresponding to Theorem 7.2.9: 


Theorem 7.2.12. For £ € Ry, c>0 and F, J as in (7.2.19-20), the following are 
equivalent: 


n(r)~cr?*1¢(r), 
J(Ar)—J(r)~ —c¢é(r)logA2 VA>0, 
F(Ar, 0) —F(r, 0)~ —ce~*¢(r)logd VA>0, VO, 
F(Ar,0)—F(r,0)~ —c¢(r)loga VA>0. 
Each implies 
F(r,0)— e~ ®J(r)~ —cide~ (r). 


7.3 Entire functions with real zeros 


We consider now the case when the zeros of the entire function f(z) lie, not on 
a half-line as above, but on a line, which we take to be the real axis. As we are 
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concerned with orders at œ, it is not loss to remove any factor z", and indeed, 
by normalising, to assume f(0)= 1. 

Consider first the case of order p< 1: then f is a canonical product. Let 
fi» fa be the products extended over the negative and positive zeros 
respectively, nı, n, be the corresponding counting functions. Theorem 7.2.1 
gives 


oe O 
log fais) te | tix)’ 


and similarly 
, a les Ms (Cjadt 
lo =— Ee Meee) 
g f2(ix) 1X | Ss 
Summing and taking real parts, we obtain 


log| flix) =x? | PEL (7.3.1) 


9 t(t? +x?) 
We may restrict to x>0 as the right-hand side is even; then 
log| f(ix)| =k ¥ n(x), where k(x) = 1/(1+x7~')?. Here 
watts al vs dv 


k(s)= = 
6) o itu tu jo 1+v v 


d 
2 


= (0<Res<2), 

sin 57s 
and k is a non-negative Wiener kernel. By Theorems 4.1.6, 4.8.3 and the 
Drasin-Shea Theorem, we obtain the following result, extending Noble 
(1951): 


Theorem 7.3.1. Let f be an entire function of order p € (0, 1) with real zeros, n(r) 
the number of zeros in |z|<r, €Ro, c>0. The following are equivalent: 
1 


log| f(ix)| sie cx’¢(x) (x> œ), (7.3.2) 
n(x)~ex?t(x) (x— 00). (7.3.3) 

If, conversely, 
(log| f(ix)])/n(x) —>ae(0, œ) (x> œ), (7.3.4) 


then a=4n/sin4np, and (7.3.2) and (7.3.3) hold for c=1 and some f e€ Ro. 
This result extends from real zeros a, to zeros a,, clustering around the real axis in the 
sense that 
[Im a,|=o(a,|) (n> œ) 


(Noble (1951)). 
The integral representation (7.3.1) extends from canonical products of order p < 1 to 


310 7. Applications to complex analysis 


order 1 and genus 1 (Noble (1951)). Since p = 1 still lies inside the convergence-strip of 
k, we again obtain the equivalence of 
log| f(ix)|~4mex¢(x) (x > æ) 


and 
n(x)~cx?t(x) (x — œ) 


and of either, when c= 1, with (7.3.4); then a=4z (extending Noble (1951), Theorem 
D). When /=1, both asymptotic statements above are equivalent to 


R 
| log| flix)|dx/x? + —4n*c (R> œ). 
10) 


For this, and many related results, we refer to Boas (1954), Chapter 8, Boas (1953), 
Paley & Wiener (1934), Chapter V, Pfluger (1943-44), Bowen (1962-63). A typical 
example, with c=2, is given by 


Results for general non-integer order p, and for integer order p and genus p and p — 1, 
have been given by Bowen (1962), §8. 

More detailed questions, analogous to those treated at the end of the last section, 
have recently been considered by Offner (1980), §§ 5-6. There is an interesting 
application to random signs. If in $ P +c, the signs are chosen independently with + 
and — taking probability 4 in each case, then it follows from Kolmogorov’s Three- 
Series Theorem that Y +c, converges with probability one or diverges with probability 
one according as ¥ c? converges or diverges. When c, = 1/n, write p(-) for the density of 
the random variable X := y + 1/n. Offner’s results show that for some a, b>0 we have 
p(x) <a exp{ — bel}. This complements the result of Kahane & Kwapien (cf. Kahane 
(1985), §2.7) that E exp (aX?) < œ for all a>0. 


7.4 Proximate orders 


1. Proximate orders and regular variation 


Let f be an entire function of finite order p, M(r):=sup{| f(z)|:|z|=r} (or 
sup{| f(z)|: |z| <r}). One needs an analogue of (7.1.4) in which log M (r) appears 
rather than its logarithm, and for this purpose a scale of growth more detailed 
than the powers r° is needed. 


Definition (Valiron (1913)). A positive absolutely continuous function p(-) is 
called a proximate order (or proximate p-order) if for some pER, 
(i) p() is differentiable except at isolated points at which it has left and right 
derivatives, 
(ii) p(r) > p as r> œ, 
(iii) rp'(r)log r +0 as r > œ. 
r° is just a regularly varying function, with some smoothness conditions. 
We set out the connections: 
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Proposition 7.4.1. A measurable g is in R, iff g(x) ~ x? (x > 00) where p(-) isa 
proximate p-order. 


Proof. Let p(:) be a proximate p-order and set ZAX) =P then. fis 
absolutely continuous and 


elx) = x¢"(x)/¢(x) = p(x) —p +xp'(x) logx a.e. 
>00 (roo) by (i) and (ii). 
So ¢(x)=C(c) exp{J*e(u)du/u} (for c chosen large enough) is slowly varying. 
Thus if g(x)~x°™ then ge R,. 

Conversely, if ge R, then g~h ESR, by the Smooth Variation Theorem, 
and it suffices to show that p(-) defined by h(x)=x°™ is a proximate p-order. 
Now p(x)= (log h(x))/log x > p by Proposition 1.3.6(i), and 

xp'(x) log x = xh'(x)/h(x) — (log h(x))/log x + 0 


by definition of smooth variation. Ei 


This shows that up to asymptotic equivalence (cf. Theorem 1.8.7) the 
class R, is in correspondence with the set of proximate p-orders. Condition (i) 
of the definition of proximate order is imposed for reasons of history and 
convenience. Up to asymptotic equivalence, stronger smoothness conditions 
can be assumed. 

Combining the above with Theorem 2.3.11 we obtain 


Theorem 7.4.2 (Proximate Order Theorem; Valiron (1913). If f is an entire 
Junction of finite order p then there exists f € SRo, equivalently a proximate p- 
order p(`), with 

log M(r) | log M(r) 


lim sup P(r) = 1=lim sup O) 


(7.4.1) 


The fact that we have derived this from two real-variable results brings out its real- 
variable nature clearly. We note also that from the Smooth Variation Theorem and 
Theorem 2.3.11 a little more is available, e.g. that we can make 1°/(r) >log M (r) for all 
r. Another construction involving more-than-regularly-varying comparison functions 
is due to Earl (1968). Local comparators, based on Pólya-Peak Theory and replacing 
proximate orders for certain purposes, are considered by Edrei (1970), Drasin (1974), 
Drasin & Shea (1976); cf. Theorem 7.7.4 below. 

The Proximate Order Theorem shows that there is a regularly varying function 
naturally associated with any entire function of finite order. Further, it is a matter of 
indifference whether one uses the language of regular variation or of proximate orders. 
Incidentally, from an historical point of view it seems that Valiron may well be credited 
with initiating the subject of regular variation. 

The connection between entire functions and regular variation is particularly close 
for those for which the lim sup in (7.4.1) may be replaced by lim (or more generally, 
lim*). Large classes of such functions will be considered below. 
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Functions of Valiron-Titchmarsh type provide important examples. Here for 
p €(0, 1) we may take r°” =zr?/(r)/sin zp in the notation of the Valiron—Titchmarsh 
Theorem. Then 


log f(re®)~ e log fir) (r> 0,047) 
so lim. , M@)/r??=1, 


R log| f(re’*)| 
im == 


per) 


=cos p0 (047), 


r= o0 
while for the ray 0=7 containing the zeros we have 
log| f(re'”)| 


i * 
lim a) 


ro 


=COS pT. 


2. Embedding 


We can use the functions of Valiron—Titchmarsh type to embed, up to 
asymptotic equivalence, regularly varying functions as the restrictions to the 
positive real axis of the regularly varying functions of a complex variable 
defined in Appendix 1.3. We refer to that appendix for definition of the classes 
HR(p,1o, &). 


Theorem 7.4.3. Let p ER, f € R,. Then there exists g €HR(p,0, n) such that g is 
real on (0, œ) and 


fir)~g(r) (0<r—> œ). 


Proof. Let fi(r):=r° f(r’), then f, E€R,. It suffices to find g, € HRG, 0,47), real on 
(0, œ), such that f,(r)~g,(r) as 0<r > œ, for we can then take g(z) := 2? ~*g,(z’), the 
principal branches of z°~* and z? being used. 

As fı€R, we may replace fı by the non-decreasing function to which it is 
asymptotic. We may also alter f, near 0+, preserving monotonicity, so that 
f,O+)=0. Then if we set n(r):=[f,(r)], clearly we can write down 
0>-—r,2—r,2... such that n(r)=¥, <r 1. So n(‘)ER,. Let G be the canonical 
product of genus 0 that has its zeros at —r,, sae soon Glatal SQM Ya ZE 
(log G(z))(sin 42)/2 = (1/7) log G(z), taking the branch that is real when z>0. Then g is 
holomorphic in the sector S&G), and non-zero there because G(z) is a product of terms 
1+2z/r, of modulus exceeding 1. The Valiron—Titchmarsh Theorem gives 


g(r)~n(r)~ filr) (0<r- oo), 
g(re') ~ eg(r) (0<r> 0, —n7<0<nz). 
As indicated in § 7.2, the latter assertion may be proved locally uniform in 8 (e.g. by 


considering the relevant kernels ky simultaneously and reworking the proof of 
Theorem 4.1.6). Since f, € R, the two assertions together give that for each fixed A>0, 


g(Are®) ~ Ag(re®) (0<r— co, loc. unif.in 0 e(—nr, 7)), 


whence g €HR(p, 0,47). m 
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This result gives an alternative proof of the last assertion of the Smooth Variation 
Theorem, that for f €R, we can find g ESR, asymptotic to f. 
Combining the above with Theorem 2.3.11 we obtain 


Corollary 7.4.4 (after Valiron (1923)). Let f be entire of finite order p. Then 
there exists VeH R(p,0,2) such that 


lim sup(log M(r))/V(r)= 1. 


r> o 


3. Type 


When working with respect to a proximate order p(°), the type o with respect to this 
proximate order is now defined by 

A log M(r) 

a or op := lim sup — z; 


ee per) 
We quote that when 0< p < œ the type is now given from the Taylor series (7.1.1) by 


(Levin (1964), I.13) 
(cep)! =lim sup ¢(n)Ja,|"", (7.4.2) 


where ġ(t) is determined for large t as the solution of t = r°”. We may, of course, always 
take the type to be 1. Neither proximate order p(r) nor type o are uniquely determined, 
however: we may always add (log c)/log r to p(r), which multiplies ø by c. The point is 
that the introduction of a proximate order makes the function of mean (rather than 
maximal or minimal) type with respect to it. 

For analogues of (7.4.2) for p =0, using logarithmic orders, see Srivastava & Vaish 
(1980). 


7.5 Indicators 


1. Definition and properties 
Here we are concerned with f entire or, more generally, holomorphic in some 
sector @<argz<@’ (analytic in the interior, continuous at boundary 
points not the origin). We define order and proximate order of f based on its 
restriction to the sector, and assume the order is finite, so the proximate order 
exists. 
The (generalised, Phragmén—Lindeldf) indicator of f, with respect to 
proximate order p(°), is defined for O<@<0’ by 
log| f(re’*)| 


pe”) 


h(@) or h,(@) = lim sup S) 


if f has proximate order p(`). 
Let us call a function h trigonometrically convex (with respect to p, or 
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trigonometrically p-convex) if 


h(O,)  h(02) h(83) 
sinp; sinp, sinp0,;|>0 for 6,<0,<6,;<6,+7/p. 


cosp; cosp, cos pé; 


Theorem 7.5.1 (Indicator Theorem). If f is holomorphic in a sector, and of 
finite, positive order p, then its indicator h is finite and trigonometrically p- 
convex in that sector. Conversely, every trigonometrically p-convex function 
can arise in this way. 

For the proof, which depends on the Phragmén—Lindel6of principle, see 
Levin (1964), I, Cartwright (1956), III. We refer to these sources also for the 
proofs of the following properties of indicators, assuming f has finite positive 
order: 


i 
Og 


Continuity: h is continuous. 
Uniformity: given ¢>0 there exists r, with 


log| f(re®)|< (h0) +e)” + (r>r,,0E[0, 0). 


. Type: o; = supe h(0). 
. Differentiability: h is differentiable except possibly on a countable set, 


where it has a right derivative h', and a left-derivative h’.. Then 
h', >h'_,h', is right-continuous and h^ is left-continuous. 


. Characterisation of trigonometric convexity: trigonometrical p- 


convexity of h on some 6-interval is equivalent to 
(i 
s(0) := rose | h(o)dd (7.5.2) 


being non-decreasing on that interval. 


. Sinusoidal indicators: Call h sinusoidal if h(@) is of the form 


A cos p0+B sin p0. For general h, 


p 
HB) a | h(0)d0>0 («<f), 


a 


with equality if and only if h is sinusoidal, or equivalently, s(-) is 
constant. 


. Inversion: Clearly h is periodic with period 2m. So from (7.5.2), 


ds(@ —2n)=ds(0). Then h may be recovered from s by 


1 (i) 
Ge, a f 2 
(8) 2p sin np eee cos p(9—W+n)ds(W) (p non-integer), 


tea? (7.5.3) 


h(0) (0 — y) sin p(0—w)ds(W) + A cos p90 + B sin p0 


 2rp 0=22 


(p integer). 
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2. Examples 
(a) Functions with negative zeros. If f is as in Theorem 7.2.3 with order 
p€(0, 1), 
h(@)=cos pé. 
(b) Mittag—Leffler functions. The function 


E,z):= } 2"/T(1+na) (a>0) 


n=0 
defines an entire function of order p= 1/a, the Mittag-Leffler function with 
parameter «. Take for simplicity 0<a< 1; then one obtains 


E,(z)~exp(z'!")/a (|z| > œ, larg z|<4na), 
and E,(z) is of smaller order of magnitude elsewhere. Thus we may use as 
proximate order p(r)=p, and 
h(0)=cospð (\0|<4na=4n/p), 0 elsewhere 
(Cartwright (1956), § 3.62). 


3. Order p= 1 
The case p= 1 allows a geometrical interpretation of the indicator h. If G isa 


compact convex set in the plane, define 


k(0):= sup (x cos 6+ y sin 0). 


(x,y)EG 
The supremum is attained at some point (x, y) of G. The line L, in the direction 
0 with equation 
x cos 0+ ysin @—k(#)=0 
is called a supporting line of G, while k(` ) is called the supporting function of G; 
the point of intersection of L, with G is the supporting point of Ly (see Fig. 4). 
We quote (Levin (1964), I, § 19): 


rior aap 
Looe ea i 


> 


Fig. 4 
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Theorem 7.5.2. A periodic function k with period 2r is the supporting function 
of a compact convex set G if and only if it is trigonometrically 1-convex. 

When kis the indicator h of an entire function f of order 1, the compact convex set G 
is called the indicator diagram of f. Then the function s(-), determined to within an 
additive constant by (7.5.2), is the length of the boundary of G from some fixed point to 
the supporting point of the line Ly. 

In view of the above identification, we can refer to the function s associated with the 
indicator h by (7.5.2-3) as the arc-function (German: Bogenfunktion). For further 
geometrical background, and for applications, we refer to Pfluger (1939-40), Boas 
(1954), Chapter 5. 


7.6 Completely regular growth 


1. Definitions 


Proximate orders and indicators together provide us with the tools needed to 
study rates of growth of entire functions on rays. It turns out that, for a large 
and important class of entire functions, growth properties on rays may be 
accurately linked to distribution of zeros. 

If N is a countable set {z,} in C, write n(r, 04, 02) for the number of z, with 
|z,|<r, 0, Sarg z;<0,. Then N is said to have angular density A(:, `) with 
respect to the proximate order p(-) if for all but at most countably many 0,, 0, 
there exists the limit 

lim n(r, 0,, 02)/r? = A(8,, 0,). 


r> œ 


For fixed ¢, then, 
A(0) —A(o) = A(P, 0) 


determines, to within an additive constant, a non-decreasing function A( ‘Yon 
[81,02], and A(6) is defined except possibly for countably many 6-values, 
where A has a jump discontinuity. We may without loss speak of A(-) itself as 
the regular density of the set N. 

We shall be interested in the case when N is the zero-set {z;} of an entire 
function f, of proximate order p(-) and indicator h as above. We say that the 
zeros of f have angular density A(:) if 


lim n(r, 0;, 02)/r? = A(0,) —A(0,) (7.6.1) 
except for at most countably many 04, 0). 
The functions for which the lim sup in the definition of the indicator h can be 
replaced by lim* are of particular importance (recall that lim* is used to 
denote limits as r > œ avoiding an exceptional set of density zero): 
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Definition. The function f, holomorphic (in the plane, or a sector), is said to be of 


completely regular growth (in the plane, or sector), with respect to the proximate 
order p(-), if 


, log| fire”) 


per) 


lim 


for all 0, or @ in this sector. 
We define a function J/(-), or simply J,(-), by 


J,(0):= i log| f(te®)|dt/t. 
1 


For p>0, the results of §2.9 show that f has completely regular growth on 
arg z=0 if and only if 


=h(6) 


J(0)/r° > h(0)/p (r> œ). (7.6.2) 


2. Non-integer order 


Consider first f entire of non-integer order p. Suppose that the zero-set {z,} of 
f has angular density A(‘); it may be shown that f has completely regular 
growth. Since p is not an integer and r’=r?/(r) ER, the exponential factor 
exp{P(z)}, deg P<[p] in the Hadamard Factorisation Theorem has a 
logarithm P(z) = P(re”®) negligible with respect to r°”. Similarly for any factor 
z”. It remains to consider the canonical product. So for this step we may 
without loss suppose that f is itself a canonical product. 
Suppose first that the zeros are restricted to lie on a single ray arg z= y. By a 
preliminary rotation, we may take y =n; then the zeros are real and negative. 
To say that the zeros have angular density A(-) means in this context that 
n(r)~ Ar?Z(r) for some constant A>0. Then by Theorems 7.2.2,4 we have 
(7.2.3) for all 0# 7, and (7.2.4) for 0=7, both with c= A. Taking the rotation 
through x—y into account, we thus obtain 
nella EE 
aaor ara. sin 1p 


‘Acos{p(0+x—w)} (0+4) 


and similarly for 0=w with lim* in place of lim. 

Next, suppose the zeros are restricted to lie on finitely many rays 0=y; 
(j=1 to m). We break the canonical product up into m partial products 
formed with zeros lying on each ray in turn. As the zeros have an angular 
density, the zero-counting function on the jth ray satisfies n,(r) ~ Ajr°¢(r) for 
some constant A,. Proceeding as above, we obtain 

; log| f(re®)| _ T 
lim a0 
pea cme els sin mp 


DA; cos{p(O+n—wW,)} (O+. -Ym 


and similarly for 0=yw, with lim* in place of lim. 
In the general case, the angular density A(°) determines a Stieltjes measure, 
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which may be approximated by finite collections of point masses. For each 
such approximating angular density, a result such as the one above holds. 
This suggests that in the general case one has 


erga lee Ne | cos{p(0+2—w)}dA(), 


o O sin 1p dhes 


where lim* may be replaced by lim in sectors free from zeros. This is indeed the 
case, though as the proof involves ideas from complex analysis rather than 
regular variation we omit it. Thus f is of completely regular growth, and 
comparing the formula above for h(0) with (7.5.3) we find that 
dA(W)=ds(w)/(2np). To summarise, we have (Pfluger (1938), Satz 3; Levin 
(1964), II, § 1): 


Theorem 7.6.1. Let f be entire, with non-integer order p, proximate order p(°), 
indicator h(-) and arc-function s(-). If the zeros of f have angular density A(-) 
with respect to p(‘), then dA(@)=ds(0)/(2zp), and f has completely regular 
growth with respect to p(`): 
lim* log| f(re®)|/r? =h(0), (7.6.3) 

and lim* may be replaced by lim in sectors free from zeros. 

It is a remarkable fact that this result has a converse. For the proof, which 
involves a generalisation of Jensen’s formula and (7.6.2) above, see Levin 
(1964), III, §3: 


Theorem 7.6.2. If f has non-integer order p and completely regular growth with 
respect to p(-), then the number n(r, 0, , 02) of its zeros in |z|<r, 0, <arg z<0, 
satisfies 
lim n(r, 01,02) È 1 3 
cme ene 27 


(0; ’ 02), 
where 


02 
0s, 83)=H 0-0) | h(0)d0, 
8, 
except possibly for countably many points 0,,0, where h' has a jump 
discontinuity. That is, the zeros of f have angular density A(-), where 
dA(0) = ds(0)/(2p). 


3. Remarks 


1. The two results above, taken together, may be regarded as a generalisation of 
the Valiron-Titchmarsh Theorem in which the severe geometrical restriction 
that the zeros lie on a single ray is weakened as far as possible. 

2. Some restriction on the angular distribution of the zeros must be made if 
results of this nature are to be obtained. For instance, regular variation of n(-) 
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above does not imply that of M(-), nor does regular variation of M(: )imply that 
of n(-) (Shah (1939)). 


3. Using dA(@)=ds(@)/(2xp) and Property 6 of indicators, we see that h is 
sinusoidal in a sector if and only if A(-) is constant there. 


4. Integer order 
We turn now to the case of positive integer p. The Hadamard Factorisation 
Theorem shows that we may write f in the form 
f(z) = 2" exp{P, _ 1(z)} exp{z°d(r)} f,(z) 
where P,_, is a polynomial of degree at most p—1, 
Dis E(z/z;,p —1) Jl E(z/z;, p) 
and 
òlr) =c, a izes 
P| È, : 


here c, is the coefficient of z? in the polynomial P(z) in the Hadamard 
factorisation. Let f° =r°/(r) as before. Now as r> œ, 


log f(re’’) log f,(re®)  d(r) 
A Oe eo — +7" 


(7.6.4) 


Thus study of completely regular growth of f reduces to that of f,, which is 
significantly easier to handle, if and only if the following condition (which we 
call Condition LP after Levin & Pfluger) holds: 


ôlr)// (r) converges as r > œ. (LP) 
We saw in Theorem 7.6.2 that for non-integer order, completely regular 


growth implies that the zeros have an angular density. In the integer-order 
case, more is true: 


Theorem 7.6.3. If f has integer order p >0, and completely regular growth with 
respect to proximate order p(`), then 

(i) the zeros of f have an angular density A(:) with respect to p(`), and 

dA(0)=ds(0)/(2np) as before, 
(ii) Condition LP holds, 
(iii) [5* e'?*dA(0)=0. 

For the proof, which is analogous to that of Theorem 7.6.2, see Levin (1964), III, § 3, 
or Pfluger (1946). Note that (iii) merely expresses the simple geometrical fact that the 
indicator diagram of f forms a closed curve. 

In the other direction, matters are a little more complicated than in the 
analogous result, Theorem 7.6.1: 
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Theorem 7.6.4. If f has integer order p >Q, its zeros have an angular density with 
respect to proximate order p(‘), and Condition LP holds, then f has completely 
regular growth with respect to p(°). 

For the proof, which is analogous to that of Theorem 7.6.1 sketched above, we refer 
to Levin (1964), II, § 3. It is important to note that the result is false if Condition LP 
does not hold. For an extensive discussion of what can be said in that case, we refer to 
Pfluger (1946), Cartwright (1932). 

The conclusions for the integer-order case differ from the non-integer case in the 
following way, among others. The proximate order of f is always chosen so that f has 
mean type with respect to it: 0<a<o. By Property 3 of proximate order, h is not 
identically zero. When p is not an integer, the inversion formula (7.5.3) shows that the 
measure ds (=dA) must have a point of increase — possibly only one. Thus by (7.6.1), 

n(r)=n(r,0,22)~cr?, 0<c< o, 
and so n(‘) is regularly varying. However when p is an integer, (7.5.3) is consistent with 
ds =0 while h is not identically zero. In such a case h is sinusoidal and (7.6.1) tells us 
only that n(r)=o(r°). A case in point is the reciprocal of the gamma function — see 
below — or more generally the functions of integer order and negative zeros of § 7.2.5. 


5. Integer and non-integer order 


In order to combine the four results above, it is appropriate to introduce one 
further piece of terminology. 


Definition. An entire function f is said to have regularly distributed zeros with 

respect to proximate order p(°) if its zeros have an angular density, and also, in 

case the order p is an integer, Condition LP holds (with respect to p(-) and /(-)). 
The main result is now 


Theorem 7.6.5 (Levin—Pfluger Theorem). An entire function f of finite positive 
order is of completely regular growth with respect to proximate order p(-)if and 
only if it has regularly distributed zeros with respect to p(°). 


Corollary 7.6.6. The lim* in (7.6.3) may be replaced by lim in zero-free sectors. 
The indicator h is sinusoidal in a sector if and only if the density of zeros in that 
sector is zero. 

Functions of completely regular growth have many important properties; 
we refer to Levin (1964) for a full treatment. We mention one further result: 


Theorem 7.6.6 (Levin (1964), IV , Theorem 3). The zeros of any entire function 
f of finite positive order p, proximate order id ) and indicator h(-) satisfy 
lim inf n (rr < (7.6.5) 


Equality holds if and only if f has presse regular growth. 
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Thus functions of completely regular growth are extremal in having, for 
given proximate order and indicator, the greatest possible density of zeros. 


6. Examples 

1. The exponential function. Since f(z)=e? has maximal growth along the positive 

real axis, M(r)=e’, so p=1, p(r)=1. The indicator is 
h(0)=cos 0, 
so fa" n(0)d0=0, while n(r)=0 as there are no zeros; cf. (7.6.5). 

2. Trigonometric functions. For f(z):=sin nz, there is maximal growth along the 

imaginary axis, when M(r)~4e"’, so p=1, p(r)=1, and 
h(@)=n{sin 6]. 

The zeros are at the integers, so n(r) ~2r, again agreeing with (7.6.5) as f8"h(0)d0 = 4r. 
The cosine case may be handled similarly. 

3. Mittag-Leffler functions. For order p> 1 we have, as noted in § 7.5, p(r)=p and 

h(@)=cos pO (|0|<4n/p), 0 elsewhere. 
The indicator is sinusoidal in the two sectors bounded by the rays 0= +4z/p. In fact 
the zeros tend to these rays, and 
n(r)~r?/n 

(Wiman (1905)), again agreeing with (7.6.5) as (Ae h(0)d0=2/p. 

4. The Gamma function. The function f(z)=1/I'(z) is entire, with zeros at 

z=0, — 1, —2,..., so n(r)~r. By Stirling’s formula, 

log|1/I'(re®)|~ —r(logr)cos@ (r> 0,07). 
The order p=1, the proximate order p(r)=1+(loglogr)/logr, and the indicator 
h(@)= —cos 0. Here (7.6.5) merely expresses the fact that n(r)=o(r log r). 

It is instructive to compare the two examples sin zz and 1/T (z). Their rates of growth 
differ, as above; their zeros differ not so much in their density as in their geometry. An 
extensive study of the integer-order case has been given by Pfluger (1946), motivated by 
the contrast between these two examples. 


7.7 The minimum modulus 
With f an entire function, the maximum modulus M(r) or M(r, f) is given by 
(7,.1.2=3). 
The minimum modulus 
m(r) «= inf{| f(z)| :|z|=r} 

is also of interest. Of course, m(r)=0 if r= r„, where the zeros of f are z, = r,e". 
It is the large values of m(r) which are more informative; the 
classical result is the following. 


Theorem 7.7.1 (Cos np Theorem). If f is an entire function of order p€[0, 1), 


322 7. Applications to complex analysis 


then 


i log m(r) 

"hve log M(r) 

This result is due to Wiman and Valiron; see e.g. Boas (1954), §3.2, 
Cartwright (1956), §4.41, Levin (1964), I, § 18. 

Recall the lower order u of f, as in (7.1.5). The result above may be 

strengthened by replacing p by u (since u <p, cos nu > cos zp). Further, the 

result is now applicable to functions with infinite upper order p. We have 


(Kjellberg (1960)): 


>cos Tp. 


Theorem 7.7.2 (Cosmu Theorem). If f is an entire function of lower order 
ue(0, 1), then 


lim sup soe Ulih res 

r+o log M(r) 

Recall from Proposition 2.2.5 that the Matuszewska indices «, B of log M 
and the upper and lower orders p,u are related by B<u<p<a; thus 
cos mB > cos ny if p €(0, 1) as above. The result may be further refined to give 


(Drasin & Shea (1972)): 


> COS TH. 


Theorem 7.7.3 (Cos nf Theorem). Let f be an entire function, g(r) :=log M (r). 
If g has lower Matuszewska index B <1, then 


log m(r) 


lim su >cos 1 
FEM) aoe 
Proof. Choose a €(f, 1). As 0<a<1, there exist k=k(c), C=C(c)>0 with 
R 
| {log m(t) —cos xa log M (t)}dt/t! +° >k log 23M) —C log = (0<r<R) 
k lä 


(Kjellberg (1960), 193-6; cf. Drasin & Shea (1972), 405). By the Pólya Peak 
Theorem, g=log M has Pólya peaks of the first kind of order $: there exist 
Fas An > 00, 0, > O with 

JlArn)/Iln) SAP +8) (ap <A<a,). 
Then 


Ar,/|4 
| TDZ al {k —47C(1 + 8,)/47 7P} 


n 


>0 
for arbitrarily large r, and A. Hence, if lim sup log m(r)/log M (r)< cos z$, 
we could choose e>0 and X=X(e) so that for all t>X, logm(t)< 
(cos mB —e)log M(t). Then choosing ø so close to B that 
cos nf —e —cos no <0, the integrand on the left above would be <0 for all 
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r,2X, A>1. This contradicts our conclusion above, and the result 
follows. L] 


Particular interest attaches to functions extremal for the Cos zp Theorem, 
in the sense that they have order p< 1 and satisfy 
log m(r) < {cos mp +0(1)} log M(r) (r > œ). (Tasty 
By an inequality of Kjellberg (1963), §3, as p<1 we have 
(r/t) log(r/t) dt 


logM(r) i {log m(t)+log M(t)} (0<r< œ). (7.7.2) 


(rjty = 1 
We have here the non-negative kernel 
2 xlogx 
Keg n 
x) Wx l 


whose Mellin transform K (s) has convergence-strip —1<Res<1. As f has 
order p < 1, we can choose e>0 with p +e< 1, and then log M (t)=0(t° +°) for 
large t. Now (7.7.1) is unaffected if any zero that f may have at the origin is 
discarded.. We may thus suppose f(0) non-zero (= 1 say), and then log M(t) is 
bounded on each [0, T]. The methods of §4.1 now show that 


i o(1) log M(t)K(r/t)dt/t= o( |, log MKCode) (r > œ). 
(0) 


(0) 


So, substituting (7.7.1) in (7.7.2), we obtain 
log M(r)<(1+cos zp +o0(1)) i log M(t)K( R (r > œ). 


Convolution inequalities of this type have been extensively studied, as we 
noted in § 5.2. Recall the notion of logarithmic density (§2.9). We have 
(Drasin & Shea (1976) Theorem 8.1): 


Theorem 7.7.4 Let f be entire of order pe[0,1), external for the Cosnp 
Theorem in that (7.7.1) holds. Then there exists a set E of logarithmic density 0, 
and a function f varying slowly on E in the sense that 


L(Ax)/¢(x) 70 (x€E,x7> 0) VWA>0, 
with 
log M(r)=r°Z(r). 
The exceptional set E here may actually occur. 

More can be said about the behaviour on the exceptional set. Let 
E= Ue [a,,b,] with a, , ,/b, > œ and E of logarithmic density zero. Let ø be 
any number with p <ø < 1. Then there exists an entire f of order p, extremal 
for the Cos zp Theorem, with 

log M(Ar)/log M(r) > 4% (reE,r— œ), 
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while as above 
log M(Ar)/log M(r) > 4° (rẹE,r> œ) 
(Drasin (1974)). Thus Theorem 7.7.4 is best-possible. 

Other results on the minimum modulus are known, unlike those above in that they 
do not involve exceptional sets. For instance, if 0<A<1, either log m(r)< 
cos mA log M(r) for all large enough r, or there exists lim, „ r ^ log M(r)€(0, œ]. For 
results of this type, see Kjellberg (1960), (1963), J. M. Anderson (1965b), Essén (1975). 

For entire functions of order p =0, the extremal property (7.7.1) is no restriction, one 
has 

lim sup Ocg =1, 
r+a log M(r) 


and the conclusions of Theorem 7.7.4 hold. More detailed results are known. For 
l e€ Ro, write 


¢,(r) -Í ¢(t)dt/t (ERo), llr) -| l (t)dt/t (ERo); 


1 1 
then /(r)/¢,(r) > 0. Barry (1962) has shown that if 
log M(r)=O(¢,(r)), 
then for each e>0, 
n +E _¢(r,,) 
2 lalf) 


on some sequence r, > œ, and this inequality is sharp. 


log m(r,,) > fı — l log M(r,) 


7.8 Exercises and complements 
1. For f of finite order p, 
s a wr wr 
Kim int or <p <lim sup or 
If further either v(r) or log A(r) is regularly varying, the index is p and 
v(r) ~ log A(r) 
(Polya & Szeg6 (1972-76), IV, Problems 59, 60). 
2. Let f be entire. If the convergence-exponent of the zeros is Pı < ©, then 
lim inf aIia < pi: 
r+ log M(r) 
Fora canonical product of genus 0, having negative zeros only, with exponent of 
convergence p4, 
lineup n(r) 3 sin Tp, 
r+o0 log M(r) T 
(Polya & Szegö (1972-76), IV, Problems 62, 63). 
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s l ; l 

lim sup oglim sup ere 
l loglog M 
og n(r) ens oE (r) 


lim sup 1 
gr 


r> A log r 

(Pólya & Szegö (1972-76), IV, Problems 35, 36). 
. For order 0< p< œ and f € R9, 

logM(r)~r?Z(r), 

log A(r)~r?Z(r), 

v(r) ~ pr’¢(r) 

are equivalent (Shah (1952)). The case / constant is Polya & Szegö (1972-76), 
IV, Problem 68. 


. If f is entire of order p €(0, 1) with negative zeros, c>0, 0<p’<p, then 


log f(z)= T cz? +0(z”) (z> œ,argz#n) 


implies 

n(t)=ct? + O(t’/log t) 
(Tjan (1963)). 
. The Mittag-Leffler function $è z"/['(1+n/p) (0< p< œ) of order p is extremal 
for Theorem 7.2.6 (Goldberg & Ostrovskii (1970), § 2.5). 
. Put k(ø):= (sin no)/(no) (0<o<1),=1 (c=0). Let N(r, f): = fon (t)dt/t and 
similarly for g. If f, g are entire with order p < 1 and lower order u, and g has only 
negative zeros, 


In particular, if 
N(r,g)/log M(r,g)>c (r> œ), 
then p= u and c=k(p) (J. Williamson (1970)). 
. There are functions ¢ and ® characterised by the following property: for any 
entire function f of order p, 


ina ee gp) caine limsup n(r) 
SS log M(r) ~ log M(r 
There exists f, for which the left inequality is an maths and another for which 


the right is. Further 


P(p)= 


p, 
(oo) = i 
(> | Wann!) <1) E, 
0 


where p:= [p] and W,,(r) = sup{E(z, p):|z|=r} (Polya (1923), Wahlund (1929)). 


8 


Applications to probability theory 


8.0 Preliminaries 


0. Laws and transforms 


The distribution function (d.f.) of a real random variable (r.v.) X is 
F(x) := P(X <x) (x e R). The induced law of X on R is the Lebesgue—Stieltjes 
measure dF(x)=P(X edx). We shall identify the law with F. When F is 
absolutely continuous, F (x)= f% „ f(t)dt Vx, then f is the (probability) density 
of F and of X. When X is integer-valued its ‘discrete law’ is the sequence 
(Snnez Where f, = P(X =n). 

When X,Y are independent r.v.s with laws F, G their sum Z := X +Y has 
law H(z):=], F(z—y)dG(y) (ze R), the Lebesgue-Stieltjes convolution of F 
and G. We write H =F * G in accordance with probability convention; note 
that if F, G have densities f,g then H has density h(z) := E f(z—y)g(y)dy, 
the ordinary Lebesgue convolution of the functions f and g which in other 
chapters we have denoted f *g. If X and Y are integer-valued with discrete 
laws (fa), (gn), then Z has discrete law (h,) with h, =) mez tn—m9m (n EZ), and 
we write h=f *g. 

The convolution powers F" are defined for neN by F'*:=F and 
F" := F” D" x F. By convention, F” is the law of the r.v. degenerate at 0; 
thus F® is the indicator function Ifo,» Convolution-powers of sequences 
representing laws on Z are similarly defined. 

For a law F (of an r.v. X) the natural tool for many calculations is the 
Fourier—Stieltjes transform or characteristic function (c.f.) (of F, and of X), 


(t):=Eet* = | eit dF (x) (teR). 


— 0 


For F supported by [0, œ), i.e. X non-negative, we generally use instead the 
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LS transform (cf. § 1.7) 


F(s) =E= f e *dF(x) (s20). 


[0, 0) 
When X is integer-valued we define the probability generating function (p.g.f.) 


Eis? =) (5'P(X =n)=) Ss" ss 


where convergent. If X is (with probability 1) non-negative then this 
converges in |s| <1. 

When X,Y are independent with c.f.s ¢,w the cf. of Z := X +Y is the 
product $(-)w(-). The LS transform and p.g.f. have the same property. 

If X and Y are independent positive r.v.s with laws F, G then the law H of 
Z= XY is the Mellin-Stieltjes convolution 


H(z) := F $ G(z)= | F(z/y)dG(y) (0<z<o) 


0 
as in Appendix 6.7. The role of the c.f. in this context is taken by the Mellin— 
Stieltjes transform 


EX” = (art) (teR). 
0 


Obviously this is the c.f. of log X whose d.f. is F(e*). 
Finally, we use two standard abbreviations of probability theory: a.s. (almost surely) 
and i.i.d. (independent and identically distributed). 


1. Convergence in distribution 
If F,,, F are probability distribution functions, of random variables X,,, X say, 
one says that X, (or F,,) converges in distribution (or in law) to X (or F) if 
F(x) > F(x) (n> œ) at all continuity points x of F. 
One writes this more briefly as 
Fi=F, ot X,=>X. 
We refer fora treatment of convergence in distribution (including criteria for it 
in terms of c.f.s, LS transforms and the like) to, e.g., Breiman (1968), Chapter 
8, Chung (1974), Chapter 4. 


2. Type 


In limit theorems in probability, one is often concerned with sequences (X,,) of 
random variables which converge in law after a change of location and 
scale. That is, there exist centring constants b, and norming constants a, >0 
with 

(X,,—,)/a, > X, (8.0.1) 
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or in terms of distribution functions 
F(a,’ +5,) => EE): (8.0.1’) 


We write 
L 
X=Y 


when the r.v.s X,Y have the same law. Two r.v.s X, Y, hence also their laws, 
are said to belong to the same type if they have the same law after change of 
location and scale, i.e. if 


E 
X =aY +b 


for some a>0, be R. The following result shows that, to within type, (8.0.1) 
cannot hold in two different ways. For proof see e.g. Gnedenko & 
Kolmogorov (1954). 


Lemma 8.0.1 (Convergence of Types Lemma). Suppose (8.0.1) holds, with X 
non-degenerate. Let Y be a r.v. and let «,>0, B ER be constants. Then 


(i) (Xn — Bn) n => Y 
if and only if 
(ii) a,/%, + %E[0, 00), — (b, —By)/tn > BER (n> 00). 


L 
In that case Y=aX +B and «, P are the unique constants for which this holds. 


When (i) (or (ii)) holds, Y is non-degenerate if and only if «>0, and then X 
and Y belong to the same type. 


3. Narrow convergence 


The concept of convergence in law above applies to real-valued random variables; it 
may be extended to k-dimensional random vectors with little more than notational 
changes. 

Matters are different when we consider, instead of random variables or vectors, 
stochastic processes, X =(X(t):t>0) say (here and below, we will pass at will between 
notations such as X(t) and X,), which are infinite-dimensional entities. One mode of 
convergence of a sequence of stochastic processes X, to a limit process X is that their 
finite-dimensional laws should converge: that is, that for every finite set of time-points 
ht Seed 8 

(Xalta), - +» X n(ty)) = (X (t1), - - -, X(G))- 
On the other hand, if a stochastic process is realisable on a particular function space E 
(such as C[0, œ), the space of continuous functions on [0, 00)), the process induces a 
probability measure on the Borel sets of E. We assume that E with its topology T is 
separable. If ,,, u are the measures induced by X,,, X, one says that X,, converges to X 
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narrowly with respect to the topology T, 
MONE (19), 


| Jdr > l du 


for all bounded T-continuous real functions f. Observe that this coincides with the 
notion of narrow convergence introduced in Appendix 6.4, and used extensively in 
Chapter 4. For an account of narrow convergence in probability theory (and in 
particular, for what is needed to strengthen convergence of finite-dimensional laws to 
narrow convergence), we refer to Billingsley (1968), Pollard (1984). 

In this chapter we shall see that regular-variation conditions are necessary and 
sufficient for narrow convergence of many different stochastic-process laws. In proving 
sufficiency we shall be content with 1-dimensional (marginal) laws. Function-space 
convergence usually holds under the same conditions and may or may not be harder to 
prove, but always needs technical apparatus which it would distract from our main 
theme to provide. For necessity the convergence of marginal laws is in any case enough. 


4. Method of moments 
A probability law F with moments 
My = | dF (x) (k=0,4,..22) 


is uniquely determined by its moments if 
yng = co; (8.0.3) 
k=0 


see e.g. Shohat & Tamarkin (1943), 20. If F is determined by its moments, 
and if for each k the kth moment of F,, converges to that of F, then F,, = F (see 
e.g. Chung (1974), Theorem 4.5.5). We shall refer to this way of checking 
convergence in law as the ‘method of moments’. It is often useful; see e.g. § 8.6. 


5. Mittag—Leffler laws 
It is known (see e.g. Pollard (1948)) that Xœ 9 (—s)"/P(1+np) is the LS 
transform of a probability law on (0, œ) for p € [0, 1] but not otherwise. Write 
M,,(s) = | ed F (x)= Y s"/T(1+np). 
(0) 0 

Then M, is the Mittag—Leffler function with parameter p (§ 7.5), and for p >0 

M,,(s)~exp(s'/")/p (s> œ). (8.0.4) 
Note that the limiting cases p =0, 1 give respectively the exponential law with 
parameter 1 and the degenerate law with unit mass at 1. These laws have 
important applications in limit theorems; see ssi 
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8.1 Tail-behaviour and transforms 


1. Tail-sum and truncated variance 


Many of the limit theorems we shall encounter in this chapter involve 
conditions on the tail of the probability law in question. That is, if X is a 
random variable with law F, we shall need to study the behaviour of F(x) as 
x> + or — œ, in terms of transforms of some kind. First however we link 
the behaviour of the tail-sum of F with the truncated variance; this will be 


important in §8.3. For x>0 write 
T(x) = P(X < —x)+ P(X >x)=F(—x)+1— F(x) 


for the tail-sum, 


V(x) -| y7dF(y) (8.1.0) 
for the truncated variance. The convention continues that intervals of 
integration exclude left end-points and include (finite) right end-points. We 
have (Feller (1971), VIII.9): 


Theorem 8.1.1. The following are equivalent: 
(i) VER», 
(ii) x? T(x)/V(x) +0 (x— 00). 


Proof. Passing over the trivial case of F having bounded support, we let 
T(x) = JP(F(y)+|dF(—y)|) and V(x):=f% y?(dF(y)+|dF(—y)|), and 
observe that (i) is equivalent to 

(i). VER, 
by monotonicity of V, while (ii) is equivalent to 

Gy Pox Px} (x > o) 
by monotonicity of T(x)/V(x). Then (i) and (ii) are equivalent by Theorem 
1.6.5, since T(x)=(*y~2dV(y). E 


2. Truncated moments 


Results with powers other than the second are also useful; for simplicity we 
confine attention to laws F on (A, œ) for some finite A. For such F write 


x 


r= | ydF(y), V(x) = | y’dF(y). 


x A 
We consider T, or V, according as |? ydF(y) is finite or infinite: thus V(x) 
will always tend to œ as x> œœ, and consequently V,(x)~ Ñ, (x) := 
J$y’dF(y). We compare T, or V,, and T; or V, for æ< ß, assuming for non- 
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triviality that F has support unbounded above. Three cases arise, as in § 2.5: 


t | ydF(y)=c, 

A 

n | yPdF(y)<00, 
A 


III: i y*dF(y)< æ, ie yPdF(y)=00. 


A 


In case III we have B>0 and: 


Theorem 8.1.2 (Feller (1971), VIII.9). In case III, if T ER or V, ER then there 
exists 
Keay (x) 
ines 
py V(x) ye[0, œ], (8.1.1) 
and if, additionally, «<0, then y €[0, B/(—«)]. 
Conversely, if (8.1.1) holds then on defining p e[«, B] by 


p= 
IEE (8.1.2) 
(so that p=« iff y= œ), there exists f € Ro with 
Vg(x) T,{x) 
EREN A te POE 0s 1am (8.1.3) 


Thus p>max(«,0), and if p>« (y <œ) then V,ER,_,, while if p<B (y>0) 
theni ERTE: 


Proof. Connections between T, and Ñ, are 


T,(x)= | y*~*dV,(y), (8.1.4a) 
V(x) = -f y~dT,(y), (8.1.4b) 
and the integration-by-parts formulae 
Vi (x)= —x T4094 f yf" T, (y)dy, (8.1.5a) 
0 
Tij=—x k V(x) + (B—a) | Ve Tea V (y)dy. (8.1.5b) 


(The latter is most easily proved by applying the Fubini-Tonelli Theorem to 
the repeated integral (Ay TEn 1 PET Ody) 

If V;, equivalently Mee is regularly varying, then as V,(0o)= œ its index is 
non-negative; call it B—p. Thus p <f, and as the integral in (8.1.5b) is finite, 
also p>a. If p>a then Theorem 1.6.5 applied to f:=V, gives (8.1.1) and 
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(8.1.2), while if p =a we may divide (8.1.5b) by x7 8 V(x) and apply the direct 
half of Karamata’s Theorem to give (8.1.1) with y= œ. On the other hand, if 
the non-increasing function T,€ R, its index is non-positive; call it a—p. We 
then argue as above, with (8.1.5a) and Theorem 1.6.4 replacing (8.1.5b) and 
Theorem 1.6.5. 

Conversely, assume (8.1.1). If y is finite then the converse half of Theorem 
1.6.5, with f:= a gives the first statement in (8.1.3), whence the second also 
by (8.1.1). If y is infinite then the converse half of Theorem 1.6.4, with f := T,, 
gives T,€ Ro. 

Finally, if «<0 the further restrictions on the values of p and y come from 
the following considerations: the case p=« is excluded because it implies 
T,,€ Ro, inconsistent with the fact that T,(x) <x“; then because p >g we have 
V,ER,-,, and since V(x) <x? this implies B—p<f. So p>0, whence 
»<B/(—a). o 

The other cases are similar variations on Karamata’s Theorem and we omit their 


proofs. 


Theorem 8.1.3. In case I we have 0<a<f, and if V,ER or VER then there exists 


i ielea 
Bes, mpo aE, œ], (8.1.6) 
and y, then satisfies B/x <y; < ©. 
Conversely if (8.1.6) holds we define p by 


p= 
Ta 
a—p 
and then there exists 0, € Ro with 
V(x) VAX) 
= eS m Sei = 
x? °F, (x) P, AT P p (x> o). 


Thus (8.1.6) implies V,€R,_, in all cases, and also Vs ERg-p when p#a (y;< œ). 


Theorem 8.1.4. In case II, if T,ERUR_„ or TERUR „ then there exists 
i T 
lim hoe S co], (8.1.7) 


and y, then further satisfies 


J01] if B20 
° (b/a, 1] if B<0. 
Conversely, if (8.1.7) holds we define p by 
p-B. 
y= ’ 
p—a 
then if y,= 1 (p= ©), T, and T; are in R_ „, while ify, # 1 then there exists l2 E Ro such 
that 


8.1. Tail-behaviour and transforms 333 


T(x) T(x) 
x? °/,(x) PF (x) 


Thus p €[max(B,0), 0] and T; € Rg _, in all cases, while if p> then also T, ERT 


P= p(x a), 


Note. The rapid-variation cases above are dealt with by employing de Haan’s 
‘Karamata Theorem’ for R_„: see Proposition 2.6.10. 


For later results we need the following expression for moments: 
Lemma 8.1.5. For any law F on [0, œ), and any a>0, 
| dF(s)=a | x*~!{1—F(x)}dx (<œ). (8.1.8) 
[0, œ) 0 
Proof. Apply the Fubini-Tonelli Theorem to fọ x*~! f? dF(y)dx. Oo 


3. Transforms: laws on a half-line 


We turn now to transforms. Matters are simplest for laws F on [0, 00) (as here 
there is only one tail to consider). We use the LS transform F. Write 


Ln Ex" | ar x) (n=O...) 
[0, 0) 


for the nth moment. When u, < 00, F(s) may be expanded in a Taylor series as 
far as the s” term: 


F(s)=¥.u,(—s)/r!to(s") (540) 
(0) 


(see e.g. Kingman & Taylor (1966), Theorem 12.6, or below). To compare the 
tail-behaviour of F with the behaviour of F at the origin, one needs to 
eliminate the ‘Taylor polynomial’ Y% u,(—s)’/r!. This may be done by 
subtraction or repeated differentiation. Write 


AOLA fri SHA sinh 
0 


Gn(S) = df,(s)/ds” = Uy, — ( Ta PF (s); 
thus 
fo(s)=gols)= 1—- F(s). 


Theorem 8.1.6 (Bingham & Doney (1974)). For f € Ro, „< where neZ*, 
and a=n+ 8 with O<ß <1, the following are equivalent: 


fils)~s*¢(1/s) (s10), (8.1.9) 
09) Fg ry PC) (s{0), (8.1.10) 


iG t"dF(t)~n!¢(x) (x — œ) when B=0, (8.1.11a) 


x 
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1—F(x)~ {(—)"/(1—a)}x7*4(x) (x— 2) when 0<B<1, (8.1.11b) 
| t"*1dF(t)~(n+1)!4(x) (x—> 00) when B=1. (8.1.11c) 
[0,x] 


When B>0, (8.1.9-11) are also equivalent to 
(tt Fe +15) ~ {P(x + 1)/T(B)}s?~12(1/s) SVO: (8.1.12) 
In view of the importance of tail-conditions such as (8.1.11b), we will use the 
shorthand notation 
F(x) := 1— F(x). 


Proof. Since g,,(s)|0 as s|0 and f,(s) is its n-fold integral, the equivalence of 
(8.1.9) and (8.1.10) follows by n applications of the monotone density 
argument. For f> 1, the equivalence of both with (8.1.12) follows similarly. As 
(—)"+1F"+D(-) is the LS transform of fios t"*1dF(t), the equivalence of 
(8.1.11c) with (8.1.12,9) for B=1 follows. 

Next, s~ 'g,(s) is the LS transform of the function fẹ dt | y"dF(y), so by 
Karamata’s Tauberian Theorem, (8.1.10) is equivalent to 


Ser Ea AES I n 
faf y"dF(y) (e+ De-A C(x) (x> æ). 


For f< 1, this is equivalent to 


m ee LO) 2 
T= | y"dF(y) r@+ brdap * BY(x) (x00) (8.1.13) 


by a monotone density argument. When f$ =0, this is (8.1.11a) as required. 
There remains the case 0< $ < 1. As u, < 00, {> t" *F(t)dt converges by the 
lemma. Integrating by parts, 


T,,(x) -| dF) =s"Fs)+n | y" "F(y)dy. 


Hence (8.1.11b) implies (8.1.13) by Karamata’s Theorem (note that 
(—)"/TA —«)=T(x){r(8)F(1 — £)}). But also 


x"F(x) NXE 
=1— CAOT (y)dy 
Ti(S) pgs eee 
whence by Karamata’s Theorem again, (8.1.13) implies (8.1.11). oO 


The case n=0 deserves special mention: 


Corollary 8.1.7. For 0<a<1, 0 Ro, the following are equivalent: 
1—F(s)~s*¢(1/s) (s40), 
£(x) 


tO erro) (x > oo) (O<a< 1), 
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| tdF(t) ~ ¢(x) (x> œ) (a=1), 
[0,x] 


\, (1—F(0)}dt~ (x) (x—1.00) (w=). 
0 


Proof. For the second assertion in the case «= 1, note that |? F(t)dt has LS 


transform (1— Ê(s))/s and use Karamata’s Tauberian Theorem: the rest is the 
n=0 case of the theorem. oO 


Let us remark that the missing assertion here, namely 1 — F(x) ~ 7(x)/x, is stronger 
than the «=1 cases of the other assertions, and is equivalent to each of 


| {1—F(t)}dtel, with /-index 1, 
o 


x{1—F(1/x)}eT, with ¢-index 1, 
by Theorems 3.6.8 and 3.9.1. 


Existence of ‘regularly varying moments’ is also of interest. With fa, gn as 
above, we have 


Theorem 8.1.8 (Bingham & Doney (1974)). Let / be locally bounded on [0, œ) 
and slowly varying. Let ne Z* and assume „< ©. For x=n+ f withO<B<l, 
the following are equivalent: 


1 
| POA E * Cds < co, 
0 


1 
| g,(s)¢(1/s)s~ 2 *ds< oo, 


0 
Xvil 
e(x* | Ayal) <r (B=0), 
EXA X) <o (0<f<1), 


af | odh) <0 BET 
x 
The proof uses ideas similar to but simpler than those above, and is 


omitted. Again, one special case deserves mention. 


Corollary 8.1.9. The following are equivalent: 
E(X log* Oca 


\, {F(s)—1+,s}ds/s? < œ, 


(0) 


1 
| {log F(s) +,s}ds/s* < œ, 
0 
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|, {F(s)—exp(—,5)}ds/s?< œ. 
0 


This is essentially the special case n= 1, B=0, / = 1. It is of importance in the theory 
of branching processes (§ 8.12 below); see Athreya & Ney (1972), p.25, Lemma 1. 

The two theorems above may be restated and proved, indeed extended, by using the 
machinery of fractional integration, but as we shall make no use of this we do not 
pursue it. 


4. Transforms: laws on the line 


Let @ be the cf. of the law F. In addition to the  tail-sum 
T(x) := 1—F(x)+F(—x) defined earlier, we use now the tail-difference 


D(x) := 1—F(x)—F(—x). 
Now taking real and imaginary parts, 6=U+iV where 


0 


U(t)= 1e cos txdF (x), KOS | sin txdF(x); 


— %0 TEs 


also 
o(t)= | e*dF(x)— | e*d{1—F(x)}. 
100) 0 
Hence 
{1-—U(1)}/t= | T(x) sin txdx, 
0 


V(t)/t= l A D(x) cos txdx. 


0 
One has the inversion formulae, valid for continuity-points of T and D, 
2 (*" 1-U(t 
T= 7 | 9 sin txdt, 
T t 


0 


D(x)= 2 f i W cos txdt. 


m Jo+ 


(These are obtainable from the inversion formula for ġ of Gil-Pelaez (1951).) 
However, because the integrals are improper, they are difficult to use to obtain 
properties of T, D from U, V. 

The basic Abel-Tauber Theorem linking U and T is 


Theorem 8.1.10 (Pitman (1968); Soni & Soni (1975), II). For fe Rọ, 0<a<2, 
the following are equivalent: 


T(x) ~¢(x)/x* (x > œ), 
1— U(t) ~tt (1/tn/{T(«) sinna} (t0). 
The constant on the right of the latter assertion is the integral evaluated in 
(4.3.1a). For 0<a<1, Theorem 8.1.10 is part of Theorem 4.10.3 (and may be 
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proved similarly to the part we proved). For a proof for the complete range 
0<a<2, see Pitman (1968). 


Turning to D and V, as D need not be monotone, side conditons are needed. 


Theorem 8.1.11 (after Pitman (1968), Soni & Soni (1975), II, HI). Let fE Rọ, 0<a<1. 
If D is quasi-monotone, or if, for large x, F(—x)<c(1—F(x)), where 0<c<1, then 


D(x) ~¢(x)/x* (x> œ) (8.1.14) 
implies 
V(t)~t°2(1/t)}hn/{T (a) costa} (t]0). (8.1.15) 
Conversely, (8.1.15) implies 
| D(t)dt~x'~*¢(x)/(1—a«) (x> œ), (8.1.16) 
o 


hence if D satisfies any of the conditions of the Monotone Density Theorem (e.g. is 
monotone) then (8.1.14) follows. 

The Abelian assertion here follows from (4.3.7) (real part) under quasi- 
monotonicity, and from Pitman (1968), Theorem 7 under the other condition. For the 
Tauberian assertion, the proof of Theorem 4.10.3 may be used up to (8.1.16), as it does 
not need monotonicity until then. Finish with the Monotone Density Theorem. 

For the limiting cases «=0, 1,2, and higher values of «, we refer to Pitman (1968). 


5. Exponentially small tails 
Suppose now that the c.f. of X is entire. We may then without loss transfer 
attention to the moment-generating function 
M(s) := Ee™. 

Kasahara’s Tauberian Theorem (§4.12) is applicable, and links regular 
variation of log M(s) as s > œ with that of —log(1—F(x)) as x > oo. (As 
stated, the theorem applies to laws on (0, «), but easily extends to laws on R, 
for the contribution of nx. e**dF(x) as A> œ is negligible.) 

As an illustration, consider the Mittag—Leffler law of §8.0.5 with parameter 
p€(0, 1). Recalling (8.0.4) and taking (s) := s° in Kasahara’s Tauberian Theorem, we 
obtain 


Theorem 8.1.12. The tail of the Mittag—Leffler law F with parameter p €(0, 1) satisfies 
—log(1—F(x))~(1—p)p/4-'x"/G-” (x> 00). 


8.2 Infinite divisibility 


We begin with a brief discussion of infinite divisibility. For background we 
refer to, e.g., Breiman (1968), Chapter 9, Feller (1971), Chapter XVII. 


Definition. A distribution function F is infinitely divisible (i.d.) if for each 
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n=1,2,...thereisad.f. F,, whose n-fold convolution F™ is F. A c.f. ẹ is i.d. if its 
d.f. is, that is, if for for each n there isa c.f. >, with p= Qh. 

An arbitrary c.f. ọ has an interval (— T, T), with 0< T< œ, within which it is never 
zero. As ¢ is continuous it follows that on every bounded closed subinterval 
[—T’, T’], ¢ avoids some open disc containing the origin in the complex plane. Hence 
one may set up a continuous version of arg ¢ on (— T, T), such that arg ¢(0)=0, and 
thence immediately a continuous version of log ¢(t) =log|(t)| +i arg ¢(t) on (—T, T), 
such that log f(0)=0. These versions we always use. An i.d. c.f. ¢(t) may be shown 
never to vanish (for real t: see e.g. Chung (1974), Theorem 7.6.1), so for such ¢, log ¢ is 
continuous on R. 


1. Compound Poisson limits 


A c.f. @ is i.d. iff there exists a sequence @¢, of c.f.s with 


palt) > P(t) (n> æ) (8.2.1) 
for all te R (see e.g. Breiman (1968), Proposition 9.9); that is, if for each n there 
are independent identically distributed r.v.s X,,,..., Xn, With the law of 


Xni +...+X,, converging to the law F of ġ. Analysis of (8.2.1) lies behind all 
that is discussed in the present section, and starts from the following 
reformulation. 


Lemma 8.2.0. For an i.d. c.f. p, and any c.f.s o,, (8.2.1) is equivalent to 


n{p,(t)—1} > log g(t) (n>) (8.2.2) 
for all teR. 


Proof. Suppose (8.2.1). Convergence of c.f.s to a c.f. is locally uniform (see e.g. 
Breiman (1968), Proposition 8.31). On any finite interval [— U, U], ¢ avoids 
some open disc containing the origin, hence @, is zero-free on [ — U, U] for all 
large n. From Chung (1974), Theorem 7.6.3 it follows that 

nlog ¢,(t) > log P(t) (n> a), (8.2.2’) 
uniformly on te[—U, U]. Consequently ¢,,=exp(log ¢,) > 1, uniformly on 
[—U,U]. Hence for all sufficiently large n we have |?,(t) — 1| <4 for all 
te[—U, U]. But for such n and t, log ¢,(t) must coincide with L(¢,(t)) where 
L(z) = — Ð=, (1—z)*/k is the principal value of the complex logarithm on the 
disc |z—1|<4, for which we have the expansion 

L(z)=z—1+6(z)(z—1)? (Jz—1)<4), 

where |6(z)|<1. Applying this to (8.2.2’) gives 


n(P,(t) — 1)(1+ OPONA) = 1)) > log b(t) (n> œ) 
for te[— U, U], and the left-hand side is n(@,(t) — 1)(1+0(1)), hence (8.2.2). 
Conversely, (8.2.2) says $,(t)=1+(o(1)+log $(t))/n, and (8.2.1) follows 
easily. L] 
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On exponentiating (8.2.2) we see that it reformulates (8.2.1) in terms of narrow 
convergence of a certain sequence of compound Poisson laws to p. These compound 
Poisson laws are themselves i.d., so that (8.2.2) has put (8.2.1) entirely in terms of i.d. 
laws, for which as we shall see below there are convenient representations. 


2. Triangular arrays 


Consider an array of random variables (X,,:1<k <k,,n=1,2,...) where 
k,, > œ with n (we may without essential loss take k,, =n). For each fixed n we 
suppose the X,,, are mutually independent. The array is called infinitesimal (or 
asymptotically negligible) if 


max P(|X,4|>e)>0 (noo) Ve>0. 
k 


Then F is i.d. iff it can arise as limit in distribution of laws F,, or row sums 
Xn, +t... +X, of an infinitesimal array (Breiman (1968), Theorem 9.19). 


| 3. Levy-Hinéin formula 
A cf. is i.d. iff it is of the form 
oe he it 
#(0)= exp} -4o24 | (e*- 1 =) avo) (8.2.3) 
ida 1+x 
where v is a measure assigning no mass to the origin and such that 
[2 7 x71 +x?) !dv(x) < œ. So v assigns finite mass to the intervals (— œ, — 1) 
and (1, oo) but can assign infinite mass to the interval [ — 1, 1]. Alternatively, 
one may write the i.d. c.f. as 


#(e)= expr + | i (a ti- a Jamoat} (8.2.4) 


TE +x? 

where the measure M is finite on compact sets and py dM(x)/x?, 
J —, 4M(x)/x? both converge. Here, the integrand {e"* — 1 — itx/(1 + x?)}/x? is 
interpreted as —4t? when x =0, making it a continuous function of x € R. This 
has allowed the absorption of the —407t? term in (8.2.3) by taking M{0} := 0°. 

We see that ¢ is normal iff v vanishes (M concentrated at 0). The contributions to the 
integral in (8.2.3) or (8.2.4) of the terms (e"*— 1) and —itx/(1+ x?) may or may not 
converge separately. But if they do, the second gives a constant multiple of t, 
conventionally absorbed in the term ibt, and one uses the simpler integrand (e"* — 1) in 
(8.2.3). The factor of ¢ that it gives is known as a c.f. of ‘compound Poisson type’, by 
extension from the y-finite case when it is actually the c.f. of a compound Poisson law. 


4. Convergence 


Let F be an i.d. law with c.f. ọ represented as above by constants b, o° and a 
measure v (or by band M); for each n=1,2,...let Fp, Ọns bns O2, Yn (Or bn, M,,) 
be defined similarly. A ‘continuity interval’ for M is one whose end points are 
‘continuity points’, i.e. not atoms, of M. Then F, converges in law to F if and 
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only if b, > b and M,(I) > M(J), 


ie amo? = | dM(y)/y?, 


| dM,(y)/y -Í dM(y)/y?, 
for continuity intervals J and continuity points x of M. The equivalent 
conditions for the other representation are b,—> b, v,(I)— v(I) for all 
continuity intervals I = (x, x’) of v such that — œ <x <x’<Oor0<x <x’<o, 
and 


x 


ont | y?dv,(y) > 07+ | y?dv(y) 


x x 


for all continuity points x, x’ of v such that x<0< x’. 


5. Non-negativity 


An i.d. random variable is non-negative iff its c.f. is of the form 


p(th= exp + lk (e"* — avo) 
(0) 


where b>0 and v is a measure on (0,00) such that IF xdv(x)<oo and 
v(1,00)<oo, that is, |F min(1,x)dv(x)<oo. Alternatively, one may work 
instead with the LS transform: the general i.d. law F on [0, 00) has the 
representation 


F(x) -| eA (x) exp} bs- | (1-e™yavoo} (s>0), (8.2.5) 
[0, 0) (0) 
with v as above. Writing 


bt 0 (x <0) 
P(x) = ha tdv(t) (x>0), 


this becomes 


ee 


F(s)=e™*®,  y(s):= | — ed Rix): (8.2.5’) 
[0, œ) x 
the integrand being interpreted by continuity at 0. 


6. Levy processes 


The i.d. laws are just the laws of X(1), where X(°)=(X(t):t>0) is a stochastic process 
with stationary independent increments. This process may without loss of generality be 
taken stochastically continuous, to have right-continuous paths with left limits, to be 
strong Markov, etc. (indeed, to be a Hunt process). Further, the constants b, o and the 
Levy measure v appearing in (8.2.3) correspond to drift, Brownian and jump 
components of the process X. That is, X(-) is the sum of independent processes X, (°) 
and X,(‘), X; being a Wiener process or Brownian motion with drift and variance 
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rates b, o°, while X, is built from centred jumps. The most illuminating view of X, is 
through its Itô representation. Here one first sets up the ‘time-space’ point process, a 
Poisson process whose points form a random countable subset S of the Cartesian 
product space (0, 00) x R. The intensity measure of the Poisson process is A x v, where À 
is Lebesgue measure. Since Àx v is a continuous measure whether or not v is, the 
Poisson process has only single points and may be identified with S. In fact S represents 
a plot of the heights of the jumps of X , as they occur in time; the generic point (t, x) ofS 
gives rise to a jump of X, of height x at time t. Construction of the path of X, from the 
realisation of S is a deterministic procedure involving adding up the jumps and 
centring: 


X,6)=lim} dy sl{e<s}l{h|>3}—s | = anon} (s>0). 


2 
610 ((t,x)eS jx|>6 I+x 


See Itô (1969), (1972). 

A large subset of functional central limit theory — by which we mean convergence to 
Lévy processes — can be based on convergence of underlying time-space point 
processes to the above Poisson process. See Resnick (1986a), Kasahara (1984a), 
Kasahara & Watanabe (1986). 


7. Asymptotic properties 
The interpretation of the Lévy measure in terms of the sizes of the jumps 
suggests that the right tail of F (large values of the random variable X) is 
governed by the right tail of the measure v (or M), and similarly for the left tails 
and small values. Matters are simplest when the law is one-sided, when we use 
(8.2.5). 


Theorem 8.2.1. Write F(x):=1—F(x), v(x):=v(x, œ). For a>0, veR, iff 
FeR,, and then 
F(x)~v(x) (x — 00). (8.2.6) 
For the proof, and related results, we refer to Embrechts & Goldie (1981); 
cf. Feller (1969), Feller (1971), XVII.4. The result reveals less than the full 
truth, however; the necessary and sufficient condition for (8.2.6) is not regular 
variation but subexponentiality (Embrechts et al. (1979); see Appendix 4). 
For the other tail, we have: 


Theorem 8.2.2 (Bingham & Teugels (1975)). In (8.2.5’), if 0< p< 1 and feERo, 
p Spa 
~——  )SO(X 0+ (8.2.7) 
H ipei eiaa seeks 
iff 
—log EOS AE pA A EA A 0E). (8.2.8) 
Proof. By Theorem 1.7.1’, the version of Karamata’s Tauberian Theorem with 
x0 in place of x > œ, (8.2.7) is equivalent to P(s)~ ps’~*/¢'~°(s) (s + œ). 
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Since w’=P, this is by the Monotone Density Theorem equivalent to 
W(s)~s?/£1~°(s) (s— œ). (8.2.9) 


Since y(s)= —log{{Pe- “dF (x)}, this is equivalent to (8.2.8), by de Bruijn’s 
Tauberian Theorem (Theorem 4.12.8) and the method of Corollary 
4.12.6. o 


8. Rates of tail decay 
The support of the Lévy or spectral measure v of the i.d. law F substantially determines 
the rate of decay of the tails 1 — F(x) and F(—x) as x > œ. Thus, let A be the smallest 
non-negative number (possibly +00) such that the support of v is contained in 
(— œ, A], and let B be the smallest non-negative number (possibly + 00) such that the 
support of v is contained in [—B, œ). 


Theorem 8.2.3 (Sato (1973)). For every positive «<1/A, 
{1—F(x)}/e-™'"8* +0 (x00), 
whereas for every «> 1/A, 
{1—F(x)}/e7%°8* + 0 (x 00). 
For every positive B<1/B, 
F(—x)/e~*"8* +0 (x>), 
whereas for every B>1/B, 
F(—x)/e~"°8* >o (x—> 00). 
Taking the upper tail, if A=0 only the first conclusion has content, and says that 
1 — F(x) =o0(e~**!8*) as x > œ, for every a>0. If A=oo only the second conclusion 
has content, and says that 1—F cannot decay as fast as e lex whatever a>0. 


Similarly for the lower tail of F. Taking both tails together we conclude (Kruglov 
(1970); Steutel (1974)) that the tail-sum cannot decay too fast: 


1—F(x)+F(—x)=e7%") (x + 00), 


unless v has empty support, i.e. F is normal or degenerate. 


9. Spectral positivity and negativity 
When v (or M) gives no mass to (0, 00) — that is, when the corresponding Lévy process 
has no positive jumps — F is called spectrally negative; F is spectrally positive if the Levy 
measure vanishes on (— 00,0). For F to be spectrally positive, it is of course sufficient 
(but by no means necessary) for F to be positive — concentrated on [0, 00), as in (8.2.5). 
Even though a spectrally positive F may have a left tail, it will be negligible compared 
to the right tail, as Theorem 8.2.3 shows. 


10. Laws on the positive integers 


If (p,)n>0 iS an infinitely divisible law on the non-negative integers, it may be 


8.3. Stability and domains of attraction 343 


represented in compound-Poisson form as 


p(s):=} p,” =exp{ —A(1—f(s))}, 
(0) 


where 


MOED fs" 


is the p.g.f. of a law (f,),5, On the positive integers and A>0 (A is the rate of the 
associated compound-Poisson process, (f,,) its jump-distribution). Comparison of the 
asymptotic behaviour of (p,) and (f,,) is of interest. It was shown by Embrechts & 
Hawkes (1982) that the following are equivalent: 

(i) fa*~2f, and fis. ~Sus 

(ii) Pa*~2p, and Part1 ™~ Pn 

(ii) Pa~ Af, and fort ~fa 
(here f?* denotes the second convolution power). This result is related to discrete 
subexponentiality, for which see Appendix 4. 


8.3 Stability and domains of attraction 


1. Stable laws 
Recall the notion of type of r.v.s and laws, defined in § 8.0.2. 


Definition. A non-degenerate law F is stable if, whenever X, X, have the same 
type as F with X, and X, independent, X, + X, has the same type as F. 

We see by induction that F is stable iff, whenever X,,...,X, are 
independent with law F, X; +... +X, has the same type as F: that is, there 
exist a, >0, b, such that X, +...+X,, has the same law as a,X +b,, where X 
has law F. If we can take b, =0,so that X and(X,+...+X,,)/a, have the same 
law F for each n, F is called strictly stable or is said to have the scaling 
property. 

It is easy to prove the important fact that Y is stable iff it is a limit in 
distribution of a normed and centred random walk: that is, iff there is a law F 
such that, with (X,,)?, independent with law F and S, :=} 1 Xp there exist 
a, >9 and b, with 

S,,/Gn —b, > Y3 (8.3.1) 


n 


see e.g. Breiman (1968), § 9.8. 
Write f, ¢ for the c.f.s of F and the limiting stable law, G say. Then (8.3.1) 


is 
ent f(t/a,)}" > P(t). (8.3.2) 
First note that this may be written f” > p, where f, is the c.f. of X,/a, —b,,/n. 
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As noted in § 8.2 above, this shows in particular that ¢ is i.d.: stable laws are 
infinitely divisible. 

We say that an F or S, that can arise in (8.3.1) belongs to the domain of 
attraction of the limiting stable law G or is attracted to G. Note that by 
definition of stability, G lies in its own domain of attraction: F =G satisfies 
(8.3.1) with equality, rather than mere convergence of laws. 

Our task here is to find all stable laws, and to find their domains of 
attraction. In fact, we shall do the first in the course of doing the second. So far 
as the first is concerned, we shall find the c.f.s and Levy—Hin¢cin 
representations of the stable laws explicitly. (Stable densities exist, but in 
general can be found only in series form.) 


2. Domains of attraction 
First, (8.3.2) gives 
| f(t/a,)|7" > |(t)|?. (8.3.3) 


Since the i.d. c.f. @ never vanishes, this shows in particular that 


| f(t/a,)|? > 1. 
But the left is the law of (X, —X>)/a,, with X,, X, independently sampled 
from F, so (X, — X,)/a, tends to 0 in law. This forces a, > œ. In particular, 
since we are dealing with f(t/a,), it is the behaviour of the c.f. f in the 
neighbourhood of the origin which counts. 

Next, write X} for the difference of two independent copies of X, 
(symmetrisation of X,,), G5 for the corresponding symmetrisation of G. Then 
(8.3.3) says that 

(Xi+.. +X%)/a, >G. 
Replace n by n+ 1 and use a, ,, > œ to neglect the last term: 
(Xi et A ee = 
By the Convergence of Types Lemma, a, ,,/a, > 1: thus 
a, > ©, Qn+1/a, > 1. (8.3.4) 


We pause to dispose of one easy case. If F has mean p and finite variance o?, 
the Central Limit Theorem (CLT) tells us that 


(S, —np)/(o./n) > ®, 
the standard normal law. Thus (8.3.1) holds with a, = a/n, p= /n/o, and ® 
is stable. Since from its definition stability is a property of types, and all 
normal laws have the same type, all normal laws are stable. Further, we may 
confine attention in what follows to laws F with infinite variance. 
We next consider briefly another simplifying assumption, that F is 
symmetric. Then f is real, and by symmetry we may take b,=0. We have 


(S(t/a,)}" > p(t), 
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or 


n( —log f(t/a,)) > —log p(t) (n> œ). (8.3.5) 
Now a c.f. f is either identically one (if its law is degenerate at the origin), 
takes the value 1 only at points of an arithmetic progression and has | f(t)| < 1 
elsewhere (the lattice case), or has | f(t)|<1 for all t40. Thus, excluding the 
trivial case of F degenerate at zero, —log f(t) is positive for all small enough 
positive t, and is continuous as is —log ¢(t) by the same token. In view of 
(8.3.4,5), we may apply Theorem 1.9.2. We find that for some a, — log p(t) =t" 
for t>0, and —log f(1/')e€R_, (recall ge R, iff g(1/*)e R_,(0)). Since ¢ is 
symmetric, we thus have 


o(t)=exp(—|t|’). 
But a c.f. is positive definite, and exp(—|t|*) is so only for 0<a<2. We 
conclude that, in the symmetric case, 
f(j)=exp{—|t?Z(1/|t)}, O<a<2, CER». 
Putting t=1 in (8.3.5), we have, writing g for —log f(1/"), 
gla) ~ c/n. 
Since ge R_,, this gives a,€R,,,, by asymptotic inversion (§ 1.6). 

We turn now to the general case. With f,(t) := f(t/a,)e '’"" as above, we 
have n(f,—1)—log@ (see §8.2 above). Thus the (infinitely divisible) 
compound Poisson c.f.s exp{n[f,(t) — 1]} converge to ¢(t). If M,,M denote 
the corresponding measures as in (8.2.4), M„ converges to M in the sense of 
§ 8.2.4. But dM,(x)/x?=ndF,(x), where F, is the law of fẹ: 


F (x)= {= dhe <x) = F(a,(x + b,/n)). 
a, Nn 


Thus 


oO o0 


dM,(y)/y? > | dM(y)/y? =:v" (x), 


x 


n{1—F(a,(x+ b,/n))} = | 


nF(—a,(x + ,/n)) > | dM(y)/y*=:v" (x) 
for x>0. Now from (8.3.2), 
Go. Fal Gir 


and since a, œ, f(t/a,)— 1, so b,/n—0. Thus 
(oh aj 
piir Radye ee (n> æ) Vx>0. 
nF(—a,x) > v (x) 
Now 1—F is monotone, so Theorem 1.10.3 gives v*(x)=c,/x" (c; >0,a>0as 
y+ decreases, and indeed « >0 as v* (00) =0), and 1— F( ‘Ye R_, unless c; =0- 
that is, unless M gives no mass to (0, 00). Arguing in the same way for v , 
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v(x) =c,/x* for c,>0 and B>0, and F(— '`)eR -p unless c,=0 and M gives 

no mass to (— 0,0). The same argument for vt +v gives v"(x)+v (x)= 

¢3/x” (c3>0,y >0), and the tail-sum 1 — F(x) + F(—x)€R_, unless c;=0 and 

M isconcentrated at the origin — that is, the limit law is normal (see (8.2.4)). In 

the non-normal case, we find on comparing that «=f=y>0, and 

F(—x) 1 — F(x) 

>q, Se 

1—F(x)+F(—x) 1—F(x)+F(—x) 


+p (x0) (p+q=1). 


(8.3.6) 
That is, either the limit law is normal, or the tail-sum is regularly varying and 
the tails are balanced in the sense of (8.3.6). Note that we can write the density 
of M as Cpax'~* on (0, œ), Cqa|x|'~* on (— 00,0), where a>0, p+q=1, 
C>0,and C>0 in the non-normal case. In the non-normal case, we thus have 


6: 
M[-x,x]=5— x2 7%, 


(~<2 since M gives finite mass to finite intervals). In the normal case, M is 
concentrated at 0, M[—x,x] is constant for x>0, and we take ~=2. 

Also implied by M, > M is M,(I) > M(J) for each interval I (see § 8.2.4; 
each I is a continuity interval as M is continuous). Take J :=(—x, x]: 


M,(—x,x]= | ny?d,F (a,(y+b,/n)) 


=(1+0(1)) 5 fe t?dF(0). 


Introduce the truncated variance V of (8.1.0): then 
(n/a2)V(a,x) > M(—x, R= Cx, “ln => a) Vx 0, (8.3.7) 


for some constant c >Q and 0<a <2. Using (8.3.4) and the monotonicity of V, 
we conclude by Theorem 1.10.3 that Ve R,_,. This, by Theorems 8.1.1-2, is 
equivalent to 
x?{1—F(x)+F(—x)} 2-« 
> (x > œ). 
V(x) 4 


We have (cf. Feller (1971), XVII.5, IX.8): 


Theorem 8.3.1 (Domain of Attraction Theorem). 
(i) F is attracted to a normal law (a=2) iff the truncated variance 
Vix)=fr, t?dF(t) is slowly varying, or equivalently iff 
x?{1—F(x)+ F(—x)}/V(x) +0 (x > œ). 
(ii) F is attracted to a non-normal stable law (0<a<2) iff the tail-sum 
1—F(')+ F(—')e€R_,, and the tail-balance condition (8.3.6) holds. 
Note that the finite-variance case dealt with above is included as the case 
V(x) > 6? €(0, 00) in (i). The norming constants should be chosen to satisfy (8.3.7) with 


8.3. Stability and domains of attraction 347 


x=1: this is necessary and sufficient for a sequence (a,) to be a suitable norming 
sequence. For the centring constants b„, assume the limiting stable c.f. @ has b=0 
in its representation (8.2.4); then a further consideration of the basic convergence 
exp{n[f,(t) — 1]} > ¢(t) shows that b, can and must be any sequence such that 


A iets and E 
n=n ¥ Pa (x)+o(1) (n> œ) 


(Loève (1977), I, p. 364). It may thus be shown that if F has finite mean p, the natural 
centring b,=n/a,, suffices, so that (8.3.1) becomes 

(S,—ny)/a, =Y. 
Now the mean is finite if x > 1, the tail-sum, being in R_,. Ifa < 1, no centring is in fact 
needed — nor indeed if x= 1 if F is symmetric. 


3. Stable characteristic functions 


The work above gives a complete description of the Lévy-Hinéin 
representation of the general stable law. Finding the c.f. is thus merely a 
matter of evaluating the integrals in (8.2.4); see e.g. Breiman (1968), § 9.10. We 
obtain (cf. Hall (1981b)): 


Theorem 8.3.2 (Stability Theorem). The general stable law is given, to within 
type, by ac.f. of one of the following forms: 

(i) o(t)=exp{ —t7} (normal case, «=2), 

(ii) f(t)=exp{ — ea —iß(sgn t) tan ġna)} (0<a<1 or 1<a<2, -1<f<}), 


(iii) #1) = ex} = "(i +iß(sgn t) à log) a= 1, —1<ß<1). 


The parameter a€(0,2] is called the index of the stable law, while 
Be[—1, 1]iscalled the skewness parameter (of course, form (ii) applies also to 
a= 2, but then f drops out). The value of $ is determined in the non-normal 
case from the tail-balance condition (8.3.6) by 

B=p-q. (8.3.8) 

The stable laws with w= 1 are called Cauchy laws, symmetric if p =0 and asymmetric 
otherwise. If X,, X3, . . . are independently sampled from a stable law and S, =) Xy, 
we see from the Stability Theorem that S,/n‘/* has the same law as X ,, except in the 
asymmetric Cauchy case when S,/n has the same law as X, +27 'ßlogn. That is, all 


stable laws are strictly stable except the asymmetric Cauchy laws. Further, we know 
that to within type we can take a, as n’/* when F is itself stable. Referring to (8.3.7), we 


find that for F stable, 
—a 
V(x) ~ex?~4, kon R(x) HE ris) eon rie) 5 
while for F in a domain of attraction, 


p 
Vimex el) LF (x) + F( -xn -et(x)/x" 
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for some /€ Rọ (both right-hand statements are just ‘o-assertions’ for «= 2). In the non- 
normal case, this shows that the tail-behaviour of a law in a domain of attraction 
closely resembles that of the corresponding stable law. But in the normal case, there 
need be no such resemblance in tail-behaviour: the tail-sum may decrease like a power 
>2,or exponentially, or ultimately vanish if the law has compact support; while, as we 
know, the standard normal law has tail-sum ~ ./(2/n)e"/x. 

The term ‘domain of normal attraction’ is used when the slowly varying functions in 
the truncated variance (ER, _ ,), norming sequence (€R,,,) and — when g <2 — the tail- 
sum (€R_,) can be replaced by constants. Thus a stable law belongs to its own domain 
of normal attraction. In particular, the domain of normal attraction of the normal law 
consists of the laws with finite variance. 


4. Spectral positivity 
We consider now the case of a spectrally positive stable law (B= +1, p=1in 
(8.3.8)); for simplicity we restrict attention to the case «4 1. For some scale- 
factor c>0, we have for t>0, 
P(t) =Ee 

=exp{ —ct*(1+i tan 42a)} 

=exp{ —(c/cos $na)t*(cos $ra +i sin 42a)} 

=exp{ —(c/cos 47a)(it)*}. 
Suppose first that O<a<1. Then C:=c/costza>0. We may continue 
analytically from t real to s :=it positive: 

Ee =exp(—Cs*) (s>0) 

(the c.f. of any spectrally one-sided i.d. law may always be continued in this 
way from the real line to a half-plane; see e.g. Zolotarev (1964)). Here X >0 
a.s. The corresponding stable process (X,:t>0) has positive increments (non- 


decreasing paths — these are a.s. pure jump functions), and LS transform given 
by 
E exp(—sX,)=exp(—ts*) (t,s>0), 

absorbing the scale-factor C >0. This process is called the stable subordinator 
of index a €(0, 1). 

For 1<a<2, c/cos næ <0. Proceeding as above, we obtain 

W(s) = Ee") =exp(Cs*) (s>0) 
for some scale-factor C >0. For the case 0<a< 1 above, X >0a.s.,so — X has 
no probability mass on (0, 00). Here P(— X >0)>0, but the right tail of — X is 
very thin. We can say how thin by using Kasahara’s Tauberian Theorem. 
Trivially 
W(s)= E(e *1{X >0})+ E(e~**I{X <0}) 
SE 1X0} (S> o). 
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Since log w(s) = Cs*, we obtain 


—log P(—X>x)~ Bx") (x= a) (8.3.9) 
where 
B=(1—a7!)/(ac)i4-), 
In fact, for x>0, P(— X >x)/P(—X>0) is a Mittag-Leffler law (Zolotarev 
(1957a)), and the estimate above is that of Theorem 8.1.12. 
Thus the right tail of — X is exponentially small, its rate of decay being as in (8.3.9). 
Note that for «=2 we obtain the familiar rate of decay of a normal tail. Of course, for 


1<a<2 the left tail decreases like a power x “% since the tail-sum does (we are in a 
domain of normal attraction). 


5. Positive stable laws 


The stable laws with LS transform exp(—s*),0<a< 1, are (to within scale) the 
only ones concentrated on [0,«). We consider again their domains of 
attraction. First, recall that no centring is needed. We thus consider laws F on 
[0, œ), generating random walks (S,,), for which S„/a„ converges in law to the 
above limit. This gives 

{F(s/a,)\" > W(s) (n>) Vs>0 (8.3.10) 
(with w(s)=exp(—s”)): that is 

n{1 —F(s/a,)} ~ —nlog F(s/a,) —> —log w(s). 
By Theorem 1.9.2, —log W(s)=s* (recovering the form of y), and 


1—F(s)~s*Z(1/s) (s|0) for some /E Ro. (8.3.11) 
By Corollary 8.1.7, this is 
1—F(x)~¢(x)/{x*T(1—a)} (x00) (ZERp). (8.3.12) 
The norming function a, €R,,, is determined from 
nt (a, ag> 1, (8.3.13) 


that is, 
n{1—F(a,)} > 1/T(1— a). 


6. Partial attraction 


The theory above may be broadened by requiring convergence in law only along some 
subsequence, rather than the whole sequence. For the resulting theory of partial 
attraction (related to stochastic compactness; see § 8.8 below) see Feller (1971), XVII.9. 
For recent results, see Simons & Stout (1978), Jain & Orey (1980), Maller (1980), 
Goldie & Seneta (1982). 


7. Index «=0 


Suppose we formally take «=0 in the domain-of-attraction condition, so that the tails 
are slowly varying and balanced. In this case E|X|’ = 00 for all p >0, and the law F has 
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no moments of positive order. Here no norming S,,/b, can have a non-degenerate limit 
law, but non-linear ‘normings’ f,(S,) may. Some results of this type were given by 
Darling (1952), § 4; cf. Teicher (1979), Watanabe (1980), Kasahara (1986). 


8. The case «= 1: lines and half-lines 


We know from Corollary 8.1.7 that for «= 1, (8.3.11) above is equivalent to either of 


| ” tdF(t)~2(0), (8.3.14a) 


0 
| ‘ {1—F(t)}dt ~ ¢(x) (8.3.14b) 
0 


in place of (8.3.12). Now e ‘is the LS transform of the degenerate law with unit mass at 
1. So by the above, (8.3.11) with «= 1 is equivalent, for random walks on [0, 20), to 

Sa = 1k (8.3.15) 
We shall return to this in § 8.8 in the context of relative stability. In the meantime, let us 
note the contrast between (8.3.15) and the case «= 1 of the Stability and Domain of 
Attraction Theorems. The first case is relevant to laws on the half-line [0, 00): one uses 
LS transforms; the limit law, being degenerate, does not count as stable. The second 
case is relevant to laws on the line; one uses c.f.s; the limit laws are Cauchy laws (stable 
with index 1). 


8.4 Further central limit theory 


In the previous section we saw that conditions involving regular variation of 
truncated moments characterise the central limit behaviour of sums 
S,=X,+...+X,, ofii.d. random variables. The same conditions turn out to 
yield further conclusions: functional central limit theorems, and local limit 
theory. We pass over the former, but turn next to the latter. After that we 
return to (global) central limit theory, and briefly discuss the question of 
stronger results (rates of convergence, large deviations) under stronger 
conditions. 


1. Local limit theorems 


From the Stability Theorem, every stable c.f. is integrable, and so the 
corresponding stable law G possesses a bounded continuous density g (see e.g. 
Feller (1971), XV.3). Indeed, g is unimodal (non-decreasing to the left of some 
point m, and non-increasing to its right: see Ibragimov & Linnik (1971), 
Theorem 2.5.3). We shall need to distinguish two cases. In the first, F is 
supported by some lattice (arithmetic progression) {a+hk:k eZ}. In that case 
we can choose h maximal; it then is the span of the lattice or arithmetic d.f. F. {n 
the other case F is non-lattice. In what follows, (S,,) is a random walk generated 
by F, and G is any stable law, its density being g. 
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Theorem 8.4.1 (Gnedenko’s Local Limit Theorem). If F is supported on 
{a+hk,keZ} then 


lim sup 7 POSy=na+hk)—o( “Epo, (8.4.1) 


n>o keZ n 
for some chosen a,,, b,,, iff 

(i) F is in the domain of attraction of G, and 

(ii) h is maximal. 
For the (Fourier-analysis) proof see Ibragimov & Linnik (1971), Theorem 
4.2.1. The non-lattice equivalent is: 


Theorem 8.4.2 (Stone’s Local Limit Theorem). Let F be non-lattice. In order 
that there exist a,,b, such that 


aP (S elx 4h, x +3) =ha(* =b.) +000) (n> æ) (8.4.1) 


uniformly for h in compact sets in R* and x € R, it is necessary and sufficient that 
F be in the domain of attraction of G. 

For proof of sufficiency we refer to Stone (1967) (cf. Feller (1967)). The 
necessity will be proved after Corollary 8.4.3. 

The above local limit results may be extended into an L! version. 


Corollary 8.4.3. Suppose S,,/a,, — b, = G. If F is supported on {a+kh:k € Z} with 
span h then 


>00 (n>), (8.4.2) 


h (na+hk 
P(S,=na + hk) —— (= -b,) 


n 


Pa 


k 


n 


whereas if F is non-lattice then 


} 


k 
for every xe R and h>0. 

This is due to Gnedenko in the lattice case (see Ibragimov & Linnik (1971), 
Theorem 4.2.2). We shall establish both cases by a new easy proof based on 
unimodality of g and 


+0 (nca) (8.4.2’) 


n n 


h +kh 
P(x +(k—4)h <Sy Sx + (k+3)h) => (> $ -b,) 


Scheffe’s Lemma (see e.g. Billingsley (1979), Theorem 16.11). Let fo, fis fo,..- 
be probability densities such that f, > fọ pointwise. Then || f, —fol|ı >O as 
n> o. 


Proof of Corollary 8.4.3. Take the non-lattice case. Uniformity in (8.4.1') implies that 
a,P(S,, = x)=0(1) (n > œ) uniformly in xe R, hence we may alter (8.4.1’) to 


a,P(S, € (x —4h, x+ =h = —b,) +000 (n> œ) (8.4.1”) 
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uniformly in xeR. Now fix xeR and h>0, let I,, denote the interval 
(a, t(x+(k—ż})h)—b,„, a, 1(x+(k+4)h)—b,], and define 

fad) = (dy/h)P(x + (kh <S,<x+(k+4)h) (teln keZ), 

T 2 —b,) (tel y,k€Z). 


n 


Then (8.4.1”) says that f,,(t)—g,(t) + 0 (n > œ) for each t. Further, 
g,(t)=g(t+e,(t)) where |e,(t)| <4h/a,, (8.4.3) 
and since a„ > œ this with continuity of g implies g,(t) > g(t). Thus f, > g pointwise, 
and as g and f, are probability densities, Scheffé’s Lemma yields || f, —g||, > 0. The 
conclusion to be proved, (8.4.2), asserts that || f,—g,||; > 0, so it suffices to show 
9, —g||1 > 0. The integrand converges pointwise to 0 so we seek to apply dominated 
convergence. Of course |g, —g|<g, +g and g is integrable; for g, we let m be a mode of 
g, take n so large that h/a, <1, and observe that by (8.4.3) and unimodality of g, 
g(t+1) (t<m—1) 
g,(t)< { supg (m—1<t<m+1) 
gtt—1) (t>m+1), 
and this bound is integrable. The non-lattice case is complete. 
The lattice case has exactly the same proof in terms of redefined 
Ing = (Aq ‘(na +(k —4)h) —b,, a, ‘(na +(k+45)h) —b,], 
falt) = (4,/h)P(S,=na+hk) (tel keZ), 


grlt) Ae (tel kez). O 
Proof of Theorem 8.4.2 — necessity. Assume F non-lattice and that (8.4.1’) 
holds. First we check that a, > œ. (A similar check is needed in the lattice 
case, though not done in the reference cited.) Taking x =a,b, in (8.4.1’) we see 
that P(|S, —a,b,| <4h) =hg(0)(1+0(1))/a,. If a, + co then this formula keeps 
a, bounded away from 0. So a, —ae(0,«o) along some sub-sequence, 
P(\Syy —yby| <$h) > hg(0)/a, and on taking h large enough the right-hand 
side exceeds 1, a contradiction. 

Now (8.4.2’) was derived from (8.4.1’) assuming only a, > œo which we now 
know to be the case. Take x =0,h=1, pick ye Rand let k(n) be the integer part 
of a,(b, +y)—4. Then 


k(n) 

2 P(k-4<S,<k +4) <P(S, <a,(b, + y)) 

k=- œo 
k(n)+1 
SMA Pki esk: 
k=—co 


In the notation of the proof of Corollary 8.4.3, the left-hand side is 
fEQ Dat (t)dt, the right-hand side is (*)+3/—f (t)dt, and both converge 
to J” „g(t)dt. Thus S,/a,—b,=>G, and the necessity is proved. (al 
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The point to remark about the above ‘local’ central limit theorems is that 
they cover all cases of F to which the ‘global’ central limit theory of §8.3 
applies, with no further restrictions than domain of attraction. As is apparent 
from the last proof, and similarly in the lattice case, the constants a, and b, for 
Theorems 8.4.1—2 and Corollary 8.4.3 can and must be any sequences such 
that S,/a,—b, >G. 

The lattice half of Corollary 8.4.3 is easy to reformulate in variation-norm terms. 
Consider probability measures on R, and differences between them, as signed measures 


on R (see Appendix 6). The variation norm ofa signed measure mis ||m||,,,:= f2 ldm]. 
Then (8.4.2) says 


|En —Gnllvar > 0 (n> œ) 


where F, is the probability measure (law) induced on R by S,, and G, is the discrete 
probability measure on R having mass ha, 'g((na +hk)a; !—b,) at the point na +hk 
(keZ). 

The non-lattice half of Corollary 8.4.3 can be similarly reformulated, but it gives the 
variation distance between discretised versions of the law of S, and g. For a true 
variation-norm result the non-lattice case needs an extra hypothesis: 


Theorem 8.4.4 (Prohorov’s Local Limit Theorem). Let F,, denote the law of S,/a, —b,, 
and G some stable law. Then ||F„— G || var > 0 iff for some k the kth convolution-power F* 
has a non-zero absolutely continuous component, and F„ = G. 

For proof see Ibragimov & Linnik (1971), Theorem 4.4.1.(Note that if p, denotes the 
a.e. derivative of the absolutely continuous component of F„, and F; the singular 
component, then since G is absolutely continuous, 


IF, -Gla = | pene te ge 


Either of |/F,—G||,,. 20 or the existence of a non-zero absolutely continuous 
component of some F*’, implies F$(oo) > 0.) 


2. Rates of convergence 


Under strengthenings of its conditions, rates of convergence in the CLT may be 
obtained. The classical results giving Berry—Esseen bounds and Edgeworth expansions 
have recently been revived by the leading-term approach of P. Hall (1982), (1984). 
Under regular variation of tails and tail-balance, some precise evaluations are possible 
(Höglund (1970); Hall (1979a), (1982)). 


3. Other summation methods 


Instead of forming Cesaro sums S, := X;,/n one can consider other summation 
methods — Abel, Borel, Euler, etc. — falling under the rubric of weighted sums Ð c;(4)X; 
with weights parametrised by 4>0 or AEN. Central limit theorems, including 
functional versions and versions with rates, have been found under domain-of- 
attraction conditions and conditions on the weights. See Maejima (1985) for a recent 
overview. 
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4. Large deviations 
The Central Limit Theory deals with F,,(x) for fixed x and n > oo. It is often important 
to be able to take x = x, > œ also. Many such large-deviation results are known, under 
strong conditions on the c.f. such as Cramér’s condition; see e.g. Ibragimov & Linnik 
(1971), Chapters 6-14. For specific results involving regularly varying tails see Heyde 
(1967a,c), Nagaev (1979) and references cited there. 


8.5 Self-similarity 


1. The group Aff 


We start with an algebraic reformulation of the notion of ‘type’ of § 8.0.2, 
following Balkema (1973), Weissman (19755), Vervaat (1981). Let Aff denote 
the set of positive affine maps y: R > R. Thus 
yx=ax+b (xeR) 

for some a>0, be R, and we write y=a-+b to summarise the connection 
between y and its defining constants. Define multiplication in Aff by 
composition: 

V2V1 =2071 =42(a,-+),)+b2, if y;=a; +b;. 
This makes Aff a non-Abelian group. The identity is = 1-+0 and y=a-+b 
has inverse y~ '=(1/a)-—b/a. For r.v.s X,Y to belong to the same type it is 
necessary and sufficient that Y=yX for some y € Aff. 

Let Aff be Aff together with the degenerate (constant) maps 6=0-+c, for 
céR. The extra elements have no inverses, so Aff is a semigroup but not a 
group. Let y,=a,-+b,¢Aff for all n>1, and y=a-+be Aff , then we say 
Yn > yasn > © ifa, > a,b, > b. In particular, this defines convergence in Aff. 
Convergence of Types now becomes 


Lemma 8.0.1' (Convergence of Types Lemma). Suppose X,,X are r.v.s, 
Yn E€ Aff, and that y,X,, = X with X non-degenerate. Let Y be a r.v. and 0, € Aff. 
Then 

6,X,=Y (n>) 
if and only if, for some JE Aff 

Ova =O (ner oo): 
In that case, ¥Y =6X, and 6 is the unique element of Aff for which this holds. 
Finally, Y is non-degenerate iff ò € Aff. 


2. Self-similar processes 
The idea of the present section is to extend notions of type and convergence of 


types to stochastic processes. However we deal only with finite-dimensional 
laws: thus a ‘process’ X =(X,),.9 is a random element of the product space 
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R. No path properties are expressible within this framework. For more on 
this point of view see e.g. Kingman & Taylor (1966), §§ 6.6, 15.2. 

In fact we shall be mostly concerned with marginal (one-dimensional) laws. 
We say that two processes X and Y are of the same marginal type if there exist 
constants a>0, be R such that 


Y,=aX,+b Vt>0. (8.5.1) 


Definition (Lamperti (1962a); Vervaat (1981)). A process Y is marginally self- 
similar (m.s.s.) if, for each u>0, (Y,),.9 and (Y,,),5 are of the same marginal 
type, that is, if there exist 6,=a,-+b,€Aff such that 


Y,,=6,Y,=a,Y,+b, Vu>0,t>0. (8.5.2) 
Lamperti used the term semi-stable, the present terminology being due to 
Mandelbrot (1977). 


Theorem 8.5.1 (Self-similarity Characterisation Theorem). Let Y= OEN 
(a) be m.s.s.; 
(b) be right-continuous in law, i.e. for each ty>0, Y,=Y,, as t\to; 
(c) have Y, non-degenerate. 
Then either 
(i) there exists be R such that Y,= Y,+blogt Vt>0, 
or 
(ii) there exist p40, cE R such that Y,=0(Y; —c)+c Vt>0. 


Remarks 

1. In case (ii), p is called the index of the m.s.s. process Y. In case (i) the 
index p is defined to be 0. Rewriting the formula in (ii) as 
tY, + b(t’ — 1)/p, we formally obtain (i) on letting p > 0. 

2. For p #0 we say that Yis p-m.s.s. if Y,=t°Y, for all t>0. Thus case (ii) of 
the result says that the process (Z,)=(Y,—c) is p-m.s.s. 

3. The result identifies the family (6,) in (8.5.2) as given by either 
(i) ô= +blogu Vu>0 
or 
(ii) 6, =u?(‘—c)+c Vu>0. 
In fact the family (6,) can be identified as the general form of a 
continuous homomorphism from (R, +) into (Aff, `). 

4. The original version of the result (Lamperti (1962a)) had time-set [0, o0) instead 
of (0, co). Fitting t=0 into the conclusion forces p to be positive; then (ii) gives 
Y =c a.s. Later it was realised that this is unduly restrictive, and the result in its 
present form is present or implicit in most subsequent work. 

5. Assumption (b), of right-continuity in law, is very non-restrictive, being implied 
by right-continuous paths, for instance, and by continuity in probability. Given 
a suitable o-algebra on the space of probability laws, it can even be weakened 
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further to measurability in law: the map tr-+law of Y, is measurable (also in 
Theorem 8.5.2 below). See Vervaat (1981). 


Proof of Theorem 8.5.1. A consequence of the Convergence of Types Lemma 
8.0.1’ is that if X has a known non-degenerate law, and we know the law of 0X 
where 0e Aff , then 0 is uniquely determined. (Take all X,=X,),=1, 0,=0 in 
Lemma 8.0.1’.) From (8.5.2), 6,6,Y; = Y= 64Y1; and the uniqueness gives 
DA= e LHS 

ana b,=a,b,+b, (u, t>0). (8.5.3) 
Now the functions a and b are right-continuous, for as uļv>0, 

aY tben aN Ea Niby 

and the Convergence of Types Lemma applies since Y, is non-degenerate. So 
(8.5.3) yields, via Theorem 1.1.9, that a,= u’ for some p. Putting this into the 
second formula of (8.5.3) we find, as in the proof of Lemma 3.2.1, that 
b,= blog t if p=0, c(1— t’) if p40. Oo 


With very little effort, our considerations above extend to finite- 
dimensional laws. We write XY if the processes X and Y have the same 
finite-dimensional laws. 


Definition. A process Y = (Y ,),> o is self-similar (s.s.) if for each u>0 there exists 
6,=4,' +b,E Aff such that 
fd) 
Oi Om OY) oOo (a,Y, a bis O° 
For a s.s. process satisfying conditions (b) and (c) of Theorem 8.5.1, the 
theorem applies a fortiori to give the formulae in Remark 3 for (6,). 


3. Limit processes 


S.s. processes are exactly those that arise as limits when a process is centred 
° fd 5 : 5 
and normed. Let us write = for convergence of finite-dimensional laws. 


Theorem 8.5.2 (Self-Similarity Theorem: Lamperti (1962a), Vervaat (1981)). 
Let y,=c,' +d, E€ Aff (u>0) and suppose that X =(X,) is such that 


OuXuhso >Y) (u>); (8.5.4) 


for some process Y=(Y,) that is right-continuous in law and has Y, non- 
degenerate. Then Y is s.s. and satisfies Theorem 8.5.1, and all such processes can 
arise in this way. 

Let Y have index p. Then the norming function c. is, if measurable, regularly 
varying with index —p. 


Proof (Vervaat (198 1)). That ‘all such processes’ Y arise as finite-dimensional 
limits in (8.5.4) is immediate, as we may take X to be Y. 
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Suppose (8.5.4) holds. Fix t>0, then 
Yur ue >Y, (u > 00), 
VuXu >Y, (u>), 
so by Lemma 8.0.1’ (in §8.5.1), since Y, is non-degenerate, 
Va 70, Aff (u>), 
É 
Y, = OY; . 
Now 
Vadust = uY ui YusY use » 
and, since multiplication is continuous with respect to the limit operation in 
Aff , we find 
Oy = 0,0, | *(s}t>0): 
Thus 6,6,),=1, so ô, € Aff for all s>0. We can now use the proof of Theorem 
8.5.1, from (8.5.3) onwards, to show Y satisfies the conclusions of that 
theorem, hence is m.s.s. Indeed, Y is s.s. since the above distributional 
convergences hold finite-dimensionally. 
Finally, writing 6,=a,'+b,, we have a,=t’, and since lim, w Cu/Cu = 4, it 
follows that c € R_,. g 
For us the most important conclusion is the last, as it shows that regular 
variation is intrinsically present, via the norming functions, in a huge class of 


distributional limit theorems. (The centring functions d can also be 
characterised.) If we re-write the norming function as a divisor: 


Wek 
(=) S wo (u— 00) (8.5.4’) 
flu) t>0 
then f is regularly varying with index the same as that of the limiting s.s. 
process. 
4. Sequential convergence 


The following variant of Theorem 8.5.2 will be useful in § 8.13. 


Theorem 8.5.3 (Weissman (1975b); cf. Durrett & Resnick (1977)). For 
n=1,2,...let X, ber.v.s and y,=c,, +d, € Aff, and suppose that for eacht>0, 


YnX [nt] =CnX in + Fn >Y, (n> 00) 
where Y =(Y,);59 is some process with Y, non-degenerate. Then Y is m.s.s., 
satisfies Theorem 8.5.1, with index p, say, and the norming sequence (c,) is 
regularly varying with index —p. 
Proof. Let 5,(t) =Yn)fnq- For fixed t>0, 
Vent) int] =>Y, (no), 
Va [nt] = Y, (n as 00), 
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so by Lemma 8.0.1’, 

6,(t) > d(t)e Af (n> 0), (8.5.5) 

Y,=6(t)Y;. (8.5.6) 
We must show that ô(t)€ Aff. Let T be the set of t>0 for which that is so. 
Set 
En(t) = Yn) ney = nlt) Òn (t J 

By (8.5.5), 

é,(t) > d(t)d(t~*) (n> œ). 

If t is rational then ¢,(t)=1 whenever nt is an integer, so 6(t)6(t~')= and it 
follows that both t and t~? are in T. 

Choose t>1 irrational, then ¢,(t)=y,y,-, for each n. When n is odd, 
€,(4) =n), 215 but e$) > 1 by the rational case just considered. Thus again 
6(t)d(t~!)=1and so both t and t~ t are in T. We have shown that T= (0, o0) as 
claimed. The latter argument has also shown that »,),", > 1, from which, by 
inversion and induction, 


YY 21 (n— co) for each fixed integer k. (8.5.7) 
For 0<t, u< oo, 


6,(tu) = 5 y(t) Opney(U)Y iin inea: 
Since 0 < [ntu] —[[nt]u] <u + 1 for all n, (8.5.7) implies that the product of the 
last two terms tends to 1. Thus 6(tu) = 0(t)d(u). Writing 6(t)=a,° +b,, we see 
that the functions a,,b, satisfy (8.5.3), and they are measurable as the 
pointwise limits of measurable functions. The conclusions for Y follow, as in 
the previous proof. 
Finally a,=lim, > o Cn/Cing and a,=t’, so (c,)€R_,. T 


5. Generalities 


In (8.5.4’), the rôle of using X „ (u large) rather than X, is to contract the time-scale; the 
rôle of dividing by f(u)—> 00 is to contract the space-scale. Thus the s.s. processes 
are those which can arise as limits when the time and space scales are contracted 
simultaneously. It is well-known that Brownian motion can arise in this way from 
simple random walks (see e.g. Breiman (1968), Chapter 12). All the processes obtained 
as limits in the distributional limit theorems commonly considered may also arise, and 
are thus self-similar. The class of self-similar processes is thus of central importance, 
but for deeper properties additional structure such as the Markov property needs to be 
imposed; see e.g. Lamperti (1972), Wendel (1964), and the work of Vervaat and others 
summarised in Vervaat (1986). 

The point to stress again in connection with regular variation is that the norming 
functions which can appear in distributional limit theorems of this type are necessarily 
regularly varying. It is this fact that accounts for the importance of regular variation in 
probability limit theorems. 
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As noted above, when the time-set is [0, 00) the s.s. process has positive index and an 
a.s.-constant starting value Y,=yo. Often yọ=0 from context, and then in (8.5.4’) 
the centring function g is o( f ) and so may be omitted. A case in point is the theory of 
stable processes. Recall that the stable laws other than the asymmetric Cauchy ones are 
strictly stable. For a strictly stable process Y of index a, one sees from the Stability 
Theorem that (Y,,) and (a'/*Y,) have the same one-dimensional laws, hence the same 
finite-dimensional laws by independence of the increments. That is, the strictly stable 
processes are self-similar: self-similarity extends to much more general contexts 
the classical Central Limit Theory of §8.3. 


8.6 Renewal Theory 


1. The Renewal Theorem 
Suppose that at t=0 a new lightbulb is installed. Its lifetime is finite and 
positive. When the bulb fails, it is immediately replaced by a new one, and so 
on. To model this, let F be a probability law on [0, 00), with mean wu €(0, œ], 
(X,) be independently sampled from F, S,:=)} X; The points 
So :=0,S,,S5,... are called renewal epochs. Let 
N, :=max{k:S,<t} 
be the number of failures up to and including time t; then N :=(N,:t2>0) is 
called the renewal process. We have 
Sy, <t<Sy, +15 
call 
Y,:=t—Sy,, Z,:=Sy41—¢ 
the spent and residual lifetimes, T, := Y, + Z, the lifetime. Now 
P(N,=n)=P(S, <t<S,41) 
= P(S, <t)—P(S,+1 <t) 
=F" (2) SPOty"(). 
The lightbulb in use at time t is the (N,+1)th. The renewal function is the 
expected value of this r.v.: 


U(t) = E(N, + 1)= 5 (n+ 1)P(N,=n) 


n=0 
= F(t) 
n=0 


by partial summation. Here, as usual, F°’(t) is equal to 1 for all non-negative t, 
and zero for negative t. It is easily seen that U(t)<oo. 
By renewal theory (on [0, œ)) we shall mean the study of the function U and 


the processes (N,), (Y,), (Z), (Ty). 
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We shall need to discriminate between F lattice (concentrated on some set 
{c, 2c, 3c, ...} with c>0 maximal; then c is the span of F) and non-lattice. The 
basic result is the following 


Theorem 8.6.1 (Renewal Theorem; Blackwell (1953)). For non-lattice F, 
U(t+h)—U(t)>h/u (t> œ) Vh>O0, 
and similarly for lattice F if h is a multiple of the span c. 


Corollary 8.6.2 (Elementary Renewal Theorem). U(t)/t > 1/u (t > œ). 

There are many proofs; we refer to e.g. Feller (1971), XI.1. 

Delayed renewal processes — in which at t=0, instead of being replaced, the 
lightbulb has residual lifetime with law F,, say — are also useful. In the case u< œ, 
fo {1—F(x)}dx = u, so one choice for F(x) is u~* fX {1—F(y)}dy. With this initial law 
for residual lifetime, it may be shown that the ‘renewal rate’ is constant: one has 
U(t)=t/u, rather than just U(t)~t/u for t > œ, as above (Feller (1971), XI.4). Further, 
in an ordinary renewal process the spent lifetime law converges to this law as t > o. 
Indeed, one has (Dynkin (1961)): 


P(Y,>x),P(Z,>x)> py? j {1—F(y)}dy, 


%© 


PUY >u, 20) 0" | {1—F(y)}dy, 
utv 


0 


Per>x)-+n-* f ydF(y) (t> æ), 


in the non-lattice case, with similar lattice analogues. 
Refinements are also possible: if F has finite variance, U(t) — t/u converges as t > œ 
(Feller (1971), XI.3). Also 
IERO NEAN ERI) 
iff 
U(t)—t/p~t?~*¢(t)/{u?(2 —a)(a— 1)} 
(Teugels (1968); Mohan (1976); Anderson & Athreya (1987)). 


2. Infinite mean lifetime 


When the mean pis infinite, however, results of this type either do not apply or 
are much less informative; we turn now to the case u= œ. Instead of limit laws 
for Y,,Z, as t > œ, it is now appropriate to consider Y,/t, Z,/t as t> œ. 
Indeed, Dynkin (1961) showed that no norming functions c(t) can lead to non- 
degenerate limit laws unless c(t) ~ ct. The limit theorems in this case are due to 
Dynkin (1961), Lamperti (19625); cf. Feller (1971), XIV.3. First, some 
notation and terminology. For 0<«<1, the function 
sinna 


qa(x) := z silg (8.6.0) 
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gives a probability density on [0, 1] (use the beta-integral and the formula 
F(z) (1 —z)=1/sin zz). The corresponding law is called the (generalised) arc- 
sine law with parameter « (since «=4 gives 2x~! arcsin v. x. This law arises in 
fluctuation problems for coin-tossing, etc.; see e.g. Feller (1968), III). Akin to 
q, is the density 

sin na 1 


Pah T PRESS aS 


(obtainable from q, via the change of variable x= y/(1—y)). 

We now recall the equivalent conditions of Corollary 8.1.7, and their 
relevance to domains of attraction of positive stable laws (cf. (8.3. 10-13)). For 
0<a<1,a law F on [0, œ) satisfies 


1—F(x)~¢(x)/{x*T(1—a«)} (x 0,7ER,), (8.6.1) 
iff its LS transform satisfies 
1—F(s)~s*Z(1/s) (s}0). (8.6.2) 
Since U=% F" has LS transform ¥® F"= 1/(1—F), Karamata’s Tauberian 
Theorem shows that this is equivalent to 


a 


x 


UC) ~7 ordre) 


(x > œ), (8.6.3) 


in which case 
1 sin 7a 
a = 
I(1—x) (1+) ma 


{1—F(x)} U(x) (x> œ). (8.6.4) 


It turns out that the first three of these are equivalent forms of the condition for 
Y,/t, Z,/t to have non-degenerate limit laws, jointly or separately. 


Theorem 8.6.3 (Dynkin—Lamperti Theorem). Condition (8.6.1—3) for « e (0, 1) 
is necessary and sufficient for existence of a non-degenerate limit law as t > œ 
for each of Y,/t, Z,/t, (Y,/t, Z,/t). The corresponding limit laws have densities 


qa(x) (O<x<1), — p,(x) (x>0) 
and 
r,(u,v) (O<u<1,v>0) 
where 
a sin na 1 


r,(u, v) = RE ut A 


Before proceeding to the proof, we will need information on the distributions 
of Y, and Z,: 
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Proposition 8.6.4 
(i) For Y,, we have 


Eexp(—sY,)= e *-~) F(t —x)dU(x), 
[0,t] 
3 1—F(A+s) 
AE — sY,)dt =——_____._, 
I EE a8 701) 


A E) 
rick erento SA 
lie FA iSO 


(ii) For Z,, we have 


E exp(—sZ,)=s{1—F(s)} if e **{U(t+x)—U(t)}dx, 
0 


SE. He 1 FEF) 
| e “E exp(—sZ Mem =A 


(0) 


Proof te 
(i) Eexp(—sY,)= X Efe“ 1{0<5S, <t}1{X,,4,>t—S,}} 
n=0 


=V Efe“ OS <t}F(t—S,)} 
n=0 


(by conditioning on S,. Recall that F(:):= 1—F(-).) 
aki | et F(t —x)dF™"(x) 
[0,t] 


n=0 
= | eS F(t —x)dU(x), 
[0,t] 
giving the first statement. For the second, we obtain by the Fubini-Tonelli Theorem 


| e*Bexpl—s¥u= | | e~e- S¢-) F(t — x)dtdU(x) 
[0, œ) Jx 


0 


-| all e 4*9 “F(t — x)dtdU(x) 
[0, œ) 


=) (12 FQ4s) 
= Ax 
-| e EE luv 


1—F(A+s) 
~ (A+s)\(1—F(a))’ 
Differentiating with respect to s and letting s]0, 
Je T TE ee 
0 2? (1 —F(A)) 
whence the third statement. 
(ii) One may proceed analogously for Z,, or refer to Dynkin (1961). a 
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Proof of Theorem 8.6.3. First sufficiency. We have at <Y, < bt iff for some n 
and some y with 1—b<y<1—a we have S,=ty and X,,, >t(1—y). 
Summing on n and y, 


1a 
P(at<Y,<bt)= | {1—F(t(1—y))}U(tdy). 
Ib 


By (8.6.1), 
E ob Ee bre 1—F((1—y)) U(tdy) 
ta Jie 1—F(t) U(t) 


The integrand tends to (1—y) * as too, uniformly in the range of 
integration. The right thus tends to 


sin a s 
| (1—y)~*-ay*"1dy 
TA Ji-b 


(For U(ty)/U(t) > y*, so U(tdy)/U(t) tends narrowly to the measure with 
density ay) This gives the result for Y,/t. Similarly, 


sinna f! 
P(Z,>ct)—> il (c+1—y)~*-ay*" ‘dy, 
TA 0 


whence the result for Z,/t, and the joint density may be handled in the same 
way. 

It remains to show necessity in each case. Consider first Y,/t. If Y,/t 
converges in law to H(x), then for each v>0, Y,,/t converges in law to H(x/v), 
or 

E exp(—sY,,/t) > | e *“H(dx/v) (s20), 
[0, œ) 
whence by dominated convergence 


| e *%E exp(—syY,,/t)dv > | | e 2°~S*H(dx/v)dv 
0 0 [0, 0) 


=F(A,s) say (A>0). 
By Proposition 8.6.4(i), this is 
{1—F((A+s)/t)}/{1—F(A/t)} > A+s)F(A,s) (to). 
This says that 1— F € R,(0+) for some a (>0,as 0<F <1). Then the left tends 
to (A+s)*/A*, and 
F(A, s)=(A+s)*~ 4/2". 
Now 


o0 


rass f e PE 


0 
which with the above gives a < 1. But for a=0, F(A,s)= 1/(4 + s), which shows 
by uniqueness of Laplace transforms that the limit law H is degenerate with 
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unit mass at 1, and so is excluded. Similarly, ~=1 gives F(A,s)=1/A and H 
degenerate with unit mass at 0, again excluded. So « € (0, 1), and the argument 
above (or direct calculation and uniqueness of Laplace transforms) shows that 
H is the arc-sine law with parameter «. 

This gives necessity for Y,/t; that for Z,/t may be handled similarly, and that 
for (Y,/t, Z,/t) follows a fortiori. 0 


The proof above shows that one may regard the laws with unit mass at 0, 1 
as arc-sine laws with parameters 1,0 respectively. We may thus speak of the 
arc-sine laws with parameter « e[0, 1]. We then have 


Theorem 8.6.5 (Arc-Sine Law for Renewal Theory). For0<a <1, the following 
are equivalent: 
(i) Y,/t converges in law as t > œ to the arc-sine law with parameter «, 
(ii) EY,/t > 1—«, 


(iii) E(Y,/t)* > Garou j jor each k=0, f,..... 


Proof. Evaluating a beta-integral, the limit in (iii) is the kth moment of the arc- 
sine law with parameter «. This law is uniquely determined by its moments, by 
the criterion (8.0.3), so the method of moments shows that (iii) implies (i). 
Conversely, since Y,/t e [0, 1], (i) implies (iii) by narrow convergence. 

In particular, (i) (or (iii)) implies (ii). For the converse, (ii) is EY, ~ (1—«)t as 
t > œ, or by Karamata’s Tauberian Theorem 


| e "dEY,~(1—a)/A (AO). 
[0, 00) 
This and Proposition 8.6.4 give 

AF (A)/{1—F(A)} + —a (440), 


whence 1—FeER,(0+). When 0<a<1, (i) follows by the Dynkin—Lamperti 
Theorem. In its proof we dealt also with the degenerate casesa=0,1. [J 


3. The Dynkin—Lamperti condition 
Write 


m(x) -| {1—F(y)}dy 
0 


for the integrated tail of F. Then 
m(x)~¢(x)x'~*/T(2—a) (x œ,f ER) (8.6.5) 
is equivalent to (8.6.2) for « e [0, 1]. Indeed, for 0<a«<1 the equivalence of 


(8.6.1) and (8.6.5) follows from a monotone density argument, while for a= 1 
we may use Corollary 8.1.7. Thus (8.6.2,3,5) are equivalent for « € [0, 1], and 
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we may refer to any or all of them as the Dynkin—Lamperti condition. 
The condition impies (8.6.4) even in the «=0, 1 cases, and also 


1 _ sinma 
(1+) (2—4) na(l—a) 
In view of this, one may ask whether 

{1—F(x)}U(x) +c (x> œ) (8.6.7) 


m(x)U(x)/x > 


(xi 00). (8.6.6) 


or 

m(x)U(x)/x +d (x> œ) (8.6.8) 
implies the Dynkin—Lamperti condition. This Dynkin—Lamperti problem 
remains (surprisingly) open. We must however have c e[0, 1] as 


U(x)=¥ P(S,<x) <¥ P(max(X,,...,X,) <x) 
0 0 


= 1/(1—F(x)), 
and de[1,2] as 
1 <m(x)U(x)/x <2 
(Erickson (1973), Lemma 1). 


In this connection, note that (without any assumptions) for A> 1 
m(x) <m(Ax) = | {1—F(Ay)}Ady <Am(x), 
0 


hence the integrated tail m is in ER; its Karamata and Matuszewska indices satisfy 
0 <d(m) < B(m) <a(m) <c(m) < 1. Then since U(x) ¥ x/m(x) it follows that any renewal 
function U is in OR, with Matuszewska indices B(U)= 1—«(m), «(U)=1—(m), both 
in [0, 1]. 

If F has finite mean u, the Renewal Theorem 8.6.1 applies, and of course the 
Dynkin—Lamperti condition holds in the form (8.6.5) with «= 1, 7(-)=y. The 
next result shows that the Dynkin—Lamperti condition may be used to obtain 
versions of the Renewal Theorem when the mean is infinite: 


Theorem 8.6.6 (Erickson (1970)). If the Dynkin—Lamperti condition holds with 
0<a<1, and F is non-lattice, then with m(-) as above and h>0, 


lim inf m(t){U(t +h) — U()} =h/{T 0r (2 —a)}. (8.6.9) 
too 
Here liminf may be replaced by lim*, and by lim if $<a<1. 
Proof. U(t+h)—U(t)=)>. {F"(t+h)—F"(0)} 
0 


r 


=D (for each 0<k<r< œ). 
k 
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Fix 0<a<1,h>0, and take a, to satisfy (8.3.13). Since S,/a,, converges in law 
to the limiting stable law G, with LS transform exp(—s*), Stone’s Local Limit 
Theorem gives 


a,P(S,, € (t,t +h])=a,{F”" (t+h)—F"(t)} 
=hg,(t/a,)+o(1) (n> œ), (8.6.10) 


the o(1) term being uniform in t; here g, is the density of G,. 

By (8.3.13), a, is an asymptotic inverse of t > t*// (t). Choose 0< A< B< œ, 
k(t) == [At*/¢(0)], r(t) := [Bt*/¢/(t)]. Writing x, for né (t)/t* (k(t)<n<r(t)), we 
have for the relevant values of n,t— œ that n% t*/¢(t), so t ap, so 
¢(t)~ ¢(a,) by slow variation of 7. Since /(a„,)~až/n,až~nćť (t), whence er ttn 
t/(n¢(t))1!*~ t/a,. Also Xp 41 —X»,=C(t)/t®. Thus 

t af ore 5 t 


a, 


g,At/d,) 


~ ¥ Xp ee Galen Oe nek a) 


A<x,<B 
B 

-f> =a (cm +2\dx. 
A 


Similarly, for the uniform error-term in (8.6.10), 


ins YOLO 1)/a, > 0. 
Combining, 


B 
lim inf t! ~*4(){ U(t +h) —U()} >h [> “Hag (x7 1)dx, 


t> œ A 


Since A may be arbitrarily small, B arbitrarily large, the left is at least 


A | xig dx= | y~ “gal y)dy=h/T(a) 
0 (0) 
(Zolotarev (1957a)). 

With (8.6.5), this gives 

lim inf m(t){ U(t +h) — U(t)} >h {T(r (2 —a)}, 
t> œo 

for 0<a<1. The «= 1 case is similar, with the requisite al for Stone’s 
Local Limit Theorem entering into the definitions of k(t), r(t). 

Now, taking all cases 0<« < 1 together, the only way remaining for (8.6.9) 
to fail is if the lim inf is (h +e)/{T(«)I'(2 —«)} for some e>0. In that case, by 
(8.6.6), 


v(x) = U(x +h) — U(x) >(1+0(1))a(h+e)U(x)/x (x > œ), 
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hence, since U ER, 


| v(x)dx>(1+0(1))(h+e)U(t) (t> œœ). (8.6.11) 


(0 


t tth h t+h 
| nxdx=( | -| Jucsrs~ | U(x)dx. 
0 t 0 t 


The latter integral lies between hU(t) and hU(t+h), so is ~hU(t), 
contradicting (8.6.11). 
This establishes (8.6.9), and also, by (8.6.3), that 


But 


0 


|, v(x)dx ~ {h/T(a)}t7/{a¢(t)}. 
By (8.6.5), (8.6.9) is 
lim inf tu(t)/{t*/7(t)} =h/T (a). 


The lim inf form of Theorem 2.9.1 shows that we may replace lim inf by lim* 
here, and so also in (8.6.9). 

It may be shown by Fourier methods that the exceptional set implied in the 
lim* is redundant if <a <1, but not in general for 0<a« <+. For details, see 
Erickson (1970), Garsia & Lamperti (1963), J. A. Williamson (1968). oO 


4. Key renewal theorems 
Since U=Y% F" we have, in terms of Lebesgue-Stieltjes convolution, 
U(x)=1+F* U(x) (x>0), 
sometimes called the renewal equation. Also called the renewal equation is the 
somewhat more general 
V(x)=v(x)+F * V(x) (x>0) 


(here v(`) is a bounded function), regarded as an integral equation to be solved for V. 
For suitable (‘directly Riemann integrable’) v, the solution V satisfies 


Vix) u! | v(y)dy (x> œ) 
0 


(in the non-lattice case, with a discrete analogue for F lattice). This so-called ‘key’ 
renewal theorem is equivalent to the Renewal Theorem stated above; cf. Feller (1971), 
XI.1. When u= œ, analogues of the key renewal theorem also may be given under the 
Dynkin—Lamperti condition; see Erickson (1970), Teugels (1968). 


5. Convergence rates 


Under suitable conditions, rates can be given for the approach to the limit in the 
Renewal and Elementary Renewal Theorems. We gave a simple instance at the end of 
§ 8.6.1. Much recent interest has focussed on obtaining such rates, using Banach 
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algebra methods and, often, characterisations related to subexponentiality (Appendix 
4); see e.g. Ney (1981), Griibel (1983b, 1984), Frenk (1987), Embrechts & Omey (1985). 


6. Generalisations 


Where the random walk can take leftwards steps we have ‘renewal theory on the line’. 
We discuss such random walks under fluctuation theory (§ 8:9) and occupation times 
($8.11). 

In Markov renewal processes the successive lifetime distributions are controlled by 
the state of a discrete-time Markov chain. For some regular-variation aspects see 
Teugels (1970). 

In generalised or (better) weighted renewal theory the renewal function is redefined, 
for some fixed sequence (a,,), as 


UO=) ak O= EY akoe (8.6.12) 
0 0 


The latter expression exhibits U(t) as the expectation ofa ‘discounted occupation time’ 
in the interval (— œœ, t] by the random walk (S,,). The case a, =1 is ordinary renewal 
theory, a„= 1/n is harmonic renewal theory which is of relevance to fluctuation theory 
(see § 8.9.4), and a,=c" where ce(0, 1) gives transient renewal theory as discussed 
immediately below. If (a„) is a probability law on Z* then, letting M have law (a,) and 
be independent of (S,,), U is the d.f. of the subordinated r.v. Sọ. For the latter topic ina 
renewal context see e.g. Grtibel (1987), Omey & Willekens (1986), also § 8.16.3 below. 

Under assumptions such as regular variation of (a„) the asymptotic behaviour of U 
in (8.6.12) may be found; see Embrechts et al. (1984, 1985),Maejima & Omey (1984), 
Anderson & Athreya (1985). 


7. Transient Renewal Theory 


In the work above, F is concentrated on [0, o0). If however F is defective: 
F(co)= lim F(x)<1 
(that is, F has an atom of positive mass 1 — F(co) at «0, so each lightbulb has a positive 
chance of lasting forever), then the renewal function U is bounded. Indeed, 
U(x) > U(co)=1/(1—F(co)) (x œ). 
In this case one compares the convergence-rate of F(oo)—F(x) with that of 


U(co)—U(x). In terms of the subexponential class S of Appendix 4, which includes 
regular variation: 


Theorem 8.6.7 (Teugels (1975); Pakes (1975)). For F(oo)=y<1 the following are 
equivalent: 

(i) U(x)/U(a) eS, 

(ii) F(x)/F(co)eS, 

(iit) (F(00) — F(x)}/{U(co)— U(x)} + p(1—-y)_ (x > 0). 


8. The renewal process 


N, is the pathwise inverse of the cumulative-sum process t> S,= Sig. Feller showed 
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that N,, centred and scaled, has a proper limit law iff F belongs to some domain of 
attraction. See Feller (1971), XI, Bingham (1972b, 1973b), de Haan & Resnick (1979b). 


8.7 Regenerative phenomena 


1. Discrete-time renewal theory 


We now specialise the renewal theory above to the case where the law F is 
concentrated on the positive integers. Write f, for the mass F gives to 
n=1,2,...;then f,>0,Y? f,,=1. Instead of LS transforms, it is convenient to 
use p.g.f.s. With 


the renewal function U:=) F" has generating function 


u(s)=)_u,s" = 1/(1—f(s)). (8.7.1) 
0 


If A, is the event that a renewal occurs at time n (that is, that the set 
{So=0,S,,S,,...} includes n), the mass the renewal function gives to 
{0,1,...,n} is E)GI(A,) or )5P(A,), since renewals take place only at 
integers. But this is also $% u, (above), so 

a=, u, = P(renewal at umen) (n=0,1,...). 
It is this direct identification of u,, the mass U gives to {n}, as a probability 
which gives the discrete theory such importance. The sequences (u,,)° 9 are 
called renewal sequences; their characteristic property is that, with f(s) defined 
as in (8.7.1), f(s)=>-? fıs” with (f) a probability distribution. 

There is an apparently quite different viewpoint which leads to the same 
thing. Suppose that D=(®,:n=0, 1,2,...) is a stochastic process in discrete 
time, taking values 0 and 1 only, such that for all integers to,...,¢, with 
O=to< ty <0 <ty, 


P(Of= p= Oral) = |e 
1 


for some sequence (u). Such a @® is called a (discrete time) regenerative 
phenomenon (or ‘recurrent event’). It may be shown that the sequences (u,,) 
which can arise in this way are exactly the renewal sequences. For these two 
viewpoints, and the identity between them, see Kingman (1972), I, Feller 
(1968), XIII. 

A renewal sequence is periodic with period d> 1 if u, =0 unless n is an integer 
multiple of d, and d is the largest integer with this property. Then (u,,);° is 
aperiodic. We thus lose little by restricting attention to the aperiodic case. 
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We will as before write 
H =) nfa EO, o] 
1 


for the mean lifetime. The basic result — the discrete analogue of the Renewal 
Theorem — is (Erdős et al. (1949); Feller (1968), XIII): 


Theorem 8.7.1 (Erdés—Feller—Pollard Theorem). As n > æ 

u, > l/u 
in the aperiodic case. With period d, 

Una > A/p. 

As before, we define 
Y, =n—max({S,:S,<n} 

as the spent lifetime (time-lapse since the last renewal), then Y=(Y,) is a 
Markov chain with stationary transition probabilities. There is an important 
link between this chain and the renewal sequence (u,,); see Port (1963): 


Theorem 8.7.2 (Dwass Representation) 
u(s) = J u,s =exp Y(s), 
where i 
Y (s) := Y (1—E(Y,,—Y,,-1))s"/n. 


The following result, due to Port (1963) (cf. Heyde (1969b); Bingham 
(1973b)) follows by specialisation of Theorem 8.6.5 to laws on the non- 
negative integers. We give an alternative proof by the Dwass Representation. 


Theorem 8.7.3. For 0<a<1, l € R9, 


È Se~ tin) {nT —a)} (872) 
iff 
È u~n {nE ++ a)}. (8.7.3) 
0 
Both imply 
EY,/n>1-a (n>). (8.7.4) 


Conversely, (8.7.4) implies (8.7.2,3) for some LER». 
Proof. Write a,:=1—E(Y,—Y,—,). The Dwass Representation and (8.7.1) 
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give 


1—f( s)= exp} - Yn ‘ath. 
so 
f'(s\/{1—f(s)} = Ya, go 


Now (8.7.4) is ¥} aq ~an, equivalent by Corollary 1.7.3 to 
(1—s)f"(s)/{1—f(s)} +a (st), 
in turn equivalent, by a monotone density argument (since f’ is monotone), to 
1—f(s)=(1—s)*7(1/(1—s)) for some f€ Ro. 
Replacing s by e °, this is (8.6.2). o 
We turn now to the analogue of Erickson’s Theorem 8.6.6 in the lattice case 


— say, for aperiodic laws on the positive integers, i.e. span 1. First, the case 
a<1l: 


Theorem 8.7.4 (Garsia & Lamperti (1963)). For (u,,) aperiodic, 0<«< 1, (8.7.3) 
implies 
lim inf n'~*2(n)u, = 1/T'(«); 


n> 0 
similarly with lim*, and with lim if $<&<1. 
For the case a= 1, letting 


n (e 0] 
k: =D) 
0 k 
the assumption 7, f,¢R_, is stronger than that m,¢Ro, indeed is 


equivalent to m, €II,. We quote: 


Theorem 8.7.5 (Frenk (1982), extending Erickson (1970), §2(1i)). For an 
aperiodic law (f,) on the positive integers, with renewal sequence (u,), the 
following are equivalent: 


» Jre RET 
k=n 
u, EIl; 
and both imply 


mu — 1=o(1 $ Am, )=o(1) 


2. Multiplication 


The time-epochs at which a renewal occurs form a random set, S say; the nth term u, of 
the renewal sequence is then P(n €S). The intersection of two independent such sets 


B72 8. Applications to probability theory 


(with renewal sequences (u,),(v,) say) is easily seen to be again ‘regenerative’; its 
renewal sequence is given by the termwise product (u,v,). 

The multiplicative semigroup of renewal sequences has an interesting arithmetical 
structure, somewhat akin to that of the semigroup of probability laws on the line under 
convolution. In particular, infinite divisibility, stability, and domains of attraction may 
be defined and characterised. As before, regular variation is needed to describe the 
domains of attraction. For this, see Kendall (1968), (1973). 

Theorems analogous to these occur in the Urbanik theory of generalised 
convolutions; see e.g. Urbanik (1964), Bingham (1971b), Klosowska (1977). 


3. Continuous time 

Regenerative phenomena may also be studied in continuous time, the rôle of the 
renewal sequence u, being played by the p-function of Kingman (1972). The regular 
variation aspects are much as above, so we shall not pursue them here; see e.g. 
Bingham (19725), (1973a), (1973c). However, the continuous-time regenerative theory 
is closely linked with Markov chain theory. Here many interesting ‘solidarity 
theorems’ are known, in which a property of a state is shared by all states which inter- 
communicate with it. Instances relevant to regular variation are in Bingham (1973a), 
Teugels (1970). 


8.8 Relative stability 


1. Definition 


The work above on stability and domains of attraction is concerned with 
convergence of S,,/a, to a non-degenerate limit law (centring at means when 
means exist, and leaving to one side the Cauchy laws requiring non-trivial 
centring). What happens if degenerate limit laws are allowed? First, recall that 
for a constant (non-random) limit, convergence in law is the same as 
convergence in probability. Next, convergence to limit 0 may not be of 
particular interest (it may merely reflect choice of an inappropriately large 
norming function). So we take the limit non-zero. To within sign we may take 
the limit positive and to within scale we may take the limit 1. This motivates 
the following: 


Definition. A law F, or the random walk (S,,) it generates, is relatively stable if 
there exist norming constants a, with S,/a,— i in probability. 


2. Laws on [0, œ) 
A classically important and interesting example is the ‘Peter and Paul’ 
distribution, arising in the so-called ‘St Petersburg paradox’, for which see 
Feller (1968), X.4, (1971), VII.7. Ina single play of the ‘St Petersburg game’, a 
player tosses a fair coin till it falls heads, receiving a gain of 2* (pounds, etc.) if 
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this occurs at trial k. Then S, represents the accumulated gain in n 
independent repetitions, and one may show that 
S,/{n(log n)/log 2} > 1 in probability 
(of course F has infinite mean, so the strong law of large numbers does not 
apply). Write 
Focal =F (x)=) Dre 
2x 
for the tail of F. Here F halves its value at every jump, so cannot be regularly 
varying. However, the integrated tail 


| Fody= 28> +000 
0 og 2 

is slowly varying. It turns out that the latter property is characteristic of 
relative stability. Recall the spent and residual lifetimes Y,, Z, of §8.6. As 
before, our notation is that X, are sampled independently from the law F, 
S,=>1 X, (So=0) is the generated random walk. 


Theorem 8.8.1 (Relative Stability Theorem: Rogozin (1971)). If F is a law on 
[0, œ) with renewal function U, the following are equivalent: 


(i) | ydF(y)~7(x) (x > œ) for some CE Ro, 
[0,x] 


(ii) \, {1—F(y)}dy~¢(x) (x > œ) for some CE Ro, 
0 


(iii) 1—F(s)~s?¢(1/s) (s10) for some CE Ro, 
(iv) U(x) ~x/¢(x) (x > œ) for some CERo, 
(v) (S,,) is relatively stable, 
(vi) Y,/t +0 (t > œ) in probability, 
(vii) Z,/t +0 (t > œ) in probability. 
Proof. The ce. of (i)-(iii) is the case «= 1 of Corollary 8.1.7. As U has 
LS transform 1/(1—F), the equivalence of (iii) and (iv) follows by Karamata’s 
Tauberian Pets 
If (iii) holds, define a„€ R, as the asymptotic inverse of 1/(1 — EGER. 
Then 
F(1/a,) ~ (a,)/a, ~ 1/n, (8.8.1) 
and by slow variation of /, 
1—F(s/a,)~s/n. 
So since 1 —F(s)~ —log F(s), 
—nlog F(s/a,)~n{1—F(s/a,)} > s, (8.8.2) 
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or 
E exp(—sS,/a,)={F(s/a,)}" > e7*; 

thus S,/a, > 1 in probability, and (S,) is relatively stable. 

Conversely, relative stability is (8.8.2), which gives 1—F(1/:)eR_,, by 
Theorem 1.10.3; thus (i)-(v) are equivalent. 

The equivalence of (i)-(v) and (vi) is the case a= 1 of the Arc-Sine Law of 
Renewal Theory, Theorem 8.6.5. This rests on Proposition 8.6.4(i), and (vii) is 
similarly handled using Proposition 8.6.4(ii). E 


One further condition equivalent to those of the theorem is worth remarking: 
(viii) x{1-F) | ydF(y) +0 (x> æ). 
[0,x] 


For when the mean u of the law F is finite, (i) and (viii) both hold, whereas when = c0 
they are equivalent by Theorem 8.1.2 (take «=0, B=p=1). 

Conditions (i)—(viii) do not imply 1—F > R_,, the Peter-and-Paul law being a 
counter-example. 

Condition (viii) has been shown by various authors to characterise diverse forms of 
‘stability’ for independent r.v.s with law F on (0, 00); for instance E(y% X?/S,) > 0 
(McLeish & O’Brien (1982)), or T,,/S,, P, 1 for certain weighted sums T, (Cohn & Hall 
(1982)). 

Similarly to the above theorem one may prove 


Theorem 8.8.2 (Rogozin (1971); cf. Resnick (1986a), §5). The following are 
equivalent: 

(i) 1—F(x)~¢(x) (x > 0), 

(ii) 1—F(s)~Z2(1/s) (s0), 

(iii) U(x) ~ 1/4(x) (x > œ), 

(iv) Y,/t > 1 (t > œ) in probability, 

(v) Z,/t > œ (t > œ) in probability. 

Of course, here F(x)~¢(x) is equivalent to f F(y)dt~x¢(x), by the Monotone 
Density Theorem. For equivalences of the stronger assertion Fell see Resnick (1986a), 
§5. 

3. Laws on R 


For F not necessarily concentrated on [0, œ), let X have law F; then relative 
stability is equivalent to 


xPq» f ydF(y) +0 (x > 00) 


(Rogozin (1976); Maller (1978)). Maller (1979) gives alternative criteria for 
relative stability, namely 


| yaron |ia | wro }>o (x> œ) 
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or 
{1—Re $(t)}/Im (t) > 1 (t+ 0) and [Im p(1/")| eR 
(ġ is the characteristic function of F). 


4. Stochastic compactness 


Instead of requiring S,/a—b, convergent in law one may ask merely that any 
subsequence contains a further subsequence convergent in law. This condition of 
stochastic compactness has been studied by Feller (1967), Maller (1979, 1980-81), de 


Haan & Resnick (1984a), who obtain criteria for it in terms of the Matuszewska indices 
of the truncated variance V of (8.1.0). 


8.9 Fluctuation Theory 


1. Random walk 


There are two main areas where arc-sine laws arise in probability theory. One 
is renewal theory — the Dynkin—Lamperti Theorem and the ‘arc-sine law for 
renewal theory’. The other is in random walks, dealing with the fraction of 
time spent in the right half-line (Spitzer’s ‘arc-sine law for random walks’, 
derived below). The link between the two is provided by regenerative 
phenomena of ‘ladder’ type, and the classical fluctuation theory for random 
walks due to Spitzer, Sparre Andersen and others, to which we now turn. 

Let F be a probability law on the line, (X,) independent with law F, 
Sa => X, (So=0) the generated random walk. Define 

Mo = max OS 1)---5 5x05 Bi, OF Sa.see ae sch 

One calls n a strict ascending ladder epoch if S,,>M,,_ ,,a weak ascending latter 
epoch if S, > M,,_,, and similarly for descending ladder epochs. One easily sees 
that occurrence of each of these four types of ladder epoch gives a (discrete- 
time) regenerative phenomenon. Indeed, we can find their ‘f-sequences’ and 
renewal sequences as follows. For the strict ascending case, we consider the 
first positive partial sum, Z say, and its index, T say (T=n if Z=S,, 
n=1,2,...); T,Z are the first strict ascending ladder epoch and ladder height 
(time and place of first passage of the random walk to (0, 00)). Weak ascending 
ladder variables are similarly defined by considering the first non-negative 
partial sum S, with n>1 (recall Sọ=0 by definition!), and similarly for 
descending ladder variables of both types. Subsequent ladder epochs and 
heights may be defined by starting the process afresh at the first ladder epoch. 
The gaps between successive ladder heights will be called ladder steps. 

The ladder epoch T may well be defective — taking the value + co with 
positive probability. If T= +00, we make the convention that Z= + oœ. 
Otherwise, Z is finite, and similarly for the other types of ladder height and 
epoch. 
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To proceed, we need to classify random walks (S,) according to their 
behaviour as n > œ. If the trivial case of F concentrated at zero is excluded, 
without further comment, we have (see e.g. Feller (1971), XII, XVIII) exactly 
one of the following three alternatives: 

(i) drift to +œ: S, > +œ a.s- (so m:=min{S,:n>0}> — 0 a.s.), 

(ii) drift to —co: S, > —% a.s. (so M :=max{S,:n=0}< +0 a.s.), 


(iii) oscillation: limsupS,=+0o, liminfS,=—oo as. (so m=-œ, 
M= +o a5s.). 
Define 
A:=f -P(S,>0) B=) —P(S,<0); 


the walk drifts to + if B<œ, A= œ, drifts to — æ if A< œ, B=oo and 
oscillates if A= B= œ (in fact, ¥ © (1/n)P(S,, =0) always converges, so we may 
replace the strict inequality in P(S, >0), P(S, <0) by weak inequality here). 
The ascending ladder epochs (weak or strict) are proper (non-defective) iff the 
walk does not drift to — œ. 

In addition to M, and m, defined above, we will also use the following 
random variables: 


N, => 1{S,>0}, 
1 


the number of positive partial sums up to time n, 
Lee=min{k:k=O0yleeenesy= Mele 
the first time up to time n that the maximum is attained, and 


L:=max{k:k=0,1,..:..n:S,=m,} 


nj> 
the last time that the minimum is attained. One sees that L, is the last 
occurrence up to time n of a strict ascending ladder-point; dually, L} is the last 
occurrence of a weak descending ladder-point. Recall that T, Z are the strict 
ascending ladder epoch and height; write T’, Z’ for the weak descending ones. 


Theorem 8.9.1 
(i) For re (0,1), ReA <0, 


1/{1 —E(r7e*”)} = yr e’SdP 
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(ii) For re(0, 1), Re u20, 
V ET es =r erd P 


0 (L, = 0} 


o0 r” 
-eplin | esap}. 
1 {s,<0} 


For proof, see e.g. Chung (1974), Chapter 8, or Port (1963). 

Write œ, (A) for the expressions in (i), œ; (u) for those in (ii). Then taking 
à= u purely imaginary, we have in particular, if f (4):=Ee’* (Re A =0) denotes 
the ‘characteristic function’ of X,, 


w, (Ajo, (A)= a(n Eeit) 
1 


=op eO) 
1 


=1/(1-rf(4)) (re(O, 1), ReA=0), (8.9.1) 
(of course, the c.f. is usually defined for t real as E(e'*'), but if we intend to 
stray off the real line the ‘i’ is merely a nuisance). The functions w,",@, are 
called the right and left Wiener—Hopf factors of the random walk, (8.9.1) the 
Wiener—Hopf factorisation. 
The Wiener—Hopf factors are basic for the fluctuation theory of random 
walks. We have 


Theorem 8.9.2 (Port (1963); cf. Wendel (1960)) 
$ E(exp{AM, + u(S, —M,)}x)=@,x(A)o, (u) 
0 

(O<r, rx<1, ReA<0, Reyw20). 


Successively specialising this trivariate result, we obtain two classical 
results due to Spitzer (1956); see Chung (1974), Chapter 8. 


Theorem 8.9.3 (Factorisation Identity) 
r"E exp{AM,, + u(S, —M,,)} =, (Ajo, (u) 
0 

(0<r<1, ReA<O, Re u20). 

Theorem 8.9.4 (Spitzer’s Identity). For 0<r<1, Re <0, 


Yr Ee™ =w; (Ao, (0) 
0 


aN ee 
=exp( $ Ee ) 
1 


378 8. Applications to probability theory 


or 
$ AM <T AS 
(1—r) X} "Ee: =exp >) — (e45»—1)dP >. 
0 1 1 Jis,>0} 
We shall need one further classical result, for which we refer also to Chung 
(1974), Chapter 8: 


Theorem 8.9.5 (Sparre Andersen’s Equivalence Principle). For each n 
(separately), the laws of (N,,,S,), (Ln, Sn) and (n—Ly,, S,,) coincide. 
One easily finds, from the Markov property of the random walk, that 


P(L,=k)=P(L,=k)P(L,-.=9), 
so from the theorem we have (Port (1963); Heyde (1969b)): 


Theorem 8.9.6 (Extremal Factorisation) 
P(N, =k) =PW,=h)PW,-, =9).- 
There is a further important corollary in terms of the regenerative 


phenomena 9, ®’ of strict ascending and weak descending ladder epochs; let 
Y,,, Y, be the time-lapses at time n since last occurrence of ®, ©’. 


Corollary 8.9.7. The laws of N,,n—Y, and Y', coincide. 


Proof, L.=n—Y, and: Lo =n—Y.. E 


Next, let the renewal sequence and f-sequence of ® be (u,„), (fa) with 
generating functions u('), f(). Similarly, let ®’ have renewal sequence and f- 
sequence (u), (f^) with generating functions u”, f”. (The latter primes are 
parenthesised to avoid the obvious ambiguity.) 


Proposition 8.9.8 


u(s)= exp} P(S? ol, 
1 


u” (s)= apl a RISS <o. 
1 


Proof. P(T=n)=f,, so f(s)= Es"; since u(-)= 1/(1—f(-)) we get the first part 
by taking A=0 in Theorem 8.9.1(i), and similarly the second follows from 
Theorem 8.9. I(ii). E] 


We may now translate the arc-sine law from the language of renewal theory 
to that of random walks. We have (Spitzer (1956)): 


Theorem 8.9.9 (Spitzer’s Arc-Sine Law). For 0 <p <1, N,,/n converges in law to 
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the arc-sine law F, _, iff 
1 n 
> X P(S, >0) >p (n> o); (8.9.2) 
1 


these are the only possible limit laws. 


Proof. By Corollary 8.9.7, 
n—EY,=EN,=E ¥ I{S,>0}=Y P(S,>0), 
1 1 


so (8.9.2) coincides with (8.7.4) with «=p, which by Theorem 8.6.5 is the 
condition for Y,/n to tend in law to F,, that is, 1—Y,/n to converge to 


poe o 


Both M, and N, tend to œ with n unless the walk drifts to — œ, when both 
have a.s. finite limits M and N. Their distributions may be read off, using Abel 
summation, from the results above giving the distributions of M„, N„. We 
have (Spitzer (1956)): 


Theorem 8.9.10. When the walk drifts to — œ, 


(e 6] 


Lot de 
Ee mexpi} (Be -»} 
n 


1 


(thus the law of M is infinitely divisible), and 
P(S,>0 
Es" =ex opaa -o 


(also infinitely divisible — indeed, compound Poisson). 

Suppose that the random walk (S,,) is attracted to a limiting stable process X. Using 
weak convergence theory, one may link the asymptotic behaviour of the maximum M, 
with the supremum functional of X, and similarly for the ‘reflection’ M,, —S,, and other 
functionals; see Heyde (1967b), (1969a), Bingham (19735). 

In the case of drift to —oo, the rate of convergence of M, to M is of interest 
(particularly for queueing applications; see § 8.10 below). For regular variation (in n) of 
P(M,,<x)—P(M <x) see Veraverbeke & Teugels (1974); for exponentially fast 
convergence see Veraverbeke & Teugels (1975). 


2. Spitzer’s condition: ladder epoch 

We refer to (8.9.2), which is of key importance in fluctuation theory, as 
Spitzer’s condition. 

Note first that since Y P (1/n)P(S,, =0) always converges (Feller (1971), XII), 

(1/n) ©" P(S,=0) > 0 by Kronecker’s Lemma, so we may use P(S,20) or 

P(S,>0) indifferently. 

We turn now to the connection with domains of attraction. Suppose that 
the random walk S, is attracted without centring to a stable law G: 


380 8. Applications to probability theory 


P(S,/@,<X) 2 G(x) (n> œ) 
(pointwise convergence since G is continuous). In particular, P(S, <0) > G(0), 
so Spitzer’s condition holds with 


p=1-—G(0)=P(Y>0) 
(here Y has the limiting stable law). In terms of the index « and skewness- 
parameter ß of Y, 


1 
p=4+— arc tan(f tan $na) (8.9.3) 
na 


(Zolotarev (1957a)). 

It is natural to ask whether or not the argument can be reversed. In general 
this is not so: if for instance F is continuous and symmetric, P(S„,>0)=4 for 
each n, so Spitzer’s condition holds with p=4. But F need not be in a domain 
of attraction if the tails are irregular. More generally, it has been shown by 
Doney (1980a) that Spitzer’s condition does not imply a domain of attraction 
‘close to symmetry’. On the other hand, it does ‘far from symmetry’ (if one tail 
is negligible with respect to the other); see Emery (1975), Doney (1977). 

Returning to (8.9.3), one may verify that «p <1, with ap=1 iff «=2 (the 
Brownian case), or 1<a<2 and f= — 1 (the spectrally negative case). It was 
shown by Rogozin (1971) that if (S,,) is attracted without centring to a stable 
law of index a such that 0<ap< 1, then the ladder height Z is attracted to a 
(one-sided) stable law with index «p. Indeed, as will follow as a special case of 
our next theorem, the ladder epoch T is then also attracted to a stable law. 
Greenwood et al. (1982b) have further shown that, apart from the asymmetric 
Cauchy case, (T, Z) lies in a bivariate domain of attraction. For further study 
of the asymptotics of ladder epochs and heights, see also Doney (1980b), 
(1982a), (19825). 

The next theorem will exhibit the importance of Spitzer’s condition for the 
asymptotic behaviour of M,, and the tail behaviour of T. It needs first: 


Lemma 8.9.11. If the strict ascending ladder-height Z has law H and renewal 
function V=¥ 8 H", then 


V(x)=14+¥ P(L,=n,0<S, <x) 
1 


(including the Z-defective case). 


Proof. V(x)—1 is the expected number of successive partial sums of (strict 
ascending) ladder epochs that fall in the interval (0, x], so 


V(x)=1+E )'I{n is a ladder epoch, S, €(0, x]}, 
1 


whence the result on interchanging E and Y. oO 
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Theorem 8.9.12 (Rogozin (1971); Emery (1972); cf. Bingham (1973c), 
Veraverbeke & Teugels (1975)). For 0<p<1, the following are equivalent: 
(i) Spitzer’s condition (8.9.2) holds; 
(ii) the ladder epoch T (is non-defective and) is attracted to a one-sided stable 
law with index p; 
(iii) P(M,, <x) ~ V(x)/(n’¢Z(n)-(1 — p)) (n > œ) for some x >0, where V(x)>0 
and f € Rp. 


Then with V(-) the renewal function of Z, (iii) can be taken to hold at all 
continuity-points of V. 


Proof. Differentiating the result of Proposition 8.9.8 logarithmically 
u’(s)/u(s) -$ 'P(S,>0). 


By Karamata’s Tauberian Theorem for power series, Spitzer’s condition is 
then equivalent to 


Ys" P(S,>0)~pi(l—s) (st), 


1 


or to 
(1—s)u'(s)/u(s) > p, 
which is equivalent to 
u(s)~Z(1/(1—s))/(1—s)’ (st 1) for some fe Ro, (8.9.4) 


by Lamperti’s result, § 1.11.13, as u’ is monotone. 
By Spitzer’s identity and Theorem 8.9.1, 


SEM "=~, (Ajo, (0) 
0 


¥s"P(M, <x) = s"P(Lm =m, Sn <X) xp} P(S, <o). 
0 10) 


1 


oM s 


al gdp exp 3, P(S, <0) 
{Lm =m} me 


hence 


So by the lemma, 


Ş s"P(M,<x)~ VG sex] >= PIS, <0)} (st 1), 
0 
or 


(1 —s)} s"P(M, <x)~ V(x) exp -- pe BS ol 
1 


= V(x)/u(s). 
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Thus Spitzer’s condition is equivalent to 
y s"P(M, <x)~ V(x)/{(1—s)' 41/1 —s))} for some Ze Ro, 
or by ET Tauberian Theorem for power series to 
3 P(M,.<x)~n' -°V(x)/{T(2—p)¢(n)} (n> œ). 
0 


As P(M,, <x) is monotone in n, this is equivalent to (iii); thus (i) and (iii) are 
equivalent. (The same / e Rọ is in use for all x.) 
As for (ii), (8.9.4) is 
1—f(s)=1—Es™~(1—s)?/¢(1/(1—s)) (st 1), 
or 
1—Ee~s’~s?/¢(1/s) (s0); 

thus defective T are excluded, and by (8.3.11) this is the condition for T to be 
attracted to a positive stable law of index p. O 


Let t, be the first-passage time to [x, œ): 
T, =min{n:S,2x} (x20). 
Note that t,>n iff M, <x, so that (iii) is 
P(t, >n)~V(x—)/{nPe(n)T(1—p)} (n> o), 
which says that t, is attracted to a one-sided stable law of index p. 
We see that the function / e Rọ satisfies 


1 œ s” 
Ar) eis [P(S,, >0) ait 
We may thus take / constant (Z in the domain of normal attraction of the limiting stable 
law) iff 


1 : 
—{P(S,>0)—p} converges. 
n 


=-—18 


The case p=4 here is particularly important because of the following result: 


Theorem 8.9.13 (Spitzer-Rosén Theorem). If the law F of the random walk has mean 0 
and finite variance, 


00 
> x {P(S,>0)—4} is absolutely convergent. 
1 


See Spitzer (1960) or Feller (1971), XII for the convergence, Rosén (1961) for 
absolute convergence, Hall (1981a) for rate of convergence. 


There is a complement to Theorem 8.9.12 on conditions for T to be attracted to a 
stable law of index p e€(1, 2): 
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Theorem 8.9.14 (Embrechts & Hawkes (1982)). For random walks drifting to +œ and 
1<p <2, the following are equivalent: 
(i) the ladder-epoch T belongs to the domain of attraction of a spectrally positive 
stable law of index p, 
(ii) P(S, <O)ER,_,, 
(iii) the total time N _ spent by the random walk in the negative half-line is in the domain 
of attraction of a spectrally positive stable law of index p—1. 


3. Left-continuous random walk 


In the following special case, Spitzer’s condition will turn out to be equivalent 
to a domain-of-attraction condition on the random walk itself. 

Considera random walk (S,,) on the integers, and suppose that the law F of 
the step-lengths is concentrated on {— 1,0, 1,2,...}, with positive mass on 
{— 1}. Then the walk can move to the left, but only one step at a time; thus if 
S)=Oand S, = —k (k>0), foreachr=1,2,...,k we must have S,, =r for some 
me({1,...,n}. Because of this, the walk is called left-continuous or skip-free to 
the left (or, a walk with continuous minimum). Further, if T, is the first-passage 
time from 0 to —k, we see that T, has the same law as that of the kth 
convolution-power of T,, the strict decreasing ladder epoch. 

The basic result for left-continuous walks is due to Kemperman (1961); for 
the proof see Wendel (1975). 


Theorem 8.9.15. For left-continuous random walks, 
P(T, =n)=(k/n)P(S, = —k). 
Note that the left is the probability of being at —k at timen for the first time. 
We re-state Kemperman’s result in transform language. Define 
Bem = $(s)=g(e*)=e"™, 
Ee = P(e "j= 
for s>0. Then sP(g(s))=1 (Wendel (1975)), or 
W(G(s))=s. 

Suppose now that the walk has zero mean, and consider its attraction to a 
stable law of index we(1,2]. As the walk has zero mean, the remark after 
Theorem 8.3.1 shows that the limit law of S,,/a, (not centred) has b=0 in its 
Lévy-Hinéin representation. This law is necessarily spectrally positive, so has 
LS transform exp(Cs?), where C>0 (cf. § 8.3.4). By scaling the a,, we ensure 
C=1. Thus let Y have LS transform exp(s’), then convergence of S,,/a, in law 
to Y is equivalent to 

Ee~ h exp(s*) 


or 


ný (s/a) > S*. 
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Since W is continuous and (a„)ER, by Theorem 1.9.2 this holds iff 
weR,(0+), or by the above iff Ge R, ,(0+). But G(s)~ 1—(s) ass > 0+ , so 
this is 1—@eR,,/,(0 +), which is the condition for T, to be attracted to a one- 
sided stable law of index p := 1/a€[4, 1). By Theorem 8.9.12, applied to the 
walk (—S,,), this is equivalent to Spitzer’s condition for that walk, namely 


1 n 
-Y P(S,<0) > p. 
ny 

We thus have 


Proposition 8.9.16. A left-continuous zero-mean random walk (S,,) is attracted to 
a (spectrally positive) stable law of index «€(1,2] iff 


n 


1 
-F P(S, <0) > 1/a. 
ní 


4. Sinai’s condition: ladder height 
The condition is (Sinai (1957)) 


rll 
2 P(x <S,<Ax) > Blog 4 (x= œ) WA>1. (8.9.5) 
1 


Greenwood et al. (1982a) have shown that it plays the same rôle for the ladder 
height Z =S; as does Spitzer’s condition for the ladder epoch, T: 


Theorem 8.9.17. Let 0 <B < 1 and assume Z is proper (i.e. ¥ (1/n)P(S,, >0)= oo). 
Then Sinai’s condition holds iff P(Z > ‘)ER_,. 

The proof needs the following lemma for harmonic renewal functions (cf. 
§ 8.6.6): 


Lemma 8.9.18. Let C be a (proper) probability law on [0,0) and 
G:=5F (1/n)C™ the corresponding harmonic renewal function. Let Op Ie 
Then 1—C(-)eR_, iff e ER,. If so, 
(1—C(x))e™ > &/T'(1—B) (x œ). 

Proof. Propriety of C is equivalent to G(«o)= oo. The LS transforms are 
connected by 

1—C(s)=e"* + (s>0). (8.9.6) 
Now e° € R; iff G(Ax) — G(x) > B log 2 (x > œ), and by Theorem 3.9.1 this is 
equivalent to G(1/(Ax))—G(1/x) > Blog2 (x> œ). By (8.9.6) this is 


1 TONJE R_,,and Theorem 8.1.6 says this is equivalent to 1 —CeR_,,and 
then that 


1—C(1/x)~P(1—B)\(1—C(x)) (x œ). 
With (3.9.3) this gives the final conclusion. E] 
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Proof of Theorem 8.9.17. From Theorem 8.9.1(i) we find 
00 00 1 


I- Ee =exp( — edP"s)) 


Comparison with (8.9.6) shows that the law of Z has harmonic renewal 
function G(x) :=} 7 (1/n)P(0<S,<x) (x>0). The result now follows by the 
lemma. O 


017 


The relation between the tail 1—F of the step-distribution, and the tail 
P(Z> `) of the ladder-height, is also of interest. When C := Dan ERS LOIS 
finite, Grübel (1985) has characterised the complete class in which these tails 
are comparable: 


1— F (log x) € Ro iff P(Z >log x) € Ro iff P(Z >x) ~(1— F(x))ef (x 0). 


5. Continuous time 
Instead of working in discrete time with a random walk S, and its maximum M,, one 
may work in continuous time with a Levy process and its supremum. For a survey of 
the continuous-time theory see Bingham (1975); we shall return to continuous time in 
§ 8.10 below in connection with queues and dams. 


8.10 Queues 


1. GI/G/1 
We pause to show that the fluctuation theory just treated may be interpreted 
and applied in queueing theory. We follow Feller (1971), VI.9. 

In the classical model of a single-server queue, customers (labelled 0, 1,...) 
arrive at a queue for service at epochs 0, A,, A; +4,3, ... (so the A, are the 
successive inter-arrival times). The server is supposed free at time 0 so the Oth 
customer begins his service immediately. Thereafter, if the nth customer finds 
the server free on his arrival, he too begins his service immediately; otherwise 
he joins the queue and waits a time W,, his waiting-time, for the queue to clear 
and his service to begin (so W,=0). Let B,,, be the service-time of the nth 
customer. To apply random walk theory to the full, we assume 

(i) the A, are i.i.d. (with law A(°), say), 

(ii) the B, are 1.1.d. (with law B(-), say), 
(iii) the A, and B, are mutually independent. 
We then write 
X, :=8B,-—A, nS) 
and consider the random walk 
S =}, X% (S0=0) 
1 


generated by the X,,. 


386 8. Applications to probability theory 


The server begins a busy period (of length T say: T> B,) at time t=0, and 
works non-stop till the beginning of a time interval (of length J>0) in which 
the queue is empty: this is his idle period, terminated by the arrival of the next 
lucky customer. If this customer is the Nth, then N customers (labelled 
0, 1,...,N— 1) were served during the first busy period. From the Markov 
property of the random walk S,,, one sees that the lengths of successive busy 
periods are i.i.d. and likewise for the lengths of successive idle periods, so we 
may concentrate on the first busy cycle of length T+. 

The link between queueing and random walk is given by the following 
result; for proof see Feller (1971), VI.9 or Grimmett & Stirzaker (1982), 
Chapter 11. 


Theorem 8.10.1 
(i) The waiting-time W, of the nth customer has the same distribution as 
iM ,=max(0)S,55..,5,)) 
(ii) The number N of customers served in the first busy period is the first 
weak descending ladder epoch of (S,). 
(iii) If I is the length of the first idle period, —I=Sy is the first weak 
descending ladder height of (S,,). 
Now M,„ÎM, where M < œ a.s. iff the walk S, drifts to — œ, M = œ a.s. 
otherwise. This gives 


Theorem 8.10.2. The waiting-time W, converges in law as n > œ, to W say, iff 
2i (1/n)P(S,>0)< œ, and then 


. 7 % 1 . + 
Ee”” = exp » = (Eels: — uf 
n 


1 

In particular, if the means a= EA, b= EB of A, and B, exist, the walk drifts 
to —oo iff EX(=b—a)<0. Thus if b<a there is a limiting or equilibrium 
waiting-time distribution, and the queue is stable. 

We shall return to W below. By Theorem 8.10.1, (N, I) may be handled by the ladder 
methods of § 8.9 above. In fact (N, T) may also be handled by ‘Spitzerian’ methods; for 
this see Kingman (1962, 1966a). 

We turn now to the tail-behaviour of G, the law of W. It turns out that this is 
intimately related to the tail-behaviour of the service-time law B. With a. b the 
(finite) means of A, B as above, write p:=b/a for the traffic intensity; thus 
p €(0, 1) for a stable queue. We need the following (proper) law on [0, 00): 


C(x) = b-! | {1—B(y)}dy (x>0), 


0 
with LS transform Ĉ(s)= (1 — B(s))/(bs). 
The queueing model considered so far is written in Kendall’s notation as 
GI/G/1. Here ‘GI’ denotes ‘general independent’ inputs: customers arrive at 
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the epochs of an arbitrary renewal process; ‘G’ denotes a general service-time 
law; ‘1’ denotes a single server. If however the inter-arrival time law A is 
exponential with parameter A (a= 1/4), the renewal process of inputs is a 
Poisson process with rate 2. Now the Poisson process is distinguished among 
renewal processes by having the Markov property (indeed, independent 
increments); such a queue is written M/G/1 in view of the Markovian input. 
As we shall see below, M/G/1 is mathematically much simpler to handle than 
GI/G/1. 

The basic result on tail-behaviour of G involves the subexponential laws 
(Appendix 4). 


Theorem 8.10.3 (Pakes (1975)). For a stable queue with traffic intensity p, the 
following are equivalent: 
(i) the law G of W is subexponential, 
(ii) the law C(x)=b~' f} {1—B(y)}dy is subexponential. 
Each implies 
(iii) {1—G(x)}/{1—C(x)} + p/—p) (x 0); 
conversely (iii) implies (i) and (ii) for M/G/1. 


Corollary 8.10.4 (J. W. Cohen (1972)). For «>0, f € Ro, 
— B(x) ~ab¢(x)/x**! (x7 aw) 

iff i 

1—G(x)~p(1—p)*¢(x)/x*_ (x > 00). 
Proof. Note that laws with regularly varying tails are subexponential, and that 
1—C(x)=[° {1—B(y)}dy/b~¢(x)/x* iff 1-B(x)~ abe Een bya 
monotone density argument. i 

2. M/G/1 

We now specialise from GI/G/1 to M/G/1, which can be analysed more 
thoroughly; we shall concentrate here on waiting-times and busy periods. 


Recall that the traffic intensity is now p=Ab. 
First, waiting-times. The key result is the classical 


Theorem 8.10.5 (Pollaczek—Hinéin Formula). The limiting waiting-time law of 
a stable M/G/1 queue is the ae oe law 


(i) P(W<x)= (1=p) prc" (x ER) 


or 


ZÉ 
(ii) Es- = a-ji- (> 2o) (s>0). 


Proof. The equivalence of (i) and (ii) is easily checked by Laplace transforms; 
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see Feller (1971), XII.5 for proof of (i). Alternatively, the result may be derived 
by specialisation from GI/G/1 (though this is more difficult); see Spitzer 
(1957). Oo 


This result completely specifies the exact distribution of W, while Pakes’s 
result above, for our purposes, completely specifies the asymptotics. 
Next, busy periods. The classical result is 


Theorem 8.10.6 (The Takacs Functional Equation). For an M/G/1 queue, the 
LS transform t(:) of the length T of the busy period is given in terms of b(-) as 
the solution of the functional equation 


t(s)=b(s+A—At(s)) (s20). 

For a simple direct proof, see Feller (1971), XIV.4. There is also an 
instructive proof via continuous-time regenerative phenomena; see Kingman 
(1966b), or Bingham (1975), §7. 

Again, the tail-behaviour of the busy period is intimately related to that of 
the service-time. 


Theorem 8.10.7 (de Meyer & Teugels (1980)). For a stable M/G/1 queue of 
traffic intensity p, l € Ro, «> 1, the following are equivalent: 

(i) 1—B(x)~2(x)/x* (x > 00), 

(ii) P(T>x)~(1—p)~*" '4(x)/x* (x > œ). 

It is instructive to compare this theorem with its analogue for waiting-times, 
Theorem 8.10.4. Here the ‘comparison constant’ is (1—p)~*~', which explicitly 
involves the index of regular variation «. Of course, this raises the question as to 
whether 

{1—B(x)}/P(T>x) > (1—p)**"_ (x > œ) 
implies (i) and (ii) above. This is at present unknown, but even so the relevance of 
regular variation to tail-comparisons of B and T is strongly indicated. By contrast, the 
‘comparison constant’ in Theorem 8.10.4 for B and W is p/(1—p), which involves no 
index of regular variation, and as we have seen the appropriate ‘comparison class’ is 
the subexponential class. 

Following Takacs (1955), one may define the ‘virtual waiting-time’ V(t) as the 
waiting-time a customer would have if he arrived at time t. Alternatively, V(t) is the 
service-load or service-backlog facing the server at time t. The limit behaviour of V(t) as 
t > œ is the same as that of W,, the actual waiting-time of the nth customer, as n > oo. 

The customers arrive for service at the instants ofa Poisson process of rate A; the sum 
U(t) of the service-times of customers arriving in [0, t] thus gives a compound Poisson 
process U=(U(t):t>0) of rate A and jump-law B. Then X(t):=t— U(t) gives a 
spectrally negative Levy process X, and one easily sees that the server is idle at time t iff 
t is a weak ascending ladder epoch of X; the ladder epochs give rise to the regenerative 
phenomenon mentioned earlier. 
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3. Dams 

Consider now the simplest model of the infinite dam. We suppose that during a time- 
interval [0, t] an amount of water U(t) flows into the dam, where U=(U(t):t>0) isa 
stochastic process with non-negative stationary independent increments (briefly, a 
subordinator). When water is present in the dam, water is released at constant rate; 
when the dam is empty, release stops. In the particular case with U compound Poisson, 
this dam model is just the M/G/1 queue model, with the input of demand for service 
identified with the input of water (of course, the dam model is more general, as it 
allows subordinators of non-compound Poisson type, that is, with Levy measures of 
infinite mass). The work on limiting waiting-time has a dam-theoretic interpretation in 
terms of limiting dam-content. 

Finite dam models may also be treated, in which we must allow for overflow as well 
as emptiness (Kendall (1957)). 


4. Insurance 


The theory of collective risk has much in common with that of queues and dams; we 
refer for a discussion of this to Takacs (1967); and see Appendix 4.5. 


8.11 Occupation times 


1. Darling—Kac Theory 
Suppose we wish to study the amount of time spent up to time t in a set A bya 
Markov process X=(X,:t>0) with stationary transition probabilities 
P(x,dy,t). This is {jI{X¥eA}du where X* is the process with starting 
position x. More generally, one may take a non-negative bounded function V 
and consider the ‘occupation-time’ 


H? = | V(X*)du. 


0 
This is finite and has finite mean 


t t 
| EVixzMdu= | iu | V(y)P(x, dy, u). 
0 0 R 
The behaviour as t > œ of EHX is determined by that as s|0 of 


h(x, s) =| eaen = | se EH; di: 
0 0 

For instance, the case we are interested in is EH} > œ as t > œ, which is 

equivalent to the above tending to œ as s0. We need some solidarity in x, and 

will impose, following Darling & Kac (1957), the following fairly minimal 
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requirement: 
4x, such that EHř > œ (t> œ), and 


E OnE AAE 
Jo Atd EHE 
Writing h(s) for h(xo, s), this may be re-phrased as 


+1 (s{0), uniformly in xe {y:V(y)>O}. 


| e “d,EH*~h(s) (s{0), uniformly in x e{y: V(y)>0}, 
(D—K) 


0 
for some function h(s) > œ = (sJ0). 

(The uniformity-set is xe A, for actual occupation-times of a set A.) 

An easy sufficient condition for (D—K) is 
(D — Ky’ 4x9 such that EHř > œ (t— œ), and 

EH?/EH**>1 (t—> œ), uniformly in x e{y: V(y)>0}. 

(Use h(x, s)=|> se “EH*dt and boundedness of V.) However, (D—K)"” is 
stronger than (D — K) in general, for Korenblum’s Ratio Tauberian Theorem 
(§2.10.1) tells us that EH** should satisfy a slow increase condition in order 
that EH ~ EH; should be implied by h(x,s)~h(xo,s). But (D—K)” is 
perhaps a more natural condition than (D — K), and the reader will see how to 
re-phrase it in a similar way to (D— KY. 

The key technical step that brings together condition (D—K) and the 
Markov property is the following: 


Lemma 8.11.1. (D—K)’ implies that for each keN, 
| ed, E(H*)k~k!h*(s) (s{0), (8.11.1) 
0 
uniformly in xe{ y: V(y)>0}. 
Proof. 


E(H3) = fa f eva VOA ane di, 
=k! | Í E(V(X%)... V(X%))du, .... duy, 
O<u,<...<u,<t 


| Omid MAY 8 S cs e “*E(H*)dt 


0 
h du, | du,.. ala duy 


E(V(XE)... V(X? D|» edt 


SO 


(substituting and using Fubini) 


-uf du, j du,.. ie duen E( V(X)... V(X). 
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Consider the expectation that appears in this integral, for fixed 
O<u,<...<u,. Conditioning on the process X up to time u,_, and using the 
Markov property, we find that 


EV Xade a VXI) = EV XG)... VX, DEVAA) 


uk- 


ZEX): roz | V(y)P(X i-> dY, Ug — ug —1)). 
R 


Hence, using Fubini’s Theorem, 


k-1 


| due” —%-DE(V(XZ)... V(XE))= E(V(X=)... V(X%_)h(X*_,5)), 
and finally 


| eae =k! | du, | du... | 
0 0 uy Uy,—4 


x eM E(V(XE)... V(X%_)h(XE_,8)) 


Uy 1 Uy? 


~h(s)k ie e-“d,E(H;)*~* (s0), 


0 
uniformly in x. The result follows by induction. go 


Recall (§ 8.0.5) that the Mittag-Leffler law with parameter a €[0, 1] is the 
law G, with LS transform 


COS (Td +ka). 
10) 


One may check that the kth moment m, = k!/T (1 + ka) satisfies (8.0.3), so G, is 
uniquely determined by its moments, and the method of moments is 
applicable. 

We shall now consider the Markov process started from some fixed 
arbitrary position (say x), and will drop the superscript x from H7. 


Theorem 8.11.2. Under (D—K)’, if h(1/:)eR, (O<a<1), then H,/h(1/t) 
converges in law as t > œ to the Mittag—Leffler law G. 


Proof. If h(1/t)=t*¢(t), l e Ro, then Karamata’s Tauberian Theorem applied 
to (8.11.1) yields 
E(H) ~k! t@4*(o)/TU+ka) (t> œ), 
so 
E{H,/h(1/t)}* > k!/T (1+ ka) 
and the result follows by the method of moments. Oo 


Remarkably enough, this simple result essentially exhausts all possibilities, 
in view of the following converse: 
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Theorem 8.11.3 (Darling-—Kac Theorem). If condition (D—K)’ holds, and 
H,/a(t) converges in law as t> œ to a non-degenerate limit law for some 
norming function a(‘), then 

a(t)~ Ch(1/t)eR, 
for some constants C>0,0<a< 1, and H,/h(1/t) converges in law to the Mittag— 
Leffler law G,. è 


Proof. Let T be a random variable with density e~ * (x >0), independent of the 
process X. Now (8.11.1) may be re-written 


| e 'E{H,,,/h(s)}*dt +k! (s{0) 
0 
or 
E{H,,,/h(s)}* > k! 
On the right we have the moments of the exponential law 1—e * (x> 0) (the 


law of T), and this law is uniquely determined by its moments. So by the 
method of moments, we have convergence in law: 


P(H,,,/h(s)<x) > 1-e7* (sl0) Yx>0, 
that is, 


| ú e™'P(H,/h(s)<x)dt + 1—e7™* (sO). (8.11.2) 
(0) 


Now suppose H,/a(t) = G non-degenerate. Since H, is a.s. non-decreasing 
in t, we may assume a(') non-decreasing — see the Lemma below for a proof (in 
more generality). So the function a(t/s)/h(s) is non-decreasing in t. By the Helly 
selection principle, each sequence o„ļĻ0 contains a subsequence s,]|0 along 
which 


a(t/s,)/h(s,) > f(t) (n> o) 


for some non-decreasing [0, 00 ]-valued function f, at continuity-points of f. 
Re-writing (8.11.2) as 


ae H h(s) 
Peau < dt > 1-—e * 
| j A aa Ban Ea 
and letting s|0 through (s„), we find 


i e 'G(x/f(t))dt=1—e-* (x>0). 


0 
If f takes the value co, necessarily on some interval (tọ, 00), then the integrand 
is identically e ‘G(O) on the interval, and since G(0)<1 we arrive at a 


contradiction on letting x > oo. Similarly we may rule out f being zero. The 
last equation then says 


EG(x/f(T))= 1—e * 
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or, writing H for the law of f(T), 


|, G(x/y)dH(y)=1—e-* (x>0). 


0 
On the left we recognise the Mellin-Stieltjes convolution of G and H 
(or the ordinary convolution of the distribution functions G(e*) and H(e*)). 
The Mellin-Stieltjes transform of 1—e~* (characteristic function of 
1 —exp(—exp x)) is (1 + it), which is non-zero for real t. We may thus find the 
c.f. of the law H(e*) by division. Thus H is uniquely determined (by the limit 
law G); consequently f is also uniquely determined. So the limit f does not 
depend on the choice of the sequences o,, and s,, which gives 

a(t/s)/h(s) > f(t) (s}0) Yt>0, 
whence 

a(t/s)/a(1/s) > f(t)/f(). 

By Theorem 1.10.2, ae R,, «20, and f(t)=f(1)t*. Then the above gives 
a(1/s)~ Ch(s) where C= f(1)e(0, œ), so h(1/t)e R,. Finally the random 
variable f(T)=CT* has Mellin-Stieltjes transform E(CT?)" = C*T(1+ iat), 
whence the limit law G has Mellin-Stieltjes transform C~"I(1+it)/[(1 + iat). 
Apart from the scale factor, this is (1 +it)/I'(1 + iat) which is the transform of 
the Mittag—Leffler law G, for 0<a«< 1 but not otherwise the Mellin—Stieltjes 
transform of any non-degenerate probability law. Thus h(1/t)—eR,,0<a<1, 
and the result follows by Theorem 8.11.2. i g 


The above proof has used 


Lemma 8.11.4. Let (X,:t>0) be a stochastically non-decreasing family of non-negative 
random variables (i.e. for each xeR, P(X,>x) is non-decreasing in t). If for some 
norming function a(')>0, the random variables X,/a(t) converge in distribution to a 
random variable X not degenerate at 0, then there exists a non-decreasing function b(`) 
such that X,/b(t) = X. 


Proof. For s>0 define ¢,(s):=Ee~™, $(s):=Ee *, then lim,..,, ¢,(s/a(t))= 
$(s)€(0, 1) for each s. Set b(t):=inf{u:,(1/u)>(1)}, then it is easy to see that 
0<b(t)<oo, and continuity of @ means that ¢,(1/b(t))=@(1). The stochastic 
monotonicity implies that for each fixed s, ġi(s)= |o se *P(X, <x)dx is non- 
increasing in t. Hence b(') is non-decreasing. 

Pick ¢>0. Since #(1/(1+¢))> (1) we see that for all large t, 


1 1 
darao =0.( 55) 


and therefore b(t) < (1+ e)a(t). Similarly b(t)>(1—¢)a(t) for all large t. Thus b(t) ~ a(t), 
whence the result. o 


Theorems 8.11.2—3 have the following consequence: 
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Corollary 8.11.5. Under condition (D — K), for f € Ro and 0 <a < 1 the following 
are equivalent, as t > %0: 
(i) H,/{t*C(t)} converges in law to G,; 
(ii) EH,/{e2(t)} > 1/T(1 +a); 
(iii) E(H {t (t)} > k!/T(1+ka), k=0,1,.... 
To within scale factors the Mittag-Leffler laws are the. only possible limit laws 
(under (D — K) ). 


Proof. (i) implies h(1/t)~t?/(t) by the Darling-Kac Theorem, its scaling 
constant being 1 because H,/h(1/t) also converges in law to G,; then (ii) follows 
by applying the Karamata Tauberian Theorem to (D — K)’. Next (ii) implies 
(iii) by using the Karamata Tauberian Theorem on (8.11.1) for k= 1 and then 
for each k> 1. Finally (iii) implies (i) by the method of moments. m] 


On the Darling—Kac condition we finally remark that it implies for all A, x>0 that 


1—e &-” <lim inf P Bs <x 
h(A/t) 


t> 0 


<lim sup ae <x) 
t>o h(2/t) 

1—e™ 

SI 


(8.11.3) 


To see this, start from (8.11.2), which was proved assuming only (D — K)’, and note that 
its left-hand side is at least 


A 
| e~'P(H,),/h(s)<x)dt=(1—e~*)P(H,),/h(s) <x), 
0 
hence the right-hand bound. The other is obtained by re-writing (8.11.2) as 


[e e ‘P(H,),/h(s)>x)dt +>e~* (s|0) 


0 
and arguing similarly. Now (8.11.3) implies that the family of laws of H,/h(1/t) is 
stochastically compact as t > oo (use the Helly selection principle) and that any limit of 
H,/h(1/t) along some t-sequence is a proper probability law on (0, oo) with a tail that 
decreases at least exponentially. 


2. Variants and extensions 


The Darling—Kac Theory may be readily applied to, for instance, birth-and-death and 
diffusion processes; see e.g. Stone (1963), Karlin & McGregor (1961), Kasahara 
(1975). Conditioned limit theorems are also possible (Dwass & Karlin (1963)). For the 
structure of the limit process giving rise to these Mittag-Leffler laws, see Bingham 
(1971a, 1976), Kasahara (1977, 1981), Kasahara & Kotani (1979). 

When 0 <a < 1 this process is the inverse of the stable subordinator of index «. When 
a=0 the Mittag-Leffler law is the unit exponential, but the corresponding process is 
near-trivial (it has flat paths). By using the slowly varying function h(1/°) to deform the 
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time-scale, Kasahara (1982, 1984b) has obtained a non-trivial limit process in this case 
also, with finite-dimensional convergence. 

One problem with the method of moments as used above is that it hardly ‘explains’ 
the form of the limit process or law. A new method was introduced by Kesten (1962) 
who considered Markov chains discrete in time and space (to which Darling—Kac 
Theory readily extends) and represented the occupation time as the sum of amounts 
built up in successive excursions from a fixed state. By this means he was able to 
employ central limit theorems for sums of random numbers of r.v.s. He also allowed V 
to be not necessarily positive. For recent extensions of Kesten’s method see Kasahara 
(1984c, 1985). 


3. The converse problem 


Let us apply Darling—Kac Theory to a particularly important Markov chain, 
namely a random walk (S,,) with step-length law F. We suppose that F has 
zero mean, so (S„) is recurrent (= persistent; see Feller (1971), VI.10). If F is 
lattice (concentrated on {a+ck:k eZ} with c maximal) take A to be a finite 
non-empty subset of the lattice; if F is non-lattice take A a (finite) interval or 
compact set with non-empty interior. Then the occupation-time of (S„) in A up 
to time t tends to œ a.s. as t > œ and the Darling—Kac Theorem applies with 
V=I,. In discrete time, we deal with H,:=¥}1,(S,). The condition for 
convergence in law of H,/{I'(1+,)EH,,} to the Mittag-Leffler law G, is 


EH, = )P(S,cA)eR, - (8.11.4) 
(0) 


(uniformly for xe A, if Sy=x. But for random walks such uniformity is 
automatic; see e.g. Stone (1966), Corollary 1).It can be shown (by 
concentration-function estimates; see e.g. Kesten (1969)) that necessarily 
0<p<t here; we shall restrict attention, for simplicity, to 0< p <3. 

Suppose first that F is attracted to a stable law of index « (> 1 as the mean 
exists). If g, is the density of the limit law, Stone’s Local Limit Theorem gives, 
in the non-lattice case, 

a,F™ ({x,x +h])=hg,(x/a,)+o0(1) (n> œ) 
(the o(1) is uniform in xeR, h in compact sets; a,¢ Rj), is the norming 
sequence), with a similar lattice analogue. In particular, with A a compact or 
finite set as appropriate, 
a,F"" (A) > g,(0)|A|_ (n> œ), 
so F""(A)=P(S,€A)ER _ 1), and Jo P(S,EA)ERy ~ 1/2: 

Taking p= 1 —1/a, we see that (8.11.4) holds. In other words, if S, can be 
normed to have a non-degenerate limit law (stable with index «e [1,2]), so 
can YI1,(S,) (its limit law being Mittag-Leffler with parameter 
p=1—1/axe[0,4); cf. Bretagnolle & Dacunha-Castelle (1968)). 

It is natural to ask whether or not the converse holds. This interesting and 
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difficult question remains open in the general case. But it was shown by 
Kesten (1968) that the answer is affirmative for symmetric walks: 


Theorem 8.11.6. For (S,,) a symmetric random walk, 1<a<2, p=1-—1/a,S,, is 
attracted to a stable law of index « iff ©", 1 ,(S,) is attracted to a Mittag—Leffler 
law of index p (here A is an interval or compact set in the non-lattice case, a 
finite set in the lattice case). 

We omit the proof, which is long and difficult. 

Kesten conjectured that his result remained true without the symmetry 
assumption. This is true, in so far as complete asymmetry may be used instead. 
Recall the left-continuous random walks of § 8.9.3. 


Theorem 8.11.7 (Bingham & Hawkes (1983)). Let (S,,) be a zero-mean left- 
continuous random walk, 1<a<2, p=1—1/a. The following are equivalent: 
(i) S,, is in the domain of attraction of a (spectrally positive) stable law of 
index a, 
(ii) for A a finite non-empty set of integers, ¥% 1,(S;,) has a non-degenerate 
limit law after norming (Mittag—Leffler of parameter p), 
(iii) Spitzer’s condition (8.9.2) holds, or equivalently, (1/n)¥$ I{S,>0} 
converges to the arc-sine law F; _,. 


Proof. Suppose first that A= { — 1}. The condition for (ii) is 
5 PS, = oh) CR eg 
or using Karamata’s Tauberian Theorem, 
$ e="P(S,= ME ges Oats 0) 


If T, is the first-passage time from 0 to — 1, Kemperman’s Theorem 8.9.15 
gives 


be “nP(Ty=n) eR, =,(0+). 

0 
If @ is the LS transform of T,, the left is —¢’(s). By a monotone density 
argument one way, and Karamata’s theorem (direct half) the other way, the 
condition above is 1—@eR,)/,(0+). The rest is Proposition 8.9.16 and 
Spitzer’s Arc-Sine Law (Theorem 8.9.9). 

This proves the result for A={ — 1}. To pass to general A we use Stone’s 

Ratio Limit Theorem (Stone (1966)); see Bingham & Hawkes (1983) for 
details. E 


The results for both symmetry and complete asymmetry go over from discrete to 
continuous time. For this, and some remarks on the general case, see Bingham & 
Hawkes (1983). 
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The result above is noteworthy in that it links the two main types of limit theorem for 
occupation-times: those for ‘big’ sets (such as half-lines: those of Spitzer type, with arc- 
sine limits), and ‘small’ sets (such as compacts: those of Darling—Kac type with 
Mittag-Leffler limits). 

Half-lines are rather special, and one may ask precisely how like a half-line a set A 
must be for its occupation-time to exhibit such ‘arc-sine’ behaviour. The answer is that 
it must possess a density in the Cesaro sense; see Davydov (1973, 1974), Davydov & 
Ibragimov (1971). 


8.12 Branching processes 


1. Classification 


We begin with the simple (Bienayme—Galton—Watson) branching process 
Z=(Z,),-o- Here Z)>=1: the process is initiated at time n=0 by a single 
ancestor. On his death at time n= 1, this ancestor is replaced by a random 
number Z, of offspring, who form the first generation. Each of these 
contributes further offspring according to the same law, independently, and so 
on. Thus if Z, is the size of the nth generation, Z, is the sum of Z,_, 
independent copies of Zi- If p, := P(Z, =n), 


PG Esty ys 


n=0 
is the probability generating function of Z4, 
P,(s) == Es” 


that of Z,,, then 
P,(s)=P,,-1(P(s)) = P(P, -1(s))=P(P ... P(s)...), 
the n-fold composition of P with itself; Z forms a Markov chain with 


transition probabilities given by 


È SPZ, +1 =)|Z,=i)={P(s)}'. 


j=0 

For a full treatment see Athreya & Ney (1972); for a brief introduction see 
Feller (1968), XII. 

Write 

u:= EZ; 

for the mean family size. The process is called subcritical if u< 1, critical if 
u=1, supercritical if 1<p<o and infinite-mean (sometimes, ‘explosive’) if 
p=. 

If Z,=0 for some n (and then for all larger n), we say extinction occurs, at 
extinction-time 

T:=min{n:Z,,=0}. 
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Clearly this can happen only if pp = P(Z, =0)>0. The extinction probability q 
may be shown to be 1 if u< 1 and p; <1,and the smallest root q (< 1) of the 
equation 
P(q)=4 

if u> 1; furthermore, if „> 1, with probability 1 the ppan either becomes 
extinct or explodes (Z,, > œ). 

We shall confine ourselves to limit theorems, dealing with the four cases 
u<1,u=1,1<u<œ,u=% in turn. To avoid trivialities we assume unless 


otherwise stated that pọ +p; < 1 and that p;< 1 for all j. 


2. Subcritical case 
The basic result is 


Theorem 8.12.1. For 4=EZ,<1, the population size conditioned on non- 
extinction has a limit law: 
P(Z,=j|Z,>0) >a; (j=1,2,...), 
where X Pa,=1. The generating function A(s) :=)'Pa;s! satisfies the modified 
Schröder functional equation 
— A(P(s))= (1 — A(s)), 
and is the unique generating-function solution vanishing at the origin. If A'(1—) 
is the mean of the limit law, 
P(T>n)~p"/A'(1-) (n> œ). 

This result is due to Kolmogorov and Yaglom in the finite-variance case. For the 
proof in the general case, see Athreya & Ney (1972), I or Seneta (1969a), §§ 2,3. A 
treatment emphasising the link with functional equations (for which see Appendix 3) is 


given by Seneta (1974). 
It turns out that regular variation is implicitly present in the result above: 


Theorem 8.12.2 (Seneta (1974)). Let Y be a random variable with the limit-law 
(aj). 
(i) There exists a non-decreasing l, € Ro(0+) with £, (s)| 1/EY as s\O and 
P(T>n)=P(Z,>0)=yu"Z,(u"). 
(ii) There exists a non-increasing (,€R (0+) with £,(s)fEY and 


| P(Y>y)dy~@,(1/x) (x—- œ). 
0 

(iii) EY? < œ for all 5€(0, 1). 

(iv) P(T>n)~cu" for some ce (0, œ) iff EY < œ. 


Proof. Put p(s):=1—P(1—s), a(s):=1—A(1—s). The functional equation 
becomes 


a( p(s)) = pa(s). 
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Now if p,(s) = 1—P,(1—s), one checks that p, , ,(s)=p,(p(s)), so P, 1s the n- 
fold composition of p with itself. We may thus iterate the functional equation 
to obtain 


a(p,(s))=L"a(s), 
or 
P,(S) =a" (u"a(s)). 
Now P,(s)=Es*, so p,(0)=P(Z,=0), and p,(1)=1—P,(0)=P(Z,,>0). 
Putting s=1, we have (since A(0)=0, a(1)= 1) 
PZ >O)=a (nt): 
We may re-write the functional equation as 
a` (s/u)=p* (a"(s)). 
From u= P'(1—) one finds p*(s)~s/u as s|0, while a“ (s) > 0. Hence 
a” (s/u) _ p` (a (s)) ai! 
a“ (s) a` (s) 
One checks that a“ (s)/s is non-decreasing. (Or, equivalently, a(u)/u is non- 
increasing, that is, (1 — A(s))/(1 — s) is non-decreasing. The latter is a chord of 
the graph of A(‘): use the convexity of A(-).) So for 1<A<1/p, 
ie? (As) ja“ (s) eo (s/u) ja" (s) 
As S s/u s 
This extends by induction to 1 <4 < 1/4", so to all A> 1. Thus /, (s) =a“ (s)/sis 
slowly varying at zero, and 


(s0). 


1 (s}0). 


TIEN S 1 
f (0)=lim =lim = ; 
1(9) aia; S dode) EY 


completing the proof of (i), whence (iv). 

For (ii), a“ (s)=s/,(s) (7, € Ro(0+)) implies a(s)=s/,(s), with 7, € Ro(0+) 
the de Bruijn conjugate of 7, (cf. §1.5). Then 1—A(1—s)=s/,(s). Put 
1—s=e ': then s~t (s,t]0). By slow variation of 7), 

1—A(e~')~t?,(t) (tl0). 
As A(e~‘) is the LS transform of Y, (ii) follows. Finally, (iii) follows because 
BY*=ol, y *P(Y>y)dy. E 


3. Critical case 


We deal again with Z, conditioned on non-extinction. 


Theorem 8.12.3 (Slack (1968, 1972)). For a critical branching process, let 
G,(x) = P({1—P,,(0)}Z,, <x|Z,, > 0). 
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Then G,, converges in distribution to a non-degenerate limit law G iff 

P(s)=s+(1—s)! *74(1/(1—s)), Waite ye ps CER,, (8.12.1) 
and then G has LS transform 

G(u)=1-—(14+u7%) 1, 

Equivalently, (8.12.1) holds iff 

P(T>n)=1-—P,(0)~CnP(T=n) (n>0,0<C<oo) (8.12.2) 
and then C=a. Moreover, 

—P,(0)=n~*/*m(n), me Ro. 


We first prove a lemma valid whenever p= 1. 


Lemma 8.12.3'. Write c,,:=1—P,,(0). Then in the critical case, 
(i) CHC. a4 =; 1 (n> 00), 


(ii) lim inf n(1—c,, ,/c,)> 1. 


n> oo 


Proof. 

Cy _P(P,(0)) —PU) 

= SIG). POSO SI 

(i) er OT (6,),  P,(0) 
But P,(0)= P(Z, =0)= P(T <n) > 1, as T is finite-valued (non-defective) for u <1. So 
6,71, whence P’(6,)tP’(1—)=p=1. 

(ii) From P(s)—s={?(1—P’(u))du we find 

3(1—s)(1—P"(s)) < P(s)—s <(1—s)(1—P’(s)), 

the right inequality because 1 — P’ is decreasing, the left because 1— P’ is concave and 
vanishes at 1. Put 


h(s) = (1 —s)/(P(s)—s). 


Then 
(1—s)h'(s)_ _(1—s)(1—P'"(s)) 


h(s) IOs 
which lies in [0,1] by the above. Hence h(s) is non-decreasing for se[0, 1], while 
(1—s)h(s) is non-increasing. So for s,;<s,<1, 
0 <A(s2)—h(s,) <h(s,)(1 —s1)/(1 —s2) —h(s,) 
=h(s,)(s2 —s1)/(1 —s2). 
Take s,,s, as P,(0), P,,, ,(0): the right is 
1=P,(0) __Pys10)—P,(0)__ Cy 


= >l. 


I AOO R O eons 


So 
lim sup h(P,, , ,(0)) —h(P,,(0)) < 1. 


n> W 


Taking Cesàro means, 


umup AP PONSE 


n> o 
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that is, 


Ha OTRO) =lim a? 


C 
lim su x 
K PnP, (0) —P,(0) n NC, —C, +4 


<1. E 


Proof of the theorem. For the direct assertion, assume (8.12.1). With 
C„ ‘= 1— P,(0) as above we find, using P,,, ,(s)=P(P,(s)), that 
n(1—c, +1/c,)=next(1/c,). 
We show that both sides tend to 1/«. For, put 
A(s) = {P(1—s)—(1—s)}/s; 
then A(s)=s7/(1/s). Also sA(s) has monotone derivative. So by Lamperti’s 
result § 1:11.13, 
sA'(s)/A(s) >a (s}0). 
Now 
1 1 A(s)—A(s—sA(s)) sA’(s—@sA(s)) 
A(s—sA(s)) A(s) A(s)A(s—sA(s))  A(s—sA(s)) 
S (s —OsA(s))A’(s — O@sA(s)) A(s — 8sA(s)) 
~s—OsA(s)_ A(s—OsA(s)) A(s—sA(s)) ` 
Let s|0: the first factor on the right tends to 1 (as A(s) — 0), the second to « (as 
above), the third to 1 (from regular variation of A), so the left tends to æ. Since 
€,=C,-1—€,-1A(C,-1); this shows that 
1 1 
A(c,) NE 
whence, taking Cesaro means, 
A(c,,) > 1/a. 


(0<0<1) 


n- 


That is, 
nert(1/c,,) > 1/a, 
SO C,€R_1/4:C,=n '/*m(n) say, m(*)€ Ro. 
For u>0, write y, :=exp(—c,u), 
,(u) = Efexp(—c,uZ,)|Z,, >0} 
E. PAV a= P,(0) 
TAO 
Writ 
w k=k,(u) := sup{j: P (0) < yny- 
Then 
Cna = 1—P,(P,(0))>1—P,(y,) 2 1- PeP) 
=Cn+k+1: 


So for fixed u, and n > œ, 
1 — ,(u)= {1 —P, (Yn) }/Cn~ Cn +4/Cn> 
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by part (i) of the lemma. From 

Cy41 =1—P,4,0)<1—y, <1—P,0)=c, 
and Ck+1 ~Cp, we have 1—y, ~c,, while from the definition of y,, 1 — Yp ~ Cpu. 
Thus c,~c,u. Since c, € R_,/,, we can find 7; € Ro with 


nay li (Cn) /Ch; 
then 
ic. “a (cs) AIAC) i 
KAA hay > u, 
AROR TAGI ELT AOE) 
whence 


Cak (n+k) m(n+k) 


> (1+u-%)7 1%, 
G n` +"m(n) ( ) 


1—$,(u) ~ 


using slow variation of m(‘). This proves the direct part. 
For the converse part, assume ġ„ converges pointwise to ¢, not identically 
1. Since 
o,(u) = E{exp(—u(1—P,,(0))Z,,)|Z,, > 0} 
P,(exp(—u(1—P,,(0)))) — P,,(0) 
LPO) i 
1=Pyg+10) _ 1-P,(P,„ j0) 


1—P,(0) 1—P,(0) 
_1—P,(exp(—log(1/P,,,(0)))) 
1—P,(0) 


__, flog(1/P,,(0)) 
re a 1—P,0) ) 


Assume that 


Then since log(1/P„;(0))~ 1 —P,,(0) and ¢, > ¢, uniformly on compact sets 
1— P,(0) 
By induction, b, exists for each j. By Proposition 1.10.6, c,=1—P,(0) eR, for 
some p (<0, as c, > 0). By part (ii) of the lemma, p < —1. 
(Argue that c,,,,/c, <1—(1—e,)/n where e, > 0, hence for A> 1 


Cran] $ Àn i 1= 3) Àn 1 —& 
aa — =¢@X l 1 ——— 
a Til k pÈ me ES 
<ex vine) 4 
a run 
ALTE TE 


5 


> 1—(b))=b;.,, say. 
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Put «= —1/p:0<a<1. Then 


—1/a 


C,~n m(n) (meR,), 
and, by Theorem 1.9.8, 
Cree a CaN): (8.12.3) 
For fixed n, choose s=s, so that 
P,(0)<s<P,,,,(0). 


Now P(s)—s decreases in s so, for given n, 
P,,+2(0)—P,,+1(0)=P(P,, + 1(0))—P,,410)<P(s)—s 
<P(P,(0))—P,,(0)=P,, +1 (0) —P,,(0), 


or 
Crt Cn 49 SPS) SRC, Oey: 
Similarly, 
Cn+1 << 1 — S| Ces 
Combining, 


Coe Ca Gh S) Sa 4 Cera, 
(Cee Plan oa (Goan 
Since c, ,,/C, > 1, the extreme terms of these inequalities are both asymptotic 
to I/(anc%), or 1/{a(m(n))*}, so are slowly varying in n. Since 
1—s~c,~n ‘/*m(n), the middle term is thus slowly varying in 1/(1—s), so 
(8.12.1) holds, as required. 

Thus (8.12.1) is necessary and sufficient for G, to have the non-degenerate 
limit law G, and (by (8.12.3)) sufficient for (8.12.2) with C=a. Conversely, if 
(8.12.2) holds, Karamata’s Theorem gives regular variation of P(T=n) and 
c,=P(T>n), and the proof above gives (8.12.1). a 


The special case a= 1 is particularly important: here @(u)= 1/(1 + u), so the limit law 
G(x)=1—e *, the exponential distribution. Note that (8.12.1) holds with «= 1 and 7 
asymptotically constant if Z, has a finite variance (that is, P”(1—)< œ). This special 
case gives the classical ‘critical limit theorem’, due to Yaglom; see e.g. Athreya & Ney 


(1972), Chapter 1. 
For the cases 0<a<1, Zolotarev (1957b) evaluated the d.f. giving rise to the limit 


law, as an integral involving the one-sided stable density of index «. 


4. Supercritical case 


We give results of two types, for the extinction-set {Z,, =0 for large n} and the 
explosion set {Z,, > œ }; recall that these exhaust the sample space to within a 
null-set. 

Consider first the extinction set {T< œ}. It turns out that Theorem 8.12.1 
extends to this case also, if we condition on n< T< œ rather than n< T. The 
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resulting conditioned limit theorem for the non-critical cases complements 
Slack’s Theorem for the critical case. 


Theorem 8.12.4. For a non-critical process with pọ >Q, 
P(Z,=jn<T<œ)>a; (n> œ) (j=1,2,...) 
where X? aj=1. Then A(s):=} 7 ajs satisfies 
1 — A(P(s))= “(1 — A(s)). 
In terms of A'(1—)= YP? ja; the mean of the limit law, and y := P'(q) where q is 
the extinction probability, 
P(n<T<œ)~y"/A'(1—) (n> œ). 

For the proof, see e.g. Athreya & Ney (1972), Chapter 1. As before, regular 
variation is implicitly present: Theorem 8.12.2 extends (mutatis mutandis) to 
this case also, as we leave the reader to check. 


We turn to the explosion set {Z,, > œ}. The relevant convergence theorem 
is now 


Theorem 8.12.5. If = EZ, €(1, œ), there exist constants a, — œ such that 
A, +1/a, > u and Z,/a, converge a.s. to a limit W, finite and positive on the non- 
extinction set. 

If ġ(s):= Ee~*" is the LS transform of W, ¢ satisfies the functional equation 

p(us) = P(P(s)) 
and is the unique solution, up to scale, which is the LS transform of a probability 
law. Alternatively, in terms of cumulant-generating functions, if 
k(s) = —log P(e *)= —log E exp(—sZ,), 
K(s):= —log Ee~*, 
then 
K (us) =k(K(s)). 

For proof, see e.g. Athreya & Ney (1972), Chapter 1; for the corresponding 
local limit theorem see Dubuc & Seneta (1976). A short recent proof of the 
almost-sure convergence assertion was given by Grey (1980), using martingale 
methods. Again, regular variation is implicitly present: 


Theorem 8.12.6 (Seneta (1974)). In the setting of the previous theorem, there 
exists ¢ slowly varying at zero, with ¢(s);EW< œ as s|0, such that 


(i) a,~p"/€(1/u") (n> œ), 
(ii) | P(W> y)dy~¢(1/x) (x œ). 
0 


Then P(W>x)=0(x~'¢(1/x)), and E(W’)< «0, 0<p<1. 
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Proof. As s|0, K(s) > 0, and k(s)/s > p= EZ,,so from the functional equation 
K(us)/K(s)=k(K(s))/K(s) > w (s0). 
Also K is concave on [0, œ), and K(s)/s decreases in s, so for l</A<p, 


K(As) /K(s)_ K(us) /K(s) 
ve As | S 4 us | s E NO: 


This holds by induction for 1<A<y", so for all A>0, so K(s)/se R(0+): 
K(s)=s¢(s), with / € Ro(0 +). Here ¢(s) has a finite limit as s|0 iff K(s)/s does, 
that is, iff EW<oo. 

Iterating the functional equation, 

K(u"s)=k,(K(s)), 
with k,, the cumulant-generating function of Z,,. So k,(s) = K (u”K ~ (s)), whence 
k,(sK(1/u")) = K (u"K “(sK(1/u"))). 

Fix s and let n > oo. The right-hand side converges to K(s), for we have 
K* €R,(0+) and so K*(sK(1/u"))~sK*(K(1/u")). But this shows that 
k,(s/a,,) > K(s) where a, := "/¢(1/p"), which is (i). 

For (ii), use 


K(s) 1—Ee™s” 
s s 


~¢(s) (s0) 


and Karamata’s Tauberian Theorem; the remaining assertions follow from 
(ii). 2 

It is useful to know when / can be replaced by a constant. The next result 
settles this, the equivalence of (ii) and (iii) following from the above. For the 


equivalence of (i) and (ii) we refer to Seneta (1969a). We make the convention 
Olog 0O=0. 


Theorem 8.12.7. The following are equivalent: 

(i) E(Z, log Z,)<o, 

(ii) EW< œ, 

(iii) a,~ cu” (n> œ,0<c< œ). 

Subject to the moment-condition E(Z, log Z,)<, these results show that, a.s., 
Z,~ Wu" whenever Z, is not ultimately zero. That is, the asymptotic growth-rate of Z,, 
is deterministic, and geometric. The randomness is present only in W (which, loosely, 
represents the cumulative effect of good or bad luck in the early stages). 

The distribution of the limit W is of great interest. It is known to have a continuous 
positive density w on (0, œ) satisfying a Lipschitz condition (Athreya & Ney (1972), 
Chapter II) — and of course an atom at zero of mass q, the extinction probability. It is 
not known which densities w(') can arise in this way. 

This lack of complete information on the law of W prompts a search for asymptotic 
information. The behaviour of the left tail of W (that is, P(0 < W <x) as x|0) has been 
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studied by Dubuc (1971) (cf. Harris (1948)). He shows that if P’(q)>0 (that is, if 
P(Z,=0 or 1)>0), writing 

a = —log P'(q)/log p 
we have 

w(x) Xx! (x0), 
while lim, 9 w(x)/x*~ * need not exist. On the other hand, if Z, >2 a.s. (the minimum 
family size is at least 2), w(x) is exponentially small as x |0; cf. Harris (1948), Hoppe & 
Seneta (1978), §2.2, who show that OR-statements can be made. A fourth source of 
information on the left tail of W is Karlin & McGregor (1968). 

We turn now to the right tail (P(W>x) as x > œ). In the case EW< œ of 
Theorem 8.12.7, the behaviour of P(W>x) may be compared with that of 
P(Z, >x). The following result is due for « non-integer to Bingham & Doney 
(1974), for a integer to de Meyer (1982). 


Theorem 8.12.8. If 1<p<co,a>1,7ERo, 
P(Z,2x)~¢(x)/x* (x> œ) 
iff 


POW 30) eso er AU, 


XU) 
This raises, of course, the ‘comparison’ question as to whether 
P(W2x)/P(Z,2=x)>ceE(0,0) (x> œ) 


implies regular variation as above, but this remains open. 


5. Infinite-mean case 


When u= œ, it can be shown that no norming c, can give a non-degenerate 
proper limit law for Z,,/c,, (that is, a law on [0, 00)); see Seneta (1975). There 
are two possible courses: to allow the limit law to put some mass at infinity, or 
to consider limit laws for U(Z,,)/c, for suitable functions U. It turns out that 
there are two essentially different cases, called regular (where, roughly, limit 
laws of Z,/c, must have all their mass on {0} or {co}) and irregular. In the 
regular case, the function U above must be slowly varying, while in the 
irregular case U varies slowly off an exceptional set. A detailed treatment is 
given in Schuh & Barbour (1977). 

This completes our treatment of the four cases in the basic model of the 
simple branching process. We turn now to a brief discussion of related but 
more complicated models. 


6. Immigration 


One may modify the basic model by allowing immigration (which, for instance, may re- 
start the population after it has become extinct). One may consider invariant measures 
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for the underlying Markov chain, both for the basic model and for the model with 
immigration. Although invariant measures are not in general unique, Seneta (1971) 
obtains uniqueness of the invariant measure subject to a regular variation condition. 
For limit theory, see Pakes (1979), Barbour & Pakes (1979) and the references therein. 


7. Continuous time 


In a related model, the state-space is discrete as above but time is continuous, giving 
the continuous-time Markov branching process (for which see Athreya & Ney (1972), 
Chapter IIT). Analogues of the above limit theorems hold, but are in some respects 
simpler. For instance, in the supercritical case we again have an a.s. limit W, but now its 
LS transform ¢(-) is specified, through the generating-function P(-) of the underlying 
simple branching process, by 


* /P'(1)—1 1 
b*(x)=( yen} | ( Gia t Joh 


a result due to Harris and Sevastyanov. While this result is hardly very explicit, it does, 
in principle at least, tell us which are the possible limit laws for W, information which 
seems beyond reach in the simple branching process. The results above on the left tail 
behaviour of W are also much simpler here; see Karlin & McGregor (1968). 


8. Continuous state 


In a branching model due to Jirina, both state and time are continuous (see Athreya & 
Ney (1972), VI.6 for a brief account). Processes of this type arise as limits of sequences 
of discrete (simple) branching processes as the time- and space-scales are contracted; 
for results of this type see Lamperti (1967a,b,c). Again there is a supercritical limit 
theorem; a complete description of the left tail behaviour of W is given by Bingham 
(1976). 

It is worth remarking here that infinite divisibility of W is essentially the reason why 
complete results on the law of W (such as the Harris-Sevastyanov result above) can be 
obtained. In the case of the simple branching process, on the other hand, W need not be 
infinitely divisible (Biggins & Shanbhag (1981)), and the corresponding problems 
remain intractable. 


9. Age-dependent processes 


The restrictions in the simple branching process to a fixed lifetime-law and to the birth 
of offspring only at the death of a parent are somewhat unrealistic, and can be relaxed 
in various ways. One ‘age-dependent’ model, due to Bellman & Harris, is treated at 
length in Athreya & Ney (1972), Chapter IV. For the ‘general’ or ‘Crump-Mode- 
Jagers’ process, see e.g. Doney (1973); tail-behaviour of W in the supercritical case is 
treated in Bingham & Doney (1975). 


10. Multitype processes 


Most of the theory can be extended from particles, or individuals, of one type to several 
types; see e.g. Athreya & Ney (1972), Chapter V. There are interesting connections 
with the Perron—Frobenius theory of non-negative matrices. For a survey of the 
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multitype theory with emphasis on regular variation, see Hoppe & Seneta (1978), Part 
1. Goldstein & Hoppe (1978) extend Slack’s Theorem to the critical multitype case. 


8.13 Extremes 


Let X,, X,,...be sampled independently from a common law F. For fixed n, 
the sample (X,,...,X,,) may be arranged in order of magnitude to give the 
order statistics 

Xa S. <Xq; 
here X (or X if the sample size n needs to be stressed) is the ith order 
statistic. We shall be particularly concerned with the nth order statistic or 
sample maximum, which we shall write as M,„: 

MaA =max{X,,..., Xp}, 

(in distinction to our usage in §8.9 when M,, is max(0,S,,...,5,) with 
S=} i X;,). Note that M, has law F", as 


P(Masx)e P(X psc al, en) = [i Pea Oe, 


1 


1. Extremal types 
Our first task is to study for M,, the analogue of the central limit problem of 
§8.3: when can we find centring and norming constants b,,a, and a non- 
degenerate limit law G with (M,,—b,)/a, convergent in law to G, that is 
F"(a,'+b,)=>G(-) (noo)? (8.13.1) 

As in § 8.3, we are really concerned with types, rather than laws as such. 

The non-degenerate G that can arise as limits in (8.13.1) are called extreme- 
value or extremal laws. They are given explicitly through the following 
classical result, due to Fisher & Tippett (1928) and Gnedenko (1943). 


Theorem 8.13.1 (Fisher-Tippett Theorem). The extremal laws are exactly 
those which agree to within type with one of the following: 


wee 0 (x <0) 
(i) O,(x) = = (x >0) 


— (= )\% 5 <0 
(i) 0) =] (—x)) See 


(iii) A(x) = exp(—e~*). 


(«>0), 


(a>0), 


Proof (Weissman (1975b). Suppose (8.13.1) holds, with G non-degenerate. 
Take x at which G is continuous, then for any fixed t>0, 


Fa x + b,) = {F"(a,x + b,)}"!" > {G(x)}* (n> œ). (8.13.2) 
Thus F'"(a,-+b,)>G(-), or equivalently (Ming —b,)/4,=>Y, where Y, has 


t 
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law G‘. By Theorem 8.5.3, (Y,) is marginal self-similar, and satisfies Theorem 
8.5.1, with index p, say. When p=0 this gives 

G'(x)=G(x—blogt) (t>0,xeER). (8.13.3) 
When p#Oit gives (M_,,;—b,)/a, = t?(Y; —c) +c for some c. But then, setting 
b, =, +ca,, we find (Mmg —b,)/a, => tZ where Z, :=Y, —c. The law H of 
Z, is of the same type as G, and we are concerned only with type. It has the 
property that H' is the d.f. of t?Z,, that is 

H'(x)=H(t°’x) (t>0,xeR). (8.13.4) 
Taking first (8.13.3), we may pick c so that 0<G(c)<1, and then 
log t+log(—log G(c))=log(—log G(c—blogt)) (t>0). 
This identity in t yields 
log(—log G(x))=a—x/b (xeER) 

for some a. Thus G(x)=exp(—e* */°),and b>0 in order that G be a d.f. So Gis 
in the A-type. 

As for (8.13.4), suppose first p >0. Take x <0, then one side of (8.13.4) is 
increasing in t, the other decreasing, so both are constant, indeed zero. Then 
we may find c >Q so that 0< H(c)< 1. With a := —log H(c)>0, (8.13.4) yields 
H(ct"°)=e"™, hence H(x)=exp(—a(c/x) +°) (x>0). Thus H is in the ®,,, 
type. 

Taking p <0 in (8.13.4), we similarly obtain the types. E 


2. Domains of attraction 


Now that we know the extremal laws G, we may ask which F may appear in 
(8.13.1), that is, which F lie in the domain of attraction D(G). We deal in turn 
with the three cases ®,, ‘¥,, A. The results in the first two cases are due to 
Gnedenko (1943). 


Theorem 8.13.2. FeD(®,) iff 1—FeER_,, and then we can take b,=0, 
a, = inf{x:1—F(x)<1/n}. 

Proof. Write F=1—F. Assume first that F € R_,. Choose a, as above; then 
F(a,)~ 1/n, and as n > oo, 


log F"(a,x) =n log{1—F(a,x)} 


~ —nF(a,x) 
as — F(a,x)/F(a,) 
>-—x %. 


That is, F"(a,x) > ®,(x). 
Conversely, suppose F"(a,,x + b,) > ®,(x); we have pointwise convergence 
because the limit is continuous. Similarly to (8.13.2), this leads to 


F” (atusX + brns) = D(x) (n a, o0) Vs>0, x. 
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The right-hand side is ®,(s'/*x). By convergence of types, 

Arns\/4n => sil, (Dens) ~b,)/4, 0. 
So a, €R,),, whence b,/a, > 0 by Theorem 3.2.7, and we can take b, =0. But 
then nF (a,x) > x~*. Taking x=1, FER_, as ap E€ Rija oO 


For the next result, call 
x, (or x4(F)) =sup{x: F(x) <1} 


the upper end-point of F. 


Theorem 8.13.3. F € D(¥,) iff the upper end-point x , is finite, and 1— F(x, —1/x)e€R_,. 
Then one can take a,=sup{x:1—F(x,—x)<1/n} and b,=x,. 


Proof. Assume first that F(x, —1/x)eR_,, and choose a, as above. Then a, > 0, 
F(x, —a,)~ 1/n, and, for x>0, 
log F"(x , —a,/x)=n log{1— F(x, —a,/x)} 
~ —nF(x, —a,/x) 
~ —F(x.—a,/x)/F(x 4 —a,) 
>x", 
That is, 
F”(x, +a„,x)>exp(—(—x)})=¥,(x) (x<0) 
and FeD(¥,). 
Conversely, if F e D(¥,) we find, similarly to the ®, case, that a, € R _,,, (in particular 
a, > 0), and (bins]— bn)/an > 9. So (b,) is Cauchy, so convergent: b, >b say. Take 
x=0 in (813)1)2 F"(b>) 11 so. F(b}) hand b=x2. so)x%, is finite. [ib >x<0 
then b,—a,>x, for all large n, so F"(b,—a,)=1"=1, a contradiction as 
F"(b, —a,) > ¥,(—1)<1. So b=x,. 
We can take b,=x, for all n; then the argument above reverses to give 
F(x, —1/x)eR_,. go 


The remaining case G= A is more complicated and involves the class I` of 
§ 3.10. Parts (i), (ii) of the theorem below are due to de Haan (1970), Part (iii) 
to Mejzler (1949) and Marcus & Pinsky (1969). As before, x , < oo is the upper 
end-point. We introduce the (cumulative) hazard function 
H(x) := —log(1—F(x))= —log F(x) 


and its (right-continuous) inverse H“; also write U:=(1/(1—F))*. 


Theorem 8.13.4. Each of the following is necessary and sufficient for F e D(A): 
~ U(tx)— U(t) logx 
O Uau logy 
(ii) F(t+xf(t))/F(t) > e-* (ttx,) for some positive function f(t) (which may 
be taken as {** F(s)ds/F(t), t< x4), 
(iii) H* (x+u)—H* (x)~uZ(e*) (x > œ) Vu>0, for some f E€R9. 


(t > œ) for all x, y>0, y41, 
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Proof. The equivalence of (i) and (ii) follows from Theorem 3.10.4, suitably 
modified if x, < oo. 
For (iii), first assume F e D(A). Then (8.13.1) becomes 
nF(a,x+b,) > e-*, (8.13.5) 


or 
H(a,x + b,)—logn > x. 


By Polya’s result, § 1.11.21, this holds locally uniformly in x, whence it is easy 
to see it is equivalent to 
{H= (x+log n)—5,}'/a, > x, 


that is, 
{H~(log(nx)) —b,}/a, + log x. 


Put x=1 and subtract: H“ (log `) satisfies the conditions of de Haan’s 

Theorem, and we obtain (iii). Also, we may take 
b,=H* (log n), a, = H* (log(ne)) — H * (logn) 

(that this choice of a, and b, is always possible is due to Gnedenko). The 

argument reverses: (iii) with this choice of a,, b, gives (8.13.5), so F € D(A). 

Since H(x) := —log F(x), H* (log x) is U(x), so (i) is also necessary and 

sufficient for F e D(A). E| 
3. Von Mises’ conditions 


Now that necessary and sufficient conditions for F to be in an extremal 
domain of attraction are known, we turn to some useful sufficient conditions. 
If F has density f, call 

h(x) = f(x) {1 -F (x)}=H'(x) 
the hazard rate of F (if X has law F, then P(X e (x, x +dx)|X >x)=h(x)dx, 
whence the name). The next three results are due to von Mises (1936); for the 
proofs we follow de Haan (1976b). 


Theorem 8.13.5. If x, =œ and 
xh(x)>a>0 (x>) 
then F e D(®,). 


Proof. By Lamperti’s result, § 1.11.13, the condition is KERS ROL 
FeD(®,). E] 


Theorem 8.13.6. If x, <œ and 
(x, —x)h(x) > a>0 (xÎx+) 
then F eD(¥,). 


Proof. Take x, =0 by a change of location; replace x by —1/x and proceed as 


above. 
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In the third of von Mises’ results, we will confine attention for simplicity to 
infinite end-points. 


Theorem 8.13.7. If F has infinite upper end-point, and 
d 
—— (1/h(x)) +0 (x> 00) 
dx 


then F € D(A). 
We first prove 


Lemma 8.13.8. If g(t)>0 for large t and g'(t) > 0 ast > œ, g is self-neglecting: 
g(t +xg(t))/g(t) > 1 (t > œ) uniformly on compact x-sets. 


Proof. By the Mean-Value Theorem, 

g(t +xg(t)) =g(t) + xg(t)g'(t +x0g(t)), (8.13.8) 
where 0<0=O(x,t)<1. As g'(t) > 0 as t > œ, g(t)=o(t), so 1+xO(x, t)g(t)/t remains 
bounded away from zero for large t, uniformly on compact x-sets. So, using g’(t) +0 
again, we find 

g (t+xO(x, t)g(t)) 70 (t— œ) uniformly, 
and the result now follows from (8.13.8). oO 


Proof of the theorem. Write  g(x):=1/h(x)=F(x)/F'(x). Then 
fa dt/g(t) = — [log F(t)]}, so 
F(x)= F(a) epf — i dua}. 


a 


Define b, so that F(b,)=1/n. Then 


nF(b,, +xg(b,))= exp} — | 


b, 


b, + xg(b,) 


arao} 


= exp = f g(b„)du/g(b„ + wa). 


10) 
As g is self-neglecting, the integrand on the right tends uniformly to 1, and so 
the right tends to e *. But then 
F"(b, +xg(b,)) > A(x), 
so F € D(A), and we can use b,, g(b,,) as centring and norming constants. [J 


With f the density of F, the von Mises condition for D(A) is 
FOFOS + =1 (x > oo). 
For the normal law ®, with density (x) =exp(—4x?)/,/(2n), g(x) = —xd(x) while 
1 — (x) ~ $(x)/x. The von Mises condition is thus satisfied, and ® € D(A). Similarly, 


the exponential law, and indeed any gamma-distribution, belongs to D(A). 
We note that 


(i) The sufficient conditions of von Mises are related to certain necessary and 
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sufficient conditions of de Haan: see de Haan (1970); 


(i) Balkema & de Haan (1972) show that any F e D(A) has a tail asymptotic to that 
of some G satisfying von Mises’ condition. 


4. Local limit theorems 


Suppose F is eventually strictly increasing and has density f. Sweeting (1985), extending 
de Haan & Resnick (1982), has given necessary and sufficient conditions for the density 
of (M,, —b,)/a, to converge locally uniformly to that of the limiting extremal law. In the 
cases of ®, and Y, these conditions are the von Mises conditions of Theorems 8.13.6,7. 
For A the condition is that xf(U(x)) be slowly varying, where U :=(1/F)~. Density 
convergence in L”, and joint density convergence of the k upper order statistics, are also 
treated. 
For discrete local limit theory see C. W. Anderson (1980). 


5. Large deviations 
We have characterised the convergence P(M,,>a,x +b,)~ 1— G(x) (n > œ), for fixed 


x. C. W. Anderson (1978) (see also (1984)) extends this to hold for suitable x > o, 
under side-conditions. Take the case G=@®,. Recall ‘super-slow variation’ (§ 3.12). 


Theorem 8.13.9. Let F € D(®,) be continuous, and take norming constants a, (and centring 

constants b,=0) as in Theorem 8.13.2. Let x,foo. In order that 

P(M,,> 4, ) 
1—@,(x) 

it is necessary and sufficient that there exists a non-decreasing function č such that 

€(a,)=x, and the slowly varying function x*(1—F(x)) is super-slowly varying with 

auxiliary function č. 


—1|>0 (n> œ) 


sup 


x<x, 


6. Rates of convergence 


We turn now to the analogue for extremes of questions of Berry—Esseen type, namely 
finding rates of convergence, uniform in x, of F"(a,x+b,) to G(x) in (8.13.1), or 
alternatively of F"(x) to G((x —b,)/a,,). Here G may be ®,, ¥, or A, and recall that we 
are working to within type. So our limit law, or approximation, will contain three 
parameters (location, scale and «) in the case of ,, Y, two in the case of A. Suppose for 
instance that a statistician wishes to estimate F"(x),F unknown, using an 
approximation G((x —b,)/a,), with parameters estimated from the data (a sample of 
size n drawn from F). By varying three parameters rather than two, it may be possible 
to obtain a better fit using ®, or ¥, for G even if the theoretical limit law is A. That is, we 
may be able to choose a(n) depending on n so that Pam or Yam gives a better 
approximation (uniformly in x) than A. This possibility was raised in the pioneering 
work of Fisher & Tippett (1928), who called such approximations penultimate, in 
contrast to the ultimate approximation based on A, for F e D(A). 

For F e D(®,), D(¥,), uniform rates of convergence have been obtained by Smith 
(1982). For D(A), a particularly important special case is that of a normal population, 
for which the convergence is very slow. P. Hall (19796) showed that the convergence- 
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rate here for the ultimate approximation is exactly O(1/logn) (for the exponential 
case, see W. J. Hall & Wellner (1979)). J. P. Cohen (1982a) shows that for normal 
populations, penultimate approximation gives the improved convergence-rate 
O(1/(log n)?). Similar results for wide subclasses of D(A), containing the normal, have 
been given by J. P. Cohen (19825). For other laws, faster rates are available (Rootzén 
(1984)). 

Other formulations of rates of convergence are in Reiss (1981), Omey & Rachev 
(1987), Resnick (19865). 


7. Statistical estimation of tails 


For inference about extremes the problem of estimating (say) a regularly varying tail — 
i.e. in D(®,) — is an important one, related to the above. Estimation of the index a is a 
key component. A large number of methods has been proposed, involving order 
statistics, the empirical d.f., exceedances, kernel estimators, etc. We refer for recent 
work to M. Csörgő et al. (1985), S. Csérgo et al. (1985), Davis & Resnick (1984), 
DuMouchel (1983), Gawronski & Stadtmiiller (1985), Goldie & Smith (1987), and 
R.L. Smith (1986), P. Hall & Welsh (1984, 1985), Haeusler & Teugels (1985). 


8. Extremal processes 


Sample maxima may be used to generate a sequence, not merely of random variables as 
in (8.13.1) but of stochastic processes. These processes may be shown to converge 
weakly to certain limit processes, called extremal processes, having the extremal laws 
as their one-dimensional distributions. Such processes also arise without any limiting 
operation from the ‘time-space’ point processes that we mentioned in § 8.2.6, which are 
equivalent to the ‘Poisson point processes’ of Itô (1972). This was first observed, 
essentially, by Pickands (1971). For the structure of extremal processes and their 
connection with maxima see Lamperti (1964), Dwass (1964, 1966), Resnick & 
Rubinovitch (1973), Resnick (1974, 1982), Deheuvels (1974), Shorrock (1975), de Haan 
(1984). A very general approach, involving e.g. set-indexing, has recently been 
developed: see Vervaat (1986) and references therein. 


9. Generalisations 


One may also weaken either or both of the assumptions that the observations are 
independent and identically distributed. For non-identical laws (first considered by 
Mejzler), see Weissmann (1975a, 1975c), Serfozo (1982); for results on Gaussian or 
stationary dependence, Leadbetter et al. (1982), O’Brien (1987). Discrete random 
variables are considered by C. W. Anderson (1970). 


10. Laws of large numbers 
For laws with infinite end-point it was shown by Gnedenko (1943) that 
(i) there exist constants A, with 
P(\M,—A,|>e)>0 Ve>0 
— that is, ‘M,, obeys the law of large numbers’ — iff 
{1—F(log Ax)}/{1—F(logx)} +0 (x>0) WA>1, 
that is, 1—F(log :)ER_,,; 
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(ii) there exist constants B, with 
P|(M,/B,)—1|>e) +0 Ve>0 
— that is, ‘M, is relatively stable’ — iff 
{1—F(Ax)}/{1-F(x)} 90 (x00) VA>1, 


or 1—F(‘)e€R_.,,. For the corresponding almost sure results, see Resnick & Tomkins 
(1973). Laws of the iterated logarithm for sample maxima have been given by de Haan 
& Hordijk (1972). 


11. Other order-siatistics 


We have presented the theory for the highest order statistic (sample maximum). 
Analogous results for the kth highest order statistic are due to Smirnov (1952). 
For settings in which k is allowed to vary with n see Balkema & de Haan (1978). 
Connections with multivariate extremal processes are in Dwass (1974), Serfozo (1982), 
Hall (1978) (see also Weissman (1982)); we mention also Vervaat (1973a), regrettably 
unpublished. We quote one concrete result on several order statistics: 


Theorem 8.13.10 (Smid & Stam (1975); cf. also Bingham & Teugels (1981)). For F on 
(0, 00), se{0, 1,...}, re{1,2,...}, the following are equivalent: 

(i) F is attracted to a stable law, 

(ii) X(_,_/X(_,) has a non-degenerate limit law. 

Further results on ratios of order statistics and sums of order statistics may be found 
in Teugels (1981), Mason (1982) (for instance), and cf. also § 8.15 below. 


12. Stochastic compactness 

One may require only stochastic compactness of M,„, that is, existence of constants 
a, >0,b, such that every subsequence of ((M,,—5,,)/a,) contains a further subsequence 
convergent in law to a non-degenerate limit. This is equivalent to all subsequential 
limits of the sequence F"(a,,‘ +b,,) being non-degenerate d.f.s. By techniques of function 
inversion, similar to those used earlier in this section, this is equivalent to asymptotic 
balance (see § 3.11) of the function U :=(1/(1—F))~. This is due to de Haan & Resnick 
(1984b), who give characterisations of the class of F obtained. 


8.14 Records 


The nth observation X, (of X; ii.d. with law F) is called a record if 
X,>max(X,,...,X,—,). Thus records are related to maxima as ladders are to 
random walks. The record times are L(1):= 1, L(n+1):=min{k:k>L(n), 
X,>Xy)} for n=1,2,.... The record, values are Xigq, n=1,2,.... 
Fundamental to consideration of the latter is the following Structure Lemma, 
which makes use of the hazard function H := —log(1—F) discussed in the 
previous section. 


Lemma 8.14.1 (Structure Lemma). If F is continuous then R,:=H(X rm) 
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n=1,2,..., constitute the record-value sequence of i.i.d. unit exponential r.v.s. 
Further, the R, form the atoms (‘points’, epochs’) of a unit Poisson process on 
(0, 00), that is, R,=E,+...+E,, neN, where the E, are independent unit 
exponential r.v.s. 


Proof. The ‘probability integral transformation’ shows that U;:=H(X;,), 
i=1,2,...,are independent unit exponential r.v.s. (using the continuity of F). 
Further, with probability 1 no two of the X; take the same value, nor do any 
two of the U;. Hence the record times of (U;) and (X;) coincide, and R = Utin) 
are the record values of (U;). 

For the last part, it suffices to pick integers |1=/,</,<...</, and to 
verify that R,,...,R, have the correct joint density on the event {L(1)= 
/,,...,L(n)=Z,}; the integers 7,,..., 7, may then be summed out. The reader 
should do this himself. Details are in Resnick (1973). oO 


When F is not continuous it has been shown by Shorrock (1973) that the record 
values X zn can still be modelled by a point process having the ‘complete randomness’ 
property of Poisson processes, but now also with atoms at fixed sites, their presence or 
absence controlled by independent Bernoulli random variables. 

Returning to the F-continuous case, the structure lemma is the starting 
point for investigating the domain-of-attraction problem for record values: 
find all possible non-degenerate limit laws G such that for suitable constants 
An, Dn, 

(Xin bn)/an > G (n> œ), (8.14.1) 
and conditions for attraction thereto. The solution is due to Resnick (1973). 
He defines the associated law 


A(x) = 1—e-V#@) (xe R). 
As usual, ®,, ¥, and A denote the standard extremal laws of the Fisher— 


Tippett Theorem, and D(®,), D(‘¥,), D(A) the domains of attraction of 
maxima as in Theorems 8.13.2-4, while ® denotes the standard normal law. 


Theorem 8.14.2 (Resnick (1973)). Assume F continuous. Then the limit laws G 
for record values are given by G(x):=®(—log(—log G(x))) where G is an 
extremal law. More explicitly, the limit laws are those within the type of one of 


(o=) 
(log x*) (x20), 
(log(—x)~*) (x<0), 
1 (x>0), 


5 0 
(i) ®,(x) = fo 


(ii) ‘P,(x) -| 
(iii) D(x), 


where a is a positive constant. And X» is attracted to 


~ 


(i) &,, iff AeD(,,,), 
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(ii) W,, iff Ae D(Y,,,), 

(iii) ®, iff Ae D(A). 
Proof. Since H is continuous, 

P(X pm <a,x + 5,) = P(R, <H (a,x + b,)) 
=P((R, —n)/\/n<{H (a,x + b,) —n}/,/n). 
By the structure lemma, (R, —n)./n= Ci E;,—n)/,/n => @, so that 
P((R,—n)/\/n<y)> Dy) (n> 0), 

Comparing, we see using the strictly increasing property of ® that (8.14.1) is 


equivalent to the existence of a non-decreasing [ — 00, œ ]-valued function g 
such that at all continuity-points x of G, 


{H(a,x+b,)—n}/,/n > g(x) (n> œ) (8.14.2) 
and 
(g(x)) = G(x). (8.14.3) 
So g and G have the same continuity-points, and by making g right- 
continuous the latter equation becomes an identity. Non-degeneracy of G is 
equivalent to there being continuity points at which g is finite. 
The conclusions so far are due to Tata (1969). 
Now (8.14.2) is equivalent to 


{H (apyx +b) —t}/,/t > g(x). (t > 2) (8.14.2’) 


at all continuity-points x of g. If also g(x) is finite, the latter implies 


and hence 
as — A(agyx t+ bey) — wit 
VH lanx + btn) t= ait A (Ginx aa 
> 4g(x). (8.14.5) 


Further, the latter implies (8.14.4) and so (8.14.2’). Bringing in the associated 
law A, and setting a,,,=a(u), bj =B(u) where u=ev', we find (8.14.5) and so 
(8.14.1) are equivalent to 
uf 1— A(oe(u)x + B(u))} +e (u> oo), 
at all points x at which the right-hand side is continuous and in (0, 00). But this 
is equivalent to 
A"(a(u)x + B(u)) > exp(—exp(—4g(x))) (u> œ) 

wherever the right is continuous and (0, 1)-valued. In other words, 
exp(—exp(—4g(x))) is an extremal law and A is attracted to it. Modulo type, 
we can take exp(—exp(—4g(x))) to be ®,(x) or Y, (x) or A(x), and by (8.14.3) 
these correspond to G(x)=©,(x) or P(x) or O(x) respectively. A 
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Corollary 8.14.3 (Resnick (1973)). For F continuous, the following are 
equivalent: 

(a) (X uin — bn)/an > ®, for some sequences (an), (bp); 

(b) 1—A(x)=e ERER 

(c) JH (x)=e(x) +f} e(t)dt/t where c(x)—+ce(—%, 0), e(x) >4a, as 
xX; 


(d) lim, {H(Ax) — H(x)}/,/H(x) > a log å, for all A>0. 


Proof. Theorem 8.14.2 gives the equivalence of (a) and (b), and of course (c) is 
just a reformulation of (b). Now (b) implies ue is slowly varying, so 


H(Ax) —H(x) /H(Ax) 
a ne ai ene +t 


> (alog 4) (1+1) 
which is (d). Conversely, (d) implies H eT with auxiliary function JH! so 
WH e Ro and the argument giving (d) from (b) reverses. E 


For the very similar result for Ẹ,, see Resnick (1973), Theorem 4.3. 


Corollary 8.14.4. For F continuous the following are equivalent: 
(a) (Xim —5,)/a, > ® for some sequences (a,), (by); 
(b) /H(t+xf(t)) —/H(t) >x (t> œ) for all xER, for some positive 
function f; 
(c) {H(t+xf(t)) — H(t)}/,/H(t) —> 2x (t > œ) forall xe R, for some positive 
function f. 
Proof. By Theorems 8.14.2 and 8.13.5, (a) is equivalent to 
{1-A(t+xf()}/{1-A(O} e T E 
for some positive function f. This may be rewritten as (b). Each of (b) and (c) 


implies H(t+xf(t))~ H(t) as t > œ. Under that condition, and writing (c) as 


/H(t+xf(t)+/H() 
4 " + 2x, 
(VH(t+ xf) - VH) / H(t) : 


clearly (b) and (c) are equivalent. g 


Observe that ®, is the lognormal law (and hence its type). For functional versions of 
these results see Vervaat (1973a), and for the case of F supported by the integers see 
Vervaat (19735). 

As with extrema, one may consider other limit theory for record values, such as laws 
of large numbers and relative stability. See Resnick (1973), de Haan & Resnick (1973). 
For ‘partial records’ see Goldie (1983), ‘random records’, Westcott (1977), Embrechts 
& Omey (1983), ‘records from non-stationary sequences’, Ballerini & Resnick (1985), 
de Haan & Verkade (1987), ‘kth records’, Goldie & Rogers (1984). 

Turning to the record times L(n), the Structure Lemma implies that the law of the 
process (L(n)) does not depend on F, so long as F is continuous. Rényi (1962) 
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characterised (L(n)) as a Markov chain. Its behaviour for large n follows rather 
straightforwardly from the ‘strong approximation theorem’ essentially in Williams 
(1973); cf. also Vervaat (1972), § 4.2. 

For modelling and statistical aspects of records see Glick (1978). 


8.15 Maxima and sums 


With X, i.i.d. with law F, we turn now to a comparison of 


n 


M, =max(X4,s-,X,). and, .S,:=), X;. 
1 


We restrict attention for simplicity to the case of F concentrated on (0, «); 
then S,>0, and we can consider M,,/S,. 

When does M,/S,—-0? O’Brien (1980) showed a.s. convergence is 
equivalent to finiteness of the mean. With the mode of convergence weakened 
to convergence in probability, the relevant condition is that of the result on 
relative stability, Theorem 8.8.1: 


Theorem 8.15.1 (O’Brien (1980)). The following are equivalent: 

(i) M,,/S,, > O in probability, 

(ii) fẹ ydF(y) is slowly varying. 

When is the influence of the largest term in (X,,..., X,,) dominant, rather 
than negligible as above — that is, when does M,,/S,,— 1? The next result is due 
to Maller & Resnick (1984), extending Darling (1952), Arov & Bobrov (1960). 


Theorem 8.15.2. The following are equivalent: 

(i) M,,/S, > 1 in probability, 

(ii) 1—F is slowly varying. 

Maller & Resnick in fact solve the more general problem in which the X; 
need not be positive. Pruitt (1987) solves the corresponding problem for a.s. 
convergence. 

We turn now to intermediate cases, where the largest term has a significant 
but not a dominant influence on the sum. 


Theorem 8.15.3. The following are equivalent: 
(i) M,/S, has a non-degenerate limit distribution, 
(ii) F is attracted to a stable law of index a€(0, 1), 
(iii) E(S,/M,,—1) has a positive finite limit. 

For (ii) = (i), see Darling (1952), Arov & Bobrov (1960) (and in greater 
generality, Chow & Teugels (1979)). For (i) = (ii) see Breiman (1965); and for 
the rest see Bingham & Teugels (1981). 

There is an analogous result for laws with mean involving stable limits with 


index ae(1,2): 
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Theorem 8.15.4 (Bingham & Teugels (1981)). For laws F on (0, ©) with mean 
ue(0, 0), the following are equivalent: 
(i) (S,, —np)/M,, has a non-degenerate limit law, 
(ii) F is attracted to a stable law of index a€(1, 2), 
(iii) E{(S, —np)/M,,} > ce(1, œ), 
and then a=(1+c)/c. 


Bivariate results. One may also consider the limit behaviour of the bivariate process 
(S,,M,)@. The first marginal has stable limits, the second has extremal limits, the 
corresponding domain-of-attraction conditions being given in §§ 8.3, 8.13. There is a 
corresponding bivariate limit process with stable and extremal marginals, for which 
see Chow & Teugels (1979), Kasahara (1984a), Resnick (1986a). 


8.16 Other limit theorems 


1. Strong convergence 


Conditions for almost-sure convergence are typically of L’ nature (for a sum or an 
integral), and regular variation is not relevant. However there are certain key results 
where it appears. For instance, Kesten (1972) shows that 
lim sup|S,, —a,|/b, € (0, 20) 

for suitable a,, b, iff F is in the domain of partial attraction of the normal law: 

lim inf =—_—-—— LE 

ER IRL 

(cf. §8.3: with lim in place of lim inf, this is the condition for F to be in the domain of 
attraction of the normal). Regular variation of quantities such as the tail-sum or the 
truncated variance plays a useful role; see Pruitt (1981), or Klass & Teicher (1977) for 
details. 

For X in the domain of attraction of a stable law of index «, Kesten (1970) showed 
that the set of limit-points of (S,,/n'/*) is, a.s., a non-random closed set, whose structure 
depends on « and the slowly varying function č in the tail-sum. The possible limit sets 
are {0}, {co}, [0,00] and [b, 00] (0<b<oo), for X concentrated on (0,00) and 
0<a<1; Mijnheer (1982) gives criteria for discriminating between these four cases. 

For strongly dependent Gaussian r.v.s, Lai & Stout (1980) established the upper half 
of the law of the iterated logarithm (LIL): let (X,,) be a zero-mean stationary Gaussian 
sequence, with g(t) := ES/,: Suppose g has positive increase (§2.1) and logg is 
slowly decrea ing (§ 1.7): these are not inconsistent! Then limsup,,.,.,|S,|/ 
(2g(n) log log n)’<1a.s. The wider field of which this result is now part is surveyed by 


Taqqu & Czado (1985). For one-sided LILs generally see Pruitt (198 1); for the LIL and 
its variants as a whole, Bingham (1986). 


2. Central limit theory under weak dependence 
Central Limit Theory for independent summands X, carries over to cases where X,,, 
and X, are close to independent for |m—n| large. Thus let X,, X3,... be a (strictly) 
stationary sequence of r.v.s, which we can without loss suppose to be part of a doubly- 
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infinite stationary sequence (X,,),-7- Let F™ „ be the a-algebra of events generated by 
{Xn n<m}, and F~ that generated by {X,,n>m)}. The maximal correlation coefficient 
at distance n is 

p(n) =sup|corr(Y, Z)|, 
the supremum being taken over all non-degenerate r.v.s Y, Z measurable with respect 
to F? „ and F~” respectively. The sequence (X,,) is called p-mixing if lim, ..,, p(n) =0. 

Assume EX, =0, EX{=1, and set S, = Xp, o? := ES?. Assume (X,) is p-mixing 
and that o? > co. Ibragimov (1975) proved that then (on) is regularly varying with 
index 1. Thus no such partial-sum sequence has variance radically different from the 
1.i.d.-summands case, when cf ~n. This fundamental result sets the scene for central 
limit theorems and invariance principles; an earlier, weaker, version involving ‘¢- 
mixing’ has been much quoted. We say the CLT holds if S,/c,, converges in law to 
standard normal. 

It has long been known that a mild extra condition, such as Y? p(2¥)< œ, or 
E|X ,|?*°>0 for some 6>0, ensures the CLT holds. What has recently been shown 
(Bradley (1986); Peligrad (1987)) is that some such condition is necessary. In the latter 
paper it is noted that /(x) := exp{% 2 p(2*)\ is slowly varying. Then for a suitable 
(non-decreasing) function g, bounded below by some power of /, Peligrad shows that 
finiteness of E(X{g(|X,|)) suffices for the CLT, and that this result is sharp. 

For a new overview of weak dependence see the collection Eberlein & Taqqu (1986), 
and for central limit theory especially the article by W. Philipp therein, ‘Invariance 
principles for independent and weakly dependent random variables’. 


3. Tail-behaviour under random stopping 


Let X,X,,X,...beiid.,S,:=y} X; and let N be some non-negative integer-valued 
r.v. on the same probability space. We are interested in the relation between the tail 
1—F of the law of X and that of the randomly stopped sum Sy. Two cases are 
sufficiently delimited for valuable results to be attainable, and both have important 
applications, e.g. to ruin problems, queueing theory, etc. The first is when N is 
independent of (X,,), and then Sy has a law subordinate to F. We have already met this 
in a renewal context in § 8.6.6; key papers are Stam (1973), Embrechts & Omey (1983), 
and a recent overview is in Resnick (1986a) §6. In some cases subexponentiality 
(Appendix 4) is relevant: see Embrechts et al. (1979). 

The other tractable case is when N is a stopping time for the random walk (S,,), so 
that Sy could be, for instance, the position of the random walk when it first crosses 
a ‘moving boundary’ f: take N:=min{n:S,>/(n)}. Here in many cases regular 
variation of 1 — F suffices for regular variation of P(S, > `), but necessary and sufficient 
conditions for the latter are harder to find. We quote one such condition: 


Theorem 8.16.1 (Greenwood (1973)). Suppose 1—F eR and that N is a stopping time for 
(S,,) with finite mean. Then 
P(Sy>x)~P(X >x)EN 
if and only if 
lim lim sup{P(Sy>x, N>n)—P(S,>x, N>n)}/P(X >x)=0. 


Again, Resnick (1986a) § 6 provides a recent treatment of this area. 
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4. Sojourns of Gaussian processes 


Berman (1985), extending his own previous work, considers a measurable Gaussian 
process (X,)o<:<ı With mean 0 and variance o7(t)= EX?. Supposing that o7(") has a 
unique maximum o? at some point t €[0, 1], he relates the laws of the r.v.s 
L,=|{e0<t<1, X,>p}| 

(|-| is Lebesgue measure) to the tail of the r.v. X. The relationship depends on assuming 
regular variation at 0+ of the function R(x) :=|{t:0<t <1, 0? —o7(t)<x}|. From the 
present point of view, the following (paraphrased) observation is of interest: 

Let f:(0, 1] > (0, œ) be measurable, with log f locally bounded, and set m(x) := 
|{t:0<t<1, f(t) <x}|. If, for some p>0, feR,(0+), then me R, (0+). 

Regular variation of m at 0+ may thus in a natural sense be interpreted as 
approximate regular variation of f at 0+, and merits further study. 
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Regular variation in more general 
settings 


We have confined ourselves to regular variation in one dimension, partly for reasons of 
space, partly because it is here that the theory is most complete and the applications 
most developed. However, several other contexts are also possible. 


1. Topological groups 
If G, H are topological groups, f:G > H is measurable, one may study the condition 


SDS x) > glt), 
the limit being taken along a suitable filter. Under mild conditions a Uniform 
Convergence Theorem can be obtained, and so a non-trivial theory of regular 
variation developed. We refer to Bajšanski & Karamata (1968-9), Balkema (1973) for 


details. 
The group Aff of §8.5 is a good exemplar of the above: the function u> y, of 
Theorem 8.5.2 is regularly varying (Balkema (1973), Chapter 9). 


2. Complex values 


Suppose that Z: (0, 0) > C is called slowly varying if it is non-zero for large enough x, 
and 
L(Ax)/¢(x) +1 (x> æ) VA>O0. 

A theory of such complex-valued slowly and regularly varying functions may still be 
obtained; cf. Elliott (1979-80), Chapter 1. The UCT holds, and the fifth proof of 
Theorem 1.2.1 may be used without alteration. (The other proofs also succeed, most 
easily by re-working in terms of L(x) :=/(e*) instead of in terms of h=log L.) 

As a specimen application, we have the celebrated result of Halasz (1968) (cf. Elliott 
(1979-80), Chapter 6): 


Theorem A1.1. Let g(n) be a (possibly complex-valued) multiplicative function with 
|g(n)| <1, 
G(s) = }) g(n)/n° 
1 


the associated Dirichlet series. 
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There are constants C, « and a (possibly complex-valued) slowly varying function ¢ 
with HENS so that 


X g(x)= ef E cont (x => 00) 
nse 1+ 


C 1 1 i 
NIRE ry A eE (oJ1) (s=o+it) 


uniformly on compact t-sets. 


In particular, g has a mean-value 


A= lim — SEE 


noah; 


=f 


This result may be compared with Wirsing’s, which states that for g multiplicative 
and real-valued with |g(°)|< 1, the mean value always exists. 


G(s)= nae 


) (o1), uniformly on compact t-sets. 


3. Complex variable 
Alternatively, one may take the argument of /(-) complex, and use analytic function 
theory. For R>0, 0<a<z, write 
Sa(a) = {z:|z|>R, larg z| <a}. 
We say that f(z) > c almost uniformly in S (x) (as |z| > 00) if the convergence is uniform 
in larg z| < 2, for each B <a. Call f slowly varying in S,(«) if f is holomorphic and non- 
zero in S,(a), and 
f(Az)/f(z) > 1 almost uniformly, VA>0. 
We quote 


Theorem A1.2 (Vuilleumier (1976)). If f is holomorphic and non-zero in Sp(«), f is slowly 
varying in Sp(a) iff 


2f'(z)/f(z) +0 almost uniformly in Sp(a). 
We may now call f regularly varying in S, (a) of index p, notation f €HR(p,ro,«), if 
z ?f(z)is slowly varying in S, (x). (Use the principal branch of log in defining z~’. Note 
that p is complex.) Key properties of such functions are as follows. 
(a) Let f be holomorphic and non-zero in S,(a). The following are equivalent: 


feHR(p, R,), (A1.0) 
f(Az)/f(z) > 4? almost uniformly in S,(«), VA>0, (A1.1) 
2f'(z)/f(z) > p almost uniformly in S,(«). (A1.2) 


(b) Characterisation. Let f be holomorphic and non-zero in S,(«), and satisfy 
lim» wo S(Az)/f(z)=9(A) 40, almost uniformly in $,(a) for all 2 e (0, 00). Then g(4)= 
for some peC, and f eHR(p, R, a). 
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(c) Representation. f €HR(p, R,«) if and only if 


fle)=C2exol |' soit (zeES p(a)) 


R+1 
where C is a non-zero constant and e(`) is holomorphic in §,(«) and tends to 0 almost 
uniformly in S,(«). 

(d) UCT. Let f€HR(p,R,«), let S be a compact set in C and let 0<f<«. Then 
f(Az)/f(z) > AP as |z|> œ, uniformly in {(A,z):AeS, larg z| <2, larg Az|<f}. In 
particular, f(re"*)/fir) > e'®® as r > oo, uniformly in |6|<B. 

(e) Additive-argument version. A function f, analytic and non-zero in the simply 
connected domain S,(a), has the property that f(e")=e™, ue Egla) := {z:Rez>log R, 
|Im z|<a}, where h is holomorphic in E,(«). Let us say that a function k: E,(«) > C 
tends to c almost uniformly (as Re z > oo) if the convergence is uniform in [Im z| <£, for 
each f <a. Then (for f holomorphic, non-zero, in Sp(«)), the following are equivalent: 


feHR(p,R,«), (A1.0) 
h(z+t)—h(z)— pt almost uniformly in Ep(a), VteR, (A1.1’') 
h'(z)>p almost uniformly in E,(«). (ALZ) 


(f) Smooth variation. If f €HR(p, R,«) then for n=1,2,..., 
2"f(z)/f(z) > plp —1)...(e—n+1) almost uniformly in Sg);  (A1.3) 
or in terms of h, the additive-argument version of f, for n=2,3,..., 
h™(z) +0 almost uniformly in E,(a). (A1.4) 


(It suffices to prove the latter. But, choosing 0<fB<a and 0<é<a—f, Cauchy’s 
integral formula gives 


P 1 h'(u) 
j pori ju- z|=8 (u—z)? 
1 h'(u)—p 


2ni UE) 
By (A1.2’), for z€H,(B) with Re z large we can make |h’ (u) — p| uniformly less than sô. 
Then the last integral is in modulus less than 2rô'eô/ô?°. Hence h”(z)—>0 almost 
uniformly. Proceeding similarly with further derivatives, (A 1.4) follows by induction.) 
An immediate consequence of (A1.3) is, for the class SR:=|), SR, of § 1.8: 


Proposition A1.3. If f ©HR(p, R,«) where p is real, and if fo, the restriction of f to the 
interval (R, œ) in the real axis, is positive, then fy€SR,. 

Properties (a) to (e) inclusive are essentially in Vuilleumier (1976). Property (f)’s 
proof comes from the same source but the result itself, including the connection with 
SR, does not seem to have been noticed. 

Holomorphic regularly varying functions may be used as comparison functions in 
the work of §§ 7.4,5 on proximate orders and indicators, as was done by Valiron (1913), 
Cartwright (1956); see Theorem 7.4.3 above. 

Abelian and Tauberian Theorems for Laplace transforms may also be given in a 
complex-variable setting. Here passages to the limit need not be taken along rays, but 
along suitably restricted paths of integration or in suitable ‘Stolz angles’. We refer to 
Baumann (1967), §8 for details. 
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4. Higher dimensions 

An early treatment of regular variation in n dimensions was given by BajSanski & 
Karamata (1968-69), who call f: (0, œo)" > (0, 00) regularly varying if 

JAX pier Axa fou ne) aah 

(min(x,,...,X,)—7 00) VA=(A,,...,A,)€(0, 00)”. 

Most authors, however, specify the way that x=(x,,...,x,) tends to infinity. For 
instance, let t,(t) (i=1,...,n) be auxiliary functions tending to infinity with t. If 

f(t, (t)x, ONO T,(t)X;,) 

if (Gai (B) eee Oy (2) 

we write f ER(t,,...,7,), and call g its limit-function (de Haan et al. (1984)). If t,(t)=t 
and 1=(1,..., 1), this reduces to 


g(x) (t— 0), (A.1.5) 


f(tx)/f(tl) > g(x) (t> æ) (A1.6) 
(de Haan & Resnick (1979a). In the latter case, 
g(cx) =c?g(x) (A1.7) 


for some g, which is called the index of f. A similar property holds if in (A1.5) all the q; 
are regularly varying and g satisfies a continuity condition (Yakimiv (1981), de Haan et 
al. (1984), Omey (1982)). One may define n-dimensional O- and I]-regular variation 
analogously. See Stadtmiiller & Trautner (1979), de Haan & Omey (1984), Omey 
(1982). 

Abelian and Tauberian theorems for Laplace transforms may be obtained in n 
dimensions; see Stam (1977), Stadtmiiller & Trautner (1981), de Haan & Omey (1984), 
Yakimiv (1981), Omey (1982). 

Regular variation in higher dimensions is a valuable tool in a variety of multivariate 
problems in probability and statistics; see, in addition to the references above, de Haan 
& Resnick (1977, 1979a, 1981), Greenwood & Resnick (1979), Greenwood et al. 
(1982a,b), Hunter (1974), Rvaceva (1962). 
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Differential equations 


Regular variation methods may be applied to link the asymptotic behaviour of the 
solutions of differential equations with that of the functions occurring as coefficients in 
the equation; cf. e.g. Omey (1981). We confine ourselves here to brief remarks on 
second-order non-linear ordinary differential equations. 
A specific case with physical application is that of the Thomas—Fermi equation 
yt=x~ty? (y(0)= 1, y(co)=0). 
More generally, one may consider 
y=fix)y* (>; 
for the asymptotics of this, Avakumovic¢ (1947, 1948). More generally still, one may 
consider 
y"=f(x)P()). 
For a study of the asymptotics of this equation, with particular reference to regular and 
O-regular variation, we refer to Marić & Tomić (1976, 1977). 
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Functional equations 


We will confine ourselves here to functional equations in a single variable. This subject 
is intimately related to functional iteration, the connection being developed at length in 
the monograph of Kuczma (1968). For functional equations in several variables, such 
as the vitally important Cauchy functional equation of § 1.1, we refer to Aczél (1966). 

Our brief remarks here are motivated by a probabilistic result of Seneta (1971b). Ina 
study of invariant measures for simple branching processes Seneta noted that invariant 
measures are in general non-unique, but that existence and uniqueness (apart from a 
multiplicative constant) may be obtained by imposing the requirement that the solution 
be regularly varying. Seneta (1969a,b, 1971b) studied the homogeneous equation 


P(F(x)) =9(x) P(x). (A3.1) 


More generally, the inhomogeneous equation 


œ) = (x) P(x) + h(x) 
is treated by Kuczma (1976) (cf. Coifman & Kuczma (1969)). Without loss of generality 
one may take g=1 and consider 


P( f(x) = P(x) + h(x). 

Where, however, existence and uniqueness is known, regular variation of the 
solution of (A3.1) can be very straightforward (cf. the proof of Lemma 3.1 in Seneta 
(1971b)). 

For the role of (A3.1) in the study of iteration semigroups see Zdun (1985). For 
connections with analytic function theory see e.g. Cowen (1981), Pommerenke (1981). 
An early connection with regular variation is made in Karamata (1953). 
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Subexponentiality 


1. Theory 


We consider probability distribution functions F on [0, œ), for convenience writing 
F(x) for the tail 1— F(x), F” for the nth convolution power of F, and F” for its tail, 
1—F". 


Definition (Chistyakov (1964)). F is subexponential, or belongs to the subexponential 
class S, if 
F?*(x)/F(x) +2 (x > o), 
We note first that the definition implies more than appears, namely, if F e S, then 
F'(x)/F(x) on (x7 00) Wn=1,2,... 
The name ‘subexponential’ comes from the following property: if FeS 
e* F(x) œ (x—oco) Ve>0. 
As a first connection with regular variation: if F € S, F(log `) e Ro. These properties are 
due to Chistyakov (1964). 
Two other properties are of basic importance. Firstly, a bound of ‘Potter type’ due to 
Kesten: if F eS, then for all e>0 there exists K(e) with 
F""(x)/F(x)<K(e)(1+e)" (n=1,2,...,x>0); 
see Athreya & Ney (1972), IV. Secondly, if F e S and F~G, G eS: see Teugels (1975). 
Write L for the class of F with F(log `) slowly varying: 
F(x+y)/F(x) 1 (x70) Vy, 
D for the class of F with tails of dominated variation: 
lim sup F(x)/F(2x)< œ. 
As noted above, SCL. In the other direction, LX DS, and both inclusions are 
proper. For proof and discussion, we refer to Goldie (1978), Embrechts & Goldie 


(1980), Pitman (1980). 
The definition of S is somewhat unwieldy; in particular it is not known how to 
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recognise those F eS from their Laplace—Stieltjes transforms. Because of this simple 
sufficient criteria for membership of S are useful. We mention two. 
(i) If (a) —log F(x) is ultimately concave, 
(b) there exists a positive function g(x) with g(x) > 00, x —g(x) > œ and 
F(x—g(x))/F(x) > 1 (x> æ), 
(c) F(g(x)) log F(x) +0 (x> œ), - 
then F eS (Teugels (1975)). 
(ii) Write H(x) for —log F(x), and suppose H absolutely continuous with H’(x) > 0 
as x > œ. Then FeS iff 


| exp{ yH'(y)—H(y)}H'(y)dy > 1 (x > 0); 
0 
a sufficient condition for FeS is integrability of exp{xH’(x)—H(x)}H’(x) (Pitman 
(1980)). 
To indicate the scope of subexponentiality we give some examples: 
(i) If FeR_, (p>0), then F eS (Feller (1971), VIII.8, or use LAD CS), 
(ii) If F(x)~exp(—x/(log x)’), b>0, then FeS (by Pitman’s criterion), 
(iii) If F(x)~exp(—c/x*) (c>0, O0<a<1), then FeS (by Teugels’ criterion). 
However, it is not true that FeS whenever F(x)~exp(—/(x)/x*) (0<a<1, 
l e Ro); a counter-example may be given using 


n 


1 
¢(x) =TI(1+;) (Saxe *). 
1 
2. Applications 

We turn now to the main applications of S. For a full review see Embrechts (1984). 

1. Age-dependent branching processes. In the Bellman—Harris model of an age- 
dependent branching process Z=(Z(t):t>0) a particle produces at the end of its 
lifetime a number of offspring with probability generating function P(s):=Y¢ p,s"; 
particles behave independently of each other and their lifetimes have law G. For 
subcritical processes (mean offspring number y := ¥ np, < 1) with G € S, Athreya & Ney 
(1972), IV, § 5, show that 

EZ(t)~{1-G(t)}/(1—u) (t> %0). 

For 


EZ(t)=}, u"(G" (t)-G"*"*(a)), 
0 


sO 


EZ(t) SS f1-@""®" 1-6" 
oy yt cOn A CO } 
For G eS, the expression in braces tends to (n+ 1)—n=1, and Kesten’s upper bound 
allows us to use dominated convergence, whence the result. 
2. Stationary waiting-times of queues. See Pakes’s Theorem 8.10.3. 
3. Transient renewal theory. See the Pakes—Teugels result, Theorem 8.6.7. 
4. Infinite divisibility. Recall from § 8.1 that the general i.d. law F on [0, 00) has the 
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spectral representation 


o(s) = k e “dF(x) =e} —as— |, (1 -edut 


0 0 
where a>0 and u is a measure with fe min(1, x)du(x)< oo. Thus m:=p(1, œ) and 
i xdu(x) are both finite. Again, S provides the characterisation class for the tail- 
behaviour of F and u: 


Theorem A4.1 (Embrechts et al. (1979)). The following are equivalent: 

(i) FeS, 

(ii) w(1,x]/meS, 

(iii) 1—F(x)~ p(x, œ) (x > œ). 

5. Ruin problems. Suppose that an insurance company has initial capital x, and 
receives premium income at constant rate c (so its capital at time t is x +-ct). Claims 
arrive at epochs of a Poisson process of rate À, the claims being independent (of each 
other and the Poisson process) with law F on (0, 00). Write u for the mean of F. It is 
easy to see that eventual ruin of the company is certain unless c> Ay (that is, mean 
income-rate exceeds mean claim-rate). When c > Ay, write R(x) for the probability that 
ruin never occurs. The tail-behaviour of R(x) as x > oo is of particular interest. The 
classical result is Cramér’s estimate of ruin: if the tail of F decreases fast enough, there 
is a strictly positive solution v of the equation 


| e’*(1—F(x))dx=c/A, 
0 
and then 

1—R(x)~Ce * (x> œ) 


for some constant C (see e.g. Feller (1971), XI.7, XII.5). By contrast, if the tail of F 
decreases slowly enough — that is, if large claims predominate — one has subexponential 
rather than exponential tail-decay of R: 


Theorem A4.2 (Embrechts & Veraverbeke (1982), Embrechts & Omey (1984a)). Write 
F,(x):= | {1—F(y)}dy/u. 
0 


The following are equivalent: 
(i) F, E5, 
(ii) ReS, 


ao 


(1-Funds|(5-1) (x => 00). 


It suffices for (i)iii) that F €D. 


(iii) 1—R(x)~ | 


x 


3. Extensions 
1. Discrete subexponentiality. We now restrict attention to laws (p,),>0 On the non- 
negative integers. Here it is important to be able to study p, itself, rather than merely 
the tails Y,.,, Py. The appropriate discrete analogue of subexponentiality is given by 
the 
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Definition (Chover et al. (1973)). For R>1, (p,) €SD(R) iff 

(i) Pr?’ /Pn > P(R)=¥ PrR" (n> œ), 

(ii) Pn+1/Pn > 1/R. 
(Here p?* denotes the second convolution power.) For infinitely divisible (p,), with the 
compound-Poisson representation 


sremea|-(0-$e}} 


(A>0, (fa)n>1ı a probability law) one has 


Theorem A4.3 (Embrechts & Hawkes (1982)). For R> 1, P(R):=¥ p,,R", the following 
are equivalent: 

(i) (Pa) €SD(R), 

(ii) (Ja) €SD(R), 

(iii) p,/f, > AP(R) and f,~Rfys1- 

The discrete theory may also be applied to rates of convergence in renewal theory. 
Let (u,,) be a renewal sequence, (f,) be the associated law on the positive integers, 
r, = (1/u) Yasn fy its tail. Recall that (u,) is positive (ergodic) if y := E nf, < %; write 
P(R):= 5 r,R". 


Theorem A4.4 (Embrechts & Omey (1984b)). For an ergodic aperiodic renewal 
sequence, 


Un+1 —U_~Ty/(UP?(R)) (n> œ) 
and 
Ta Ei I 
iff (r,,) €SD(R). 


2. The classes S(y). Instead of making F subexponential, let us make it close to 
exponential: 


Definition. A law F on [0, œ) belongs to S(y) with y>0 if 

G) limus ak (x)/F@)=c<oo, 

(ii) lim, F(x +u)/F(x)=e"™, WueR, 

(iii) F(—y) = fio, w) Cd F (x) < 0. 

Chover et al. (1973) defined these classes and showed c=2F(—y) (see also Cline 
(1987)). For other properties see Embrechts & Goldie (1982), Embrechts (1984). 
Again, there are valuable applications, particularly in ruin problems. 

3. Subexponentiality on R. Subexponential laws on R have been considered by 
Griibel (1984). This work (also Griibel (1983a)) obtains detailed connections, e.g. 
remainder theorems, between ‘input’ and ‘output’ probability laws (or measures) in 
many of the above settings to which subexponentiality has been applied. 
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Calculating the de Bruijn conjugate 


1. The problem 
Given f€ Ro, we want to solve the relation 
AEA (x))f*(x) 21 (x o) 
of Theorem 1.5.13, or, writing /(e*)=exp h(x), 7*(e*)=exp h*(x), 
h(x+h*(x))+h*(x) 30 (x> œ). (AS.1) 


Here his measurable and satisfies (1.2.3) locally uniformly; h“ is asymptotically unique 
in the sense that any two versions differ by o(1). 


2. Bekessy’s criterion 
This is Proposition 2.3.5. It applies for instance to 
Example 1. ¢(x):=[] (log, x)” 
1 
(where log, is the kth iterate of log), and yields 7* ~ 1//. 


3. Lagrange inversion 
¢ may visibly be the restriction of some holomorphic function /(z) to the real axis. Asin 
Appendix 1.3, above, we may take it that /(e*) =e" where h is holomorphic. Under a 
strong condition on h, for which it may be needful to continue it analytically to a larger 
domain, we obtain a series formula for h*: 


Proposition A5.1. Suppose h is holomorphic in a domain D including the real interval 
(R, œ), and that ¢(x) := %8» is slowly varying. Suppose that for all large x € R we may 
find in D a contour C, containing x and such that 


\h(z)|<|z—x| (zeC,). (A5.2) 
Then 
Siril d" E Ata 
OO DI dx" (—h(x))"*!+o0o(1) (x real, >œ), (A5.3) 


and £*(x)=exp(h* (log x)). 
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Proof. x will be real throughout. It suffices to let h*(x) solve 
h(x +h*(x))+h* (x)=0 
for all large x. Putting C(x) =x +h*(x) we want C(x) to solve 
C=x—h((). 
But (A5.2) is the condition needed for the Burmann—Lagrange Theorem (see e.g. 
Whittaker & Watson (1927), §7.32) to apply to the equation. It gives 


(n+1)! 


whence the conclusion. E 


a 1 d" n+1 
Xt e , 


Example 2. Let /(x) := exp((log x)/log, x), so h(z)= z/log z, holomorphic in |Arg z|<z. 
Taking C, to be a circle centre x and radius $x, (A5.2) is easy to check, so the 
Proposition gives 


fo) 1 d" x n+1 
# = = > 
i = 2G 1)! dx" ( log :) PhD a, 


This is of limited utility. 


4. Truncated Lagrange inversion 


Without checking the conditions of Proposition A5.1, we can take (A5.3) as a formal 
expansion of h“, and attempt to prove (e.g. by real variable methods) that the sum of 
its first few terms has the requisite property of h*. Write 


# os 1 d" Æ n+1 
ha) = Lay Ta | h(x)) 


for the mth partial sum. Assume in what follows that h has the requisite number of 
derivatives. 


Theorem A5.2. 
(i) If h'(x) +0 and h(x)h'(x) > 0 as x > œ then 
h*(x)=hé (x) +o(1). 
(ii) If h'(x) > 0, h(x){h'(x)}? > 0 and h?(x)h"(x) > 0 then 
h*(x)=h#(x)+o(1). 
Higher-order analogues may also be given. 


Proof. 
(i) is a small extension of Proposition 2.3.2, and may be similarly proved. 
(ii) By Taylor’s Theorem, 
h(x +hf (x)) = h(x) +h? (x)h'(x) + 5(hf (x))7h" (x + nhf (x) 
where 0<n <1. Inserting the expression for h?*, 
h(x + hf (x)) +h (x)= h(xy(h'(x))? + 5h?(x) {h'(x) — 1}7h"(u) 
where u := x +nh7 (x). In view of (A5.1) we need to show the left-hand side tends to 0. 
Since h(h’)* — 0 it suffices to show the second term on the right tends to 0. 
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Take xo so large that |h’(x)|<4, and so 4x —h(x) is non-decreasing, in x> xo. Note 
that u=x +nhf (x)= x —nh(x)+nh(x)h'(x) tends to 00, because h’ > 0 and h(x)=0(x). 
The term under consideration is zero if hř(x)=0, and otherwise is 

{h(x)/h(u)}? {h’(x) — 1}?{h?(u)h"(u)}. 
We have |h'(x) — 1|? <4 for x > xo, while h2(u)h"(u) + 0 as u > œ by assumption. So it 
suffices to show h(x)/h(u) bounded. 
Case 1. If hř(x)<0, take xy <x +h¥#(x)<u<x. Then 


3x + thf (x) —h(u) <4u—h(u) <4x —h(x), 


ght (x) +h(x) <h(u). 
But 
O>h? (x)= —A(x)(1—h'(x)) > —$h(x) 
sO 
0 <4h(x) <h(u) 
so 
0<h(x)/h(u) <4. 


Case 2. If hf(x)>0 then for xy<x<u<x+h*(x), 


$x —h(x) <4u—h(u) <4x +4h? (x) —h(u) 


so 
h(u) <h(x) +h? (x). 
But 
0<hř (x)= —h(x)(1—h'(x)) < —$h(x) 
so 
h(u) <4h(x) <0 
whence the same conclusion. oO 


The method here is an extension of that of Bojanic & Seneta, used in § 2.3. It is clear 
that the above procedure can be continued although the conditions become more 
elaborate. 


Example 3. ¢(x):=exp((log x)*) where 0<a< 1. Part (i) of the above result applies 
when «<4, part (ii) when «<4, and so on. We find that we can take 

—(logx)* if 0<a<4, 

— (log x)*+a(log x)! if4<a<4, 

log /*(x)={ — (log x)*+a(log x)?! —4a(3a — 1)(log x)? ? 
if #<a <4 

etc. 

The same method succeeds with cases such as 
(x) =exp{(log x)*(log, x)’}, O<a<1. 


However it fails for Example 2, above. 
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Bounded variation 


1. Variation measures 


Let f bea real-valued function defined at least on ECR. The total variation of f on Eis 


> 


V(f; E) := sup 5 | f(x;) =f (<p =4) 
jl 


the supremum being over all finite sequences xo <x, <... <x, in E. Taking E to bea 
connected subset (i.e. interval) I, if V(f; I) is finite then obviously f has (finite) limit on 
the left and on the right at each interior point of J, and since the number of places where 
| f(x) —f(x —)| or | f(x +) —f(x)| exceeds 1/ncan be at most nV(f; I), it follows that f has 
at most countably many discontinuities. Replacing f(:) by lim,,. f(x) makes it right- 
continuous and for many uses of f makes no difference, so we assume it done: 


Definition. Let I be an interval in R. The class BV(I) is that of all right-continuous 
f:I > R that have bounded variation on I, i.e. V( f, I)< œ. The class BV,,,(1) is that of all 
right-continuous f:I > R that are locally of bounded variation on I, i.e. V(f; J)< œ for 
each compact J SI. 

If f ¢BV(I), where I has left endpoint a and right endpoint b, then obviously 
f(a+)=lim,,, f(x) and f(b—):=lim,.,, f(x) exist, finite, whether or not a,b belong 
to I. 

We now consider, for definiteness, f¢BV,,,[0, 00). Proofs of the following fairly 
standard material may be found in e.g. Halmos (1950), Zaanen (1967). First, by the 
Extension Theorem V(f; `) determines a measure |u y|, the variation measure of f,on the 
Borel o-algebra BLO, 0) in [0, 00). If Z, denotes the completion of @[0, oo) with 
respect to |u,| then |u,| further extends to a measure on Y,. 

Related to V(f; `) are the positive and negative variations of f, 


Vi(f,D=sup Y (f(x) —-flx;-)}*, 
jE 


V_(f; I) =sup 2 EEE 6 
j=1 


the suprema being over all finite non-decreasing sequences in the interval I as above. 
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Then 


PU Date (DAV), 
I(x) -—fO)=V5(f; 0,x])-—V_(f;(0,x]) O<x<o), 
so that f=f, —f_, where f(x) := f(0)+ V4 (f; (0, x]) and f_(x): = V_(f; (0, x]), thus 
expressing f as the difference between two non-decreasing functions. By extension, 
V.(f, °) and V_(f; :) determine measures My My respectively, on Y,, and 


lusļ=u} +H; - 
The signed measure u, is given by means of its Jordan decomposition as 

Myp=hy Hp; (A6.1) 
thus uş; is a countably additive set function, from Z, to [- œ, œ]. It is Radon (finite 
on bounded sets in X ,) and regular (given Ee, we can find an open G 2 E and a closed 
FS E such that |u |(G\F) <€). The elements of X , will be called the f-measurable, or just 
measurable, sets. 


The Jordan decomposition (A6.1) is minimal in the sense that if 1, , 4, are some other 
measures on X, such that yp =p; — u, then 


up(E)<u(E), wp (E)<p,(E) (Ee %). (A6.2) 


This is actually a consequence of the existence of a Hahn decomposition: a partition of 
[0, œ) into the union of disjoint sets A, Be Y, such that 


u} (E)=u (40E), wz (E)= -u (BoE) (Ee %). 


For convenience we call the formula f=f,—f_ the Jordan decomposition of f. 
An f-measurable (i.e. Y ;-measurable) function h is f-integrable if fhd|u;|< œ, and 
the Lebesgue-Stieltjes integral of h with respect to f is defined as 


fraus = fran; -= franz. 


In integrals we abbreviate d|u,|, du? , du; , du, as |df|, df +, df- , df respectively, or as 
|df(t)|, df + (t), etc., when the argument of integration is needed. 

Certain properties of integrals with respect to signed measures flow immediately 
from the measure case. For instance (dominated convergence): if for measurable 
functions h, converging pointwise to h we have |h,(x)|<H(x) for all x where 
J H|df|< œ, then f h„,df > J haf. 

Since, by assumption, 1, has no mass at 0 when f € B Voc [0, 00), all the above carries 
over to f € BV(0, œ) if we replace f(0) by f(0+), and |u,| is then a bounded measure 
on Z p, the completion now of 2(0, œ). 


2. Integration by Parts 


The formulation for Lebesgue-Stieltjes integrals with respect to right-continuous 
functions tends to be found in probability rather than analysis texts, as it is crucial for 
the modern theory of processes. We refer for proof to Meyer (1966) p. 114, or Shiryayev 
(1984). Recall that our intervals of integration exclude left endpoints and include finite 
right endpoints. 
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Theorem A6.1 (Integration by parts). For f,g €BV,,,[0, 0), 
fog) -f01900)= | fat f g(t—)df(t) (0<x<o), 
0 0 


and for f,g eBV(0, œ), 


N= =) -0+0 +)= | sodos | g(t — df(t). 
0 


0 


3. Composition 


In § 2.7 we need the variation measure |dmo f| of the composite function m of, for 
suitable m, f. Its relation to |df| can be complicated but the following bounds suffice. 


Proposition A6.2. Let feBV,,.[0,0©), meC 1(R), and suppose m is non-decreasing. Let 
g(°) and h(-) be non-negative and continuous on [0, 0). Then mo f € BVio[0, ©) and, 
for 0N<a<b<o, 


b b b 
inf {h(t)m'(f(t))} | gldf| < | hg|dmo f|'< sup {h(t)m'(f on] glaf]. 
a<t<b a a a<t<b a 
Proof. Let a=Xy<x,<...<x,=b. For each k there is some 6, between f(x,-,) and 
f(x;,) such that 

|m o f(x) -mo f(x- 1)| = m’'(4,)| f) == 1)I- 
Adding over k=1,...,n, and taking the supremum over all partitions of [a, b], we see 
that mo f has bounded variation on [a,b]. Since h and g are continuous it follows 
that all the integrals appearing in the result of the lemma equal the corresponding 
Riemann-Stieltjes integrals. Returning to consideration of the partition above, let y, 
be whichever of x,_,,x, gives the larger value of f, then 


D h(y)g(Y)|m IODE MO flx,- D| 


k=1 
< DI hl ydg Ym (SODS) — f(x, -1)| 
k=1 
< LU Caen) oy 9 (Me) F(x) —f(xz-1)| 
agt< k=1 
and the upper bound on f? hg|dm oo f| follows. The lower bound is similar. E 


4. The space NBV(0, œ) 


This is the subset of BV(0, co) consisting of all f that are normalised by f(0+)=0. We 
may thus identify f with the signed measure df. A norm on this space is variation norm, 
| fll var = VF (0, ©))= f |df|. (Integrals will now be over (0, 00) where unspecified.) 
However we shall mostly be concerned with a weaker topology on NBV(0, oo) than the 
norm-topology. 

Let C,(0, 00) be the linear space of continuous bounded real functions on (0, œo); this 
is a non-separable Banach space under the supnorm||’||. Each feNBV(0, c0) 
determines a (real) bounded linear functional L, on C,(0, œ) by 
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L,(h) = [rar (hEC,(0, 00)). 
Thus L is a map from NBV(0, œ) into C%(0, œ), the dual of C,(0, œ). It is not 
surjective (see Dunford and Schwartz (1958) p. 262). 
Lemma A6.3. The map L, is a linear isometry. 


Proof. Linearity is obvious. If h e C,(0, œ) then |L(h)| <|/h|| Sldf|, so Le] <| fll var- 
Now let A,B be a Hahn decomposition for Hy. By Lusin’s theorem (cf. e.g. Rudin 
(1974), Theorem 2.23) there exists h € C,(0, co) with ||h|| < 1 and such that lu /|({t: h(t) 4 
I ,(t) —I,(t)})<e. Then 


IL (h)—||f ll var] = fo —(I,—I,))df|< fi OEE 
So L,(h)=|| fl var> lAl | fll yar and thus [Ll] =||F Ivar as claimed. g 


In particular, L is injective and we may identify NBV(0, œ) with a subspace of 
> (0, 00), and then employ the weak* topology on this dual space. We call the relative 
topology on NBV(0, œ) the narrow topology. It is that with base consisting of all sets 


fo eNBV(0, a): |fndo— frar <en I onh 


for feNBV(0, œ), neN, h;eC,(0, 00), e>0. So a sequence (f,) in NBV(O, œ) 
converges narrowly, notation f, = f, to f ¢NBV(0, oo), if and only if 


[rate [ap fe colvheG. (Osea). 


The limit f is unique, by the above lemma. 


5. Narrow convergence 


‘Narrow’ is virtually standard terminology (cf. Fremlin et al. (1972), Williams (1979, 
1.37). Perhaps it is a pity that Bochner’s ‘Bernoulli convergence’ ((1960), § 1.5) never 
took hold. 

f eNBV(0, œ) is identified with the signed measure u, (or df), which has the 
property of being tight: given e>0O there exists a compact K <(0, 00) such that 
lu;|(0, 20)\K)<e. 


Definitions. The set AS NBV(0, œ) is equitight if A is bounded in norm and for every 
é>0 we can find a compact K = K(e) c€ (0, œ) such that |u|((0, oo)\K)<e for all we A. 

The set AS NBV(0, œ) is relatively sequentially compact (rsc) if every sequence in A 
has a subsequence that converges narrowly (not necessarily to an element of A). 

The link between these notions is ‘Prohorov’s Theorem’, but, as we have signed 
measures, in a form not covered by the usual formulations which are for measures. Our 
result below is, though, implied by the very general formulation of Fremlin et al. 
(1972), Corollary to Theorem 1, and Theorem 4. For completeness we give a direct 
proof. 
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Theorem A6.4 (Prohorov’s Theorem for NBV(0, «)). AS NBV(O, œ) is rsc if and only 
if it is equitight. 


Proof. First note that for a sequence (f,,), equitightness may be expressed as 


sup fun <0; (A6.3) 


and 


ô co 
(f +| Ja +0 (ô—0+) uniformly in n. (A6.4) 
0 1/6 


Recall that feNBV(0, co) can be expressed as f, —f_, where f,,f_ are non- 
decreasing elements of NBV(0, <0). Supposing A is equitight, let (f,,) be a sequence in it, 
then (f,,,.) is a sequence of non-decreasing functions, and by the usual Helly selection 
and diagonalisation procedure we can find a right-continuous non-decreasing function 
gı on (0,00) and a sequence of integers n”—>co such that f,,,(t)g,(t) for every t 
except possibly in the discontinuity set D(g,) of gı. By (A6.3-4), gı eNBUO, œ). 
Similarly, from (n”) we can find n’ > œ and a non-decreasing g € NBV(0, œ) such that 
fy -(t) > g(t) for every t except possibly in D(g,). Thus f,,(t) > f(t) :=9,(t)—g2(t) 
except possibly for t in the countable set D(g,) UD(g,), and f e€ NBV(O, œ). We must 
show that f,,4/. It suffices to show fy —f-30, and we note that (f,—f) is equitight 
because (fẹ) is. Thus A will be proved rsc once we have proved the following: 


Lemma A6.5. If (f,) is an equitight sequence in NBV(0, œ) such that f,(t) > 0 (n > œ) 
for all t in a dense subset of (0, œ), then f, * 0. 


Proof of Lemma A6.5. Write M :=sup, , J |df,|< 00. Pick heC,(0, 00), with modulus 
bounded by K, say. Choose ¢>0 and find 6 >0 so small that (f + J%°,)|df,| <4e/K for all 
n. Since h is uniformly continuous in [6/2, 2/8], by taking m large enough we may find 
points to <t; < . . . < tm belonging to the above-mentioned dense set, such that to < 6/2, 
tm > 2/6 and 

|h(t)—h(t,)|<4e/M (t,_,<t<t,;,i=1,...,m). 
Then 


frar=( i i | Jonos 2 (h(t) —h(t;))df,(t) + i ro f df,(t), 
o tm i=1 Jti- i=1 


| hdf, 


For large n this is <e. Thus f hdf, > 0. o 


sO 


<K 4e/K+(Ge/M)M+K Y (fi(t)|+|falti—1)))- 
isi 


Proof of Theorem A6.4 (continued). To show that relative sequential compactness 
implies equitightness it is enough to prove that every sequence f, * 0 is equitight. Thus 
take f, * 0, then (A6.3) is immediate by the Principle of Uniform Boundedness, and 
we proceed to prove (A6.4). Suppose it fails. We shall take it that its mode of failure is 
lims)sup,||df,|>0, because (it will be easy to see) failure at co — can be dealt 
with in the same way. By changing to —f, if need be we can assume that 


Bounded variation 441 


lims,osup,/3df,, >0. Then by passing to a subsequence we may take it that there 
exists t(n)|0 such that 


| df,gee>O (W= 1,250), 
(0,t(n)) 


while f, * 0 remains in force. For each n we can find u(n) with 0 < u(n) <t(n) such that 


u(n) 
| ldf,| <38; 


0 
thus 


| df,,>%e (n=1,2,...). (A6.5) 
(u(n),t(n)) 


Now we pick a subsequence as follows. Let n, := 1 and let h, € C,(0, 00) have h,(t)=0 
for t¢(u(n,), t(n,)), yet ||h,|| <1 and 


t(n,) 
| h,df,>4e. 


u(n,) 
(Because of (A6.5), this may be done by letting A, B be a Hahn decomposition of the 
open interval (u(7,),t(n,)) induced by the restriction of df,, to that interval, then 
choosing h, to approximate I, on the interval by Lusin’s Theorem.) 
Having found n,,...,n;~,, take n; so large that t(n;)<u(n;_,) and 


ieee = tears ied): 


this can be done because f, * 0. Then take h; € C,(0, 00) with h,(t)=0 for t ¢ (u(n,), t(n;)) 


as well as ||h,|| <1 and 
[ran > 


jl 
Again, this works because of (A6.5) and Lusin’s Theorem. 
Having defined the whole sequence, set h := >” , hj, then h e C,(0, œ) and ||h|| <1 
because the supports of the h; are disjoint. Finally, for all j, 


u(n;) i: 5 (nj) 
[egalo last 2: lagi 
u(n)) i=1 A 
u(n;) 
= ibs hdf,, + | hjdfy,+ F hidf, 
1) 
u(n;) dew y 
a a ee Yo 2s 
0 i=1 


> —tet+ze—te= $e. 
This contradicts f, * 0, so (A6.4) is proved. oO 
Corollary A6.6. Let f, € NBV(0, œ) foralln> 1,and f € NBV(0, œ). Then f, * f if and 


only if (f,) is equitight and lim,.. fr(t)=f(t) for a dense set of teE(0, œ). 
In that case, f(t)=lim,... falt) for all t except possibly those in a meagre null-set. 
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Proof. By considering f,, — f we may without loss of generality assume f=0. Then ‘if is 
covered by Lemma A6.5. Conversely, assume f, * 0, then we prove f,(t) 0 a.e., 
which implies f,(t) > 0 for a dense t-set. A similar argument, which we omit, shows 
that the t-set on which convergence fails must be meagre. Thus, with f, > 0 and (A6.3— 
4) all in force, suppose f,(t)#+0 for teE where E has positive (Lebesgue) measure. The 
functions liminf,_.,, f, and limsup, f, lie between liminf, f,, — lim sup fa- and 
lim sup, f,,, — lim inf f,—, so without loss of generality we may assume 

lim sup, f,,.(t)—lim inf, f,_(t)40 (te). (A6.6) 
Now limsup, f,, [respectively liminf, f,-] agrees with a right-continuous non- 
decreasing function g, [g2] except possibly on D(g,) [D(g,)]. By Helly selection we 
may find n” > oo such that f, (t) > g,(t) for all t¢ D(g,), then a further subsequence 
n' > co such that also f,,_(t) > g,(t) for all t¢ D(g,). Thus f(t) > g(t) =g,(t) —g2(t) 
except possibly on the countable set D(g,) UD(g,). Also (A6.3-4) force g EeNBV(0, œ). 
The first part of the present Corollary then shows f, > g. But by (A6.6), g is not the 
zero element of NBV(0, œ), so this contradicts f, * 0. go 


Equitightness in the above Corollary is most conveniently expressed by (A6.3—4). 
Since each f e NBV(0, œœ) is tight, it suffices for equitightness of (f,) if we have 


lim sup,,-. œ |df,| < 0; (A6.3’) 


G œ 
imo fim sup, | “| )ian|=o. (A6.4’) 
0 1/6 


When f, is a sequence of functions that are in NBV(0, œ) only for n> N, say, this is a 
more convenient characterisation of equitightness of (/,),. yn- 


Corollary A6.7. Let f, € NBV(0, œ). Then (f,) is narrowly convergent if and only if it is 
equitight and lim,,.,,, f,(t) exists for almost all t€(0, œ). 


Proof. We have to show only the ‘if assertion. Under equitightness, by Theorem A6.4 
there exists n’ > œ such that f, converges narrowly to some f e NBV(0, œ). By the 
previous corollary f(t)=lim,, f,,(t)a.e. But then iflim,, f,(t) exists for a.e. t it must agree 
with f(t) for a.e. t, and then f, > f follows by Corollary A6.6. E 


Proposition A6.8. Let f,, f € NBV(0, œ). Then f, * f if and only if every subsequence 
of (fa) has a further subsequence converging narrowly to f. 


Proof. If f, Bf then fhdf,+ hdf for some heC,(0,00). So we can find (f) such that 
|f Adf,, — | hdf|>e>0 for all n’. This sequence has no subsequence converging to ff. 
The converse is immediate. T 


Proposition A6.9. If f, = f then for any non-negative continuous h, 
jaan <lim inf [na 
finite or infinite. 


Proof. Let E := {t e (0, 00): f,(t) > f(t)}. It has null complement. It suffices to consider 
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h= jap] where a,beE, for the extension to linear combinations (with positive weights) 
of such functions is immediate, and we may approximate the general h from below by 
these. 

Take points a=x9<x,<...<x,,=b, all in E, then 


m Xi m Xi b 
S| ads È f W= | ini 
i=1 |JXi-1 i=1 JXi-1 a 
and letting n > œ, 
m b 
D | fe) —fx;-,)| <lim int | jaf- (A6.7) 
i=1 n> œ a 
Extend this to intermediate points x4, . . ., Xm- ; not necessarily in E, by approximating 
from the right by points in E. So (A6.7) holds for all partitions of [a, b], whence f’ |df| < 
lim inf f’ |df,| as required. Oo 


6. The monotone case 


When the elements f, of a sequence in NBV(0, œ) are, say, non-decreasing, we can 
simplify the conditions of the above convergence theorems by replacing |df,| by df, 
wherever it appears; thus (A6.3’) becomes simply f,,(0o0 —)=O(1). In the final conclusion 
of Corollary A6.6, the a.e. pointwise convergence may be strengthened to convergence 
at all points except possibly the (countable) set of discontinuity points of the limit. 

If we further restrict to f, satisfying /,,(00 —)= 1 then we have the usual convergence 
of probability distribution functions, or equivalently narrow (often called ‘weak’) 
convergence of the probability laws (the measures df). However, narrow convergence 
of probability laws is more appropriately considered on more general spaces than 
(0, œ). See Chapter 8. 


7. Mellin-Stieltjes convolution 
This is f%g(x) := Í f(x/t)dg(t) (x>0), if the integral exists. (As usual, unspecified 
intervals of integration are (0, 00).) Here, dg is a signed measure on (0, 00). By an 
exponential transformation of the variables, the Mellin-Stieltjes convolution is 
equivalent to the usual Stieltjes convolution f%.,a(x —t)db(t) on R. The properties we 
need are established below. 


Proposition A6.10. If f,g € NBV(0, 0) then f xg=g * f € NBVO, œ), and 


IS * gllvar < IS llvarllg vas (A6.8) 

for all bounded Borel functions h on (0, œ), 
fous *g)(t) = | [reared (A6.9) 
[rarioo-= rato ; [rwo (Re z=0). (A6.10) 


Proof. To every Borel set E in (0, 0) we associate a Borel set in (0, 00), 
E :={(x, y):xyeE}. 
The equation p(E) «= (up x u,)(E) then defines a (Radon) signed measure on the Borel 
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sets in (0, co); it has f Idu = f f Igdfdg by definition, and since I;(u,v)=1,(uv) we 
conclude 


[edu | [atumarendte (E € B(0, ~)). (A6.11) 


Taking E:=(0,x] and using Fubini’s Theorem we find ,(0,x] =f g(x) so 
fige NBV(0, œ) and has pas its signed measure. Since the product measures py x Hg 
and uX 4, coincide on sets of the form E, we can repeat the above with g and f 
interchanged, hence fxg=gxf. The norm inequality (A6.8) is straightforward, and 
we obtain (A6.9) by extending (A6.11) to simple-function integrands, monotone limits, 
and so on. Finally we can take h in (A6.9) to be the real, then imaginary, part of t7, 


hence (A6.10). 0O 
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INDEX OF NOTATION 


This is intended to aid cross-referencing, so notation that is specific to a single section is 
generally not listed. 

Many symbols are used locally, without ambiguity, in senses other than those given 
here. 


1. Functions 


l: slowly varying function, measurable and ¢(Ax)/¢(x) > 1 (x œ) VA>0. 
L (§2.3.3): additive argument version, L(x) := /(e*). 

T: gamma function. 

¢ (§6.2): Riemann zeta-function. 

E,(-) (§ 7.5.2): Mittag-Leffler function. 


Chapters 1, 2, Karamata theory 
fig. as in (1.4.1), f(Ax)/f(x) > g(x) E(0, œ) (x > 00). 
h,k: h(x) =log f (œ), k(x) =log g(e*). As in (1.4.1), h(x +u) —h(x) > kweR 
(x> 0). 
f*, fa (§2.0): f*(4) =lim sups- o f(Ax)/f(), 
f(A) =lim inf... f(Ax)/f(x) (A> 9). 
h*, h, (§2.0): h*(u) =log f*(e"), h,(u) =log f,(e"). 


Chapter 3, de Haan theory 
f, 9, k ((3.0.1b)): { fAx) — fx) }/gs) > klå) (x > 20). 
f*, fa (83.0): f*(A) =lim sup, o (fx) —f2)}/9), 
f(A) = lim ink, { f(Ax) —f0)}/9)- 
F,G,K, F*: F(x) :=f(e), G(x) =g(e*), K(x) =k(e), F*(u) =f*(e"). 


eae log A (p=0) 
i endar ip (p £0) 


Chapter 4, Abel-Tauber theory 

Sx = Spx] (where [ ] is integer-part). 

s(-) (§ 4.0.2): an interpolant of the sequence (Sn). 

r, a, s: sequences (r,), (s,), matrix (a,,;), with r=as as in (4.0.4a). 
R A, S ((4.0.5)): R,:=1,/n’, S,:=5,/n’, A,,; =a, (j/n)’, so R= AS. 
a?) ((4.0.6)): h(t) = EJ] an (j/n)? (t>0). 

M, ((4.0.7)): M, :=lim sup,,.. « J |da]. 


h: h(Ay=h,(A) -| (A>0). 
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K, (4.0.13): K, =lim,..,, f da®. 
aP (§ 4.0.3): p-limit function. 


Chapter 7, Complex analysis 

M(-:) ((7.1.2)): M(r) :=sup{| f(z)|: |z| <r}. 

A(:), v(-) (§7.1): maximal term, modulus of maximal term. 
n(-) (§ 7.1): zero-counting function, n(r) :=)°,5 ,1{|z,| <r}. 
E(z, p) (§ 7.1): Weierstrass primary factor. 

p(-) (§ 7.4.1): proximate order. 

h(-) or h,(-) (§ 7.5.1): Phragmén—Lindelof indicator. 

s(+) (§§ 7.5.1, 7.5.3): arc-function. 


Chapter 3, Probability 

P(A): probability of event A. 

F,G,...: distribution functions (‘laws’). 

(fa), (gn)>. ++: discrete probability laws. 

G, (§ 8.11.1): Mittag-Leffler law. 

V(-) ((8.1.0)): truncated variance. 

F: upper tail, F(x) = 1—F(x). 

v (§§ 8.2.3, 8.2.6): Lévy measure of infinitely divisible law (other formulations 
(§§ 8.2.3, 8.2.5): M(-), P(-)). 

a,, b, ((8.3.1)): norming constants, centring constants. 

U(-) (§8.6.1): renewal function. 

(u„) (§ 8.7.1): renewal sequence. 

u(-) (§ 8.7.1): generating function of (u,). 

fC) (§ 8.7.1): p.g.f. of discrete law (fp). 

®,, Y., A (§8.13.1): extremal laws, representing the three types. 

H(-) (§8.13.2): (cumulative) hazard function. 


2. Classes of functions 


Ro (§ 1.4.2): (class of) slowly varying functions. 

R, (§ 1.4.2): regularly varying functions with index p. 

R (§ 1.4.2): regularly varying functions. 

R,(0+) (§ 1.4.2): functions regularly varying at 0+ with index p. 

BR (§ 1.4.2): Baire regularly varying functions (and generally BC for the Baire 
version of the class C, where C = Ro, OR, etc.). 

SR, (§ 1.8): smoothly varying functions. 

ER (§ 2.0.2): extended regularly varying functions. 

OR (§ 2.0.2): O-regularly varying functions. 

BI (§2.1.2): functions of bounded increase. 

BD (§ 2.1.2): functions of bounded decrease. 

PI (§2.1.2): functions of positive increase. 

PD (§2.1.2): functions of positive decrease. 

Ro, R-» (§2.4.1): functions of rapid variation. 
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MR,, (§2.4.1): functions with both Matuszewska indices + 00. 

KR,, (§2.4.1): functions with both Karamata indices +o. 

IT, ((3.0.4)): class of measurable f with { f(Ax) —f(x)}/g(x) > ch, (A) (x > œ) VAS 1, 
for some constant c, the g-index of f. 

II, ($3.0): functions feI1,, for some slowly varying /, with positive /-index. 

IT_ (§3.0): as II, but negative /-index. 

II: de Haan class, IT :=I1, ONL. 

ETI, ((3.0.5)): extended II, -varying functions. 

OTI, ((3.0.6)): O —II, varying functions. 

oll, ((3.0.7)): o — II, varying functions. 

SII (§ 3.7.3): smooth I-varying functions. 

ISCenSeLOwle 

AB, AB, (§ 3.11.1): asymptotically balanced functions. 

TAB, TAB, (§ 3.11.1): non-decreasing asymptotically balanced functions. 

Rž (§ 4.0.1): those feR, that are locally bounded and O(x?) at 0+. 

BSO(p) (§ 4.0.5): those (s,) with s,/n’ bounded and of slow oscillation. 

BSD(p) (§ 4.0.5): those (s,,) with s,/n’? bounded and of slow decrease. 

H(p,r,«) (§ A1.3): holomorphic functions regularly varying in a sector. 

D(®,), D(¥,), D(A) (§ 8.13.2): domains of attraction for maxima. 

S (§ A4.1): subexponential class. 

L'(A): functions (Lebesgue-) integrable over A. 

L(A) (§ 1.3.1): functions locally integrable in A. 

C®(A) (§ 1.3.2): functions infinitely differentiable in A. 

C}(A): functions continuously differentiable in A. 

C,(A) (§ A6.4): continuous bounded functions on A. 

BV (I) (§A6.1): right-continuous functions of bounded variation on I. 

BV,,,(1) (§A6.1): right-continuous functions of locally bounded variation on 1. 

NBV(0, œ) (§ A6.4): functions in BV(0, co), normalised by f(0+)=0. 


3. Functionals 


P(A) ($2.0): P(A, f) = lim sup, SUP pep ay [UX)/flx). 
P (4) (§ 2.0): ¥ _(A, f) = P(A, 1/f). 

k(n), k(n, 2) (§ 2.8): left gauge-function of /€ Ro. 

K(n), K(n, 7) (§2.8): right gauge-function of / € Ro. 


Chapter 3, de Haan theory (see § 3.0) 

Q(A) = QUA, f) =lim sup, o SUPyepr api SUX) —f()}/g%) (A2 1). 
Q_(A)=Q_(A, f) :=Q0, =f). 

O(A,n) =O(Au;f) = lim sup, SUPgepauqt f (OX) — f(x) }/g(x) (U2 Az 1). 


Chapter 4, Abel-Tauber theory (see §§ 4.0.5, 4.0.6) 

w(A)=w(s, f, p, A):= — lim inf, o MIN, <q anM Sm N ?S,)/Cp- 
W(A) = W(s, 2, p, À) := lim sup, o MAXp <m < ân M? Sm —N ?S,\/¢,,- 
w(A)=w(f, 6, p, A) = — lim infy- o in, cy cix) PSO) -27 SO). 
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W(A)=W(f, £, p, A) = lim sup, SUPy <ycaxly PAO -x Pf()|/4(x) (A> 1 in all 
cases.) 


Chapter 8, Probability 
E: expectation ({dP). 


4. Indices, parameters, constants 


y: Euler’s constant. 

c(f) ((2.1.1a)): upper Karamata index of f. 
d(f) ((2.1.1b)): lower Karamata index of f. 

a( f) ((2.2.2a)): upper Matuszewska index of f. 
Bf) ((2.2.b)): lower Matuszewska index of f. 


p(f) (§2.2.2): upper order of f 
u(f) (§2.2.2): lower order of f 

(Then — œ <d(f)<B(f)<u(f)<p(f)<a(f)<c(f)< +0.) 
cs ((3.3.1a)): upper local g-index of f. 
d; ((3.3.1b)): lower local g-index of f. 
a, ((3.4.1a)): upper global g-index of f. 
B, ((3.4.1b)): lower global g-index of f. 

(Then -œ <d SPs Sp Scs S0.) 


l but see below for Ch. 7. 


Chapter 7, Complex analysis 

p,p(f) ((7.1.4)): order of f, redefined as lim sup,_, „(loglog M(r))/log r. 

u, ulf) ((7.1.5)): lower order of f, redefined as lim inf, „(loglog M(r))/log r. 
pı (§7.1): convergence-exponent of zeros. 

p (§7.1): genus. 


Chapter 8, Probability 
a, B (§8.3.3): index and skewness parameter of stable law. 
u: mean of law F. 


5. Tauberian conditions 


Slow decrease, increase, oscillation: definitions in § 1.7.6. 
(1.7.10, 10’, 10”): conditions of slow-decrease type for the improved versions of the 

Monotone Density Theorem and Karamata Tauberian Theorem (§ 1.7.6). 
§ 4.6: elementary Tauberian conditions; two-sided: W(-)=0, 

one-sided: w(-)=0. 

for O-versions of results: W(-)< oo, w(-)<oo. 
§ 4.7: matrices as approximate convolutions; se BSO(p), se BSD(p). 
§ 4.8: Wiener Tauberian conditions; two-sided: W(1+)=0, 

one-sided: w(1+)=0. 

§4.11: AU +)=0, Q_(1+)=0, Q(:)< œ, where Q, Q_ are as in §3.0 with 7 for g. 
§ 4.12.6: ¥(f, 1+) =0, ¥_(f,1+)=0. 
§ 5.2.1: f € BD (for certain kernels only). 
§5.3: f EBD. 
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6. Relations 


f=0(g): defined as lim supy- „| f(x)|/g(x)< 0. 
f=o(g): defined as lim, .. ,,| f(x)|/g(x) =0. 
f~g: defined asimi ,, f(x)/g(x)= 1. 
f~cg, where c is constant: defined as lim, ,, f(x)/g(x)=c. 
Ag (§2.2): f=O(g) and g=O(f). 
*, (§ A6.4): narrow convergence. 
=> (§§8.0.1, 8.0.3): convergence in law, narrow convergence of probability laws. 


= (§8.0.2): equality of probability laws. 


7. Transforms, conjugates, operators 


f“ (§ 1.5.7): generalised inverse of f (see also § 4.12.5). 
f (§ 1.7.1): Laplace-Stieltjes (LS) transform. 

K(f;:) (§ 1.8.4): Kohlbecker transform. 

f (§3.5): indices transform. 

k (§ 4.0.1): Mellin transform. 

a: see (4.2.10). 

f” (§ 1.5.7): de Bruijn conjugate. 

f° (§ 1.8.4): Young conjugate. 

C,f (§ 4.11.4): Cesaro mean of order «. 

H,f (§4.11.4): Hélder mean of order g. 


8. Indicator functions, etc. 
1 ifxeA 
1,) =f if x¢ A. 
KT} =f > statement T : true 
0, if statement T is false. 
0) 
sgn x := 0 (x=0) 
S0): 


9, Convolutions 


x: Lebesgue convolution da= | f(x—y)g(y)dy). 


M ((4.0.2)): Mellin convolution. 
$ ((4.0.3)): Mellin-Stieltjes convolution. 


Chapter 8, Probability 
* (§ 8.0.0): convolution of probability laws. 
F”* (§ 8.0.0): nth convolution-power of F. 
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10. Norms 


| [var (§ A6.4): variation norm. 

| lee (4.4.3), §4.9.1): amalgam norm. 
|| ||: supremum norm. 

| |1: Z norm. 


11. Sets 


R: real line. 

R*: (set of) positive reals, (0, o0). 

C: complex plane. 

Z: the integers. 

Z* :the non-negative integers, 0,1,2,... 

N: the natural numbers, 1,2,3,.... 

Q: the rationals. 

[x, y): the interval {te R:x<t< y} (similarly for (x, y], etc.). 
Sp(a) (§ A1.3): sector {ze C: |z|>R, larg z| <a}. 


12. Random variables, stochastic processes (in Chapter 8) 


X,Y,...: random variables. 

X,,: independent r.v.s with common law F. 

Sa: S,:=X,+...+X,,, So :=0; sequence of partial sums; renewal epochs. 
Y, (§ 8.6.1): spent lifetime or current age, at time t. 

Z, (§ 8.6.1): residual lifetime at time t. 

® (§ 8.7.1): (discrete-time) regenerative phenomenon. 

M,, (§8.9): max(0,S,,...,S,,);(§§ 8.13, 8.15): max(X,,..., X,)- 


13. Other symbols and conventions 


|A| (§ 1.1.2): Lebesgue measure of set A. 

[1 ,|,|df| (§A6.1): variation measure of f. 

[ ]: integer part of real number. 

(s,): sequence having generic element s,. 
(am, n): Matrix having generic element a,, ,,. 

°; composition of functions, f ° g(x) = f(g(x)). 
log, (§ 1.3.3): kth iterate of natural log. 


| : Lebesgue (-Stieltjes) integral over (a, b] (or (a, œ) if b= 00). 
b 


| Chapter 4): | ; 
0 
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c 


b— 
| : improper integral, lim,,, | y 


| : improper integral, lim, a |. 
a+ c 


T (§ 1.5.3): non-decreasing. 

| (§ 1.5.3): non-increasing. 

xv y: maximum of x and y. 

x Ay: minimum of x and y. 

f+, f- (§A6.1): Jordan decomposition of f. 

x*: ‘positive part’ of x, max(x, 0). 

x: ‘negative part’ of x, —min(x,0). 

lim* (§ 2.9): convergence offa set of relative measure zero. 
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Abelian theorem 198-212; for asymptotic 
balance, 192; for Borel summability 60; 
for differences, see de Haan classes; for 
dominated variation 118—19; in entire- 
function theory 303, 305-10, 318, 320; of 
exponential type 247-57; for Fourier 
series and integrals 207-9; for fractional 
integral 58; for de Haan classes 159-65, 
172-4, 189, 191, 242, 281-3; for improper 
integral mean 200-1; for improper Mellin 
convolution 202-3; for indefinite integral 
26-8, 33-5, 44, 58-9, 96-7, 103-4, 124, 
159-65; for integral mean 198-201; for 
integral of logarithm 31-2, 165; for 
Kohlbecker transform 257, 281-3; for LS 
transform 37-8, 43-4, 118-19, 126, 172-4, 
189, 191, 246; for Mellin convolution 201— 
2; for Mellin—Stieltjes convolution 209-12; 
for O,o-versions of de Haan class 164—5, 
174; for O-regular variation 96-7, 124; for 
power series 40; in probability theory 
330-7; for radial matrix transform 203-4, 
206, 218-19, 228-9; for rapid variation 
103-4, 126; for ratio 116-18, 126; for 
regular variation in general settings 425-6; 
for slow variation with remainder 28 1-2; 
for smooth variation 44; for Stieltjes 
transform 40-1; for Vuilleumier’s integral 
mean 200; for Young conjugate 48-9 

Abel limit 237 

Abel’s inequality 208 

Abel summability 209, 353, 379 

additive-argument: holomorphic regularly 
varying function 425; slowly varying 
function 81, 124; version of de Haan 
theory 129 

additive function 1, 4-5; in de Haan theory 
140; in number theory 295; see also 
Cauchy functional equation, Hamel 
pathology 


additive notation 6, 17, 61, 92; see also 
additive-argument 

A.e.=almost everywhere 

A.e. continuous function 211-12 

affine map 354-8, 423 

age-dependent branching process 407, 430 

Alaoglu, L. 243 

algebra of regularly varying functions 47 

Aljancic, S. xvii 

almost decreasing 72 

almost increasing 72, 123, 183 

almost monotone, see almost decreasing, 
almost increasing 

almost-sure limit set 420 

almost-sure limit theorem 404-5, 415, 419-20 

almost-uniform convergence 424-5 

amalgam (norm) 210-11, 234 

analytic function, see entire function, 
holomorphic function, holomorphic 
regular variation 

analytic number theory 284-97, 423-4 

Anderson, C. W. 76 

Anderson, J. M. xix 

angular density (of zeros) 316-20 

aperiodic law 371 

aperiodic renewal sequence 369 

approximate convolution, see radial matrix, 
Vuilleumier’s integral mean 

approximate regular variation 422 

approximation by regularly varying function 
81-3, 313 

arc-function 316 

arc-sine law 360-4, 379, 396-7 

a.s.=almost surely 

associated law 416-18 

asymmetric Cauchy law, see Cauchy law 

asymptotically negligible array 339 

asymptotic balance 180-4, 191-2; and 
Kohlbecker transform 283; and stochastic 
compactness of extremes 415 
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asymptotic commutativity 224-5 

asymptotic equivalence: as equivalence 
relation 46-7; Matuszewska’s 60; and 
slow variation 14-15; and smooth 
variation 45 

asymptotic inverse, see inverse 

attraction, see domain of attraction 

auxiliary function, see asymptotic balance, 
the class I’, slow variation with 
remainder, super-slow variation 


auxiliary function in de Haan theory 127-36, 


189; asymptotic uniqueness 163; bounded 
decrease 132-4; bounded increase 129-32, 
150-1, 153; monotonicity 135; O-regular 
variation 164-5; positive decrease 130, 
134-5, 152-3; positive increase 136, 152— 
3; regular variation 127; slow variation 
145, 164; see also asymptotic balance 
axiom of choice 2 


Baire analogue, see Baire version 

Baire category 2 

Baire extended regular variation (BER) 65-6 

Baire function 2, 61-2, 123 

Baire-measurable 2 

Baire O-regular variation (BOR) 65-6 

Baire property 2; avoidance 11, 18-19, 134— 
6, 140-5 

Baire rapid variation, see rapid variation 

Baire regular variation (BR) 18; 
characterisation of limit 17, 21 

Baire slow variation (BR,) 8; representation 
15, 21; uniform convergence 8—10, 21 

Baire’s theorem 5 

Baire set, see Baire property 

Baire version 8 

Baire version of de Haan classes (BII,, 
BEII,, BOII,) 128-9; global indices 148; 
local indices 146, uniform convergence 
140-1, 144-5; uniformity theorems 130-9 

Banach—Alaoglu Theorem 243 

Banach algebra 231-2, 261-2, 367-8 

Banach space 213-15, 243, 438-9 

Banach-Steinhaus Theorem 214-15 

Basis 5, 10 

Baumann, H. 229-30, 234 

Bekeéssy, A. 433 

Bellman—Harris branching process 430 

Bernoulli convergence 439 

Bernoulli law 416 

Bernstein’s Theorem 45 

Berry—Esseen bounds 353 

Bessel function 241 

‘best-possible’ theorem 212, 214, 216, 229; 
see also condition necessary for an 
implication 

beta integral 361, 364 

Beurling, A. 120 

Beurling algebra 231-2 

Beurling’s generalised primes, see generalised 
primes 


Beurling slow variation 76, 120-2; see also 
self-neglecting function 

Bienayme—Galton—Watson process, see 
simple branching process 

birth-and-death process 394 

bivariate domain of attraction 380, 420 

Bochner, S. 193 

Bogenfunktion 316 

Bojanic, R. [Bojanic, R.] xvii, 435 

Borel, E. 7-8 

Borel measure 97 

Borel sigma-algebra 436 

Borel summability 60, 353 

bounded decrease (BD) 71-3; of auxiliary 
function in de Haan theory 132-4; and 
integrals 94-7; and O-version of 
Monotone Density Theorem 119-20; and 
peaks 89, 92-4; and rapid variation 85-6, 
103; as Tauberian condition 89, 93-7, 
119-20, 265, 273-5; see also dominated 
variation, O-regular variation 

bounded increase (BI) 71-3; of auxiliary 
function in de Haan theory 129-32, 150-1, 
153, 185; and integrals 947, 124, 126; 
and inversion 124; and O-version of 
Monotone Density Theorem 119-20; and 
peaks 89, 92-4; and rapid variation 104; 
as Tauberian condition 89, 93-7; 119-20, 
274; Tauberian theorem for 119-20, 126; 
see also dominated variation, O-regular 
variation - 

bounded measure 437 

bounded variation (BV) 436-44; see also 
locally bounded variation 

bounds, see global bounds, local 
boundedness, Potter bounds 

branching process 336, 397-408; 
classification 397-8; extensions 406-8; and 
functional equations 398-9, 405, 428; limit 
theorems 398—406; see also age-dependent 
branching process 

branch point 264 

Brownian motion 340-1, 358 

de Bruijn conjugate 29, 78-9, 189; methods 
of calculation 78-9, 433-5; and smooth 
variation 47; and tail behaviour of 
probability law 341-2; and Tauberian 
theorem of exponential type 252-3, 257; 
and Young conjugate, 47-9 

Birmann—Lagrange theorem 434 

busy cycle 386 

busy period 386-8 


canonical product 300-9, 312, 317, 324; see 
also entire function 

canonical representation 74, 154-8 

category (Baire) 2 

Cauchy functional equation 2, 4-5, 428; 
avoidance 19; and characterisation of 
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regular variation 17; see also Hamel 
pathology 

Cauchy law 347, 350, 359 

Cauchy’s inequality 266 

Cauchy’s integral formula 425 

Cauchy’s theorem 287 

Central Limit Theorem 344, 353 

central limit theory 339, 344-7, 350-4; 
functional 341, 353; for random numbers 
of r.v.s 395; see also dependent random 
variables 

centring constants 327; for extremes 408— 
411, 413; omission 347, 349; in self- 
similarity 357-8; for sums 344-7, 349, 
351-3 

centring function 356-7, 359 

Cesaro density 397 

Cesaro summability 19-20, 59, 246, 262-3, 
353 

c.f., see characteristic function 

character 262 

characterisation: of the class T, 191; of 
equitightness 440-3; of extended regular 
variation 67-8, 73-4; of global indices 
149; of de Haan class 189; of Karamata 
indices 67-8, 73-4; of local indices 146-8, 
167-70, 190; of Matuszewska indices 68— 
75, 125; of O-regular variation 71-3; in O- 
version of de Haan theory 170-1; of radial 
matrix 196-7, 204-6; of regular variation 
259, 264; of self-similarity 355-6; of slow 
variation 23-4, 58 

characterisation of limit in de Haan theory 
128, 139-43, 188-9 

characterisation of limit in Karamata theory 
17-21, 54-6; see also regular variation in 
general settings 

characteristic function (= Fourier—Stieltjes 
transform) 326; compound Poisson type 
339; entire 337; infinitely divisible 338-9; 
logarithm 338; and tail behaviour 336-7; 
see also law 

the class [ 174-80, 191; and extremes 410— 
11 

closure properties: of regular variation 25-6; 
of slow variation 16 

CLT, see Central Limit Theorem 

coin-tossing 372-3 

collective risk, see ruin 

comparison theorem, see Mercerian theorem 

complete asymmetry 396 

completely regular growth 316-21 

complete monotonicity 45 

complete randomness 416 

complex analysis, see entire function, 
holomorphic function, holomorphic 
regular variation 

complex-valued regular variation 423-4 

composition: of functions in class I 180, 
191; of de Haan and regularly varying 


functions 189; of regularly varying 
functions 26; of slowly varying functions 
16; of smoothly varying functions 46-7; 
and variation measure 438 

compound geometric law 387-8 

compound Poisson law 338-9, 345; see also 
infinitely divisible lattice law 

compound Poisson process 388-9 

concavity 45, 430 

concentration function 395 

condition: a.e. continuity 211-12; of 
limsup limsup type 19, 141-3; necessary 
for an implication 19,20, 43-4, 116, 229, 
233-4; of slow-decrease type 42-4, 59, 
197-8, 255; of slow-increase type 19, 141, 
146-8, 255; of slow-oscillation type 197-8, 
232; see also bounded decrease, bounded 
increase, continuity in law, Darling—Kac 
condition, Dynkin—Lamperti condition, 
kernel condition, Levin—Pfluger condition, 
measurability in law, von Mises 
conditions, positive decrease, positive 
increase, right-continuous paths, Sinai’s 
condition, slow decrease, slow increase, 
Spitzer’s condition, stochastic continuity, 
tail balance, Tauberian condition, Wiener 
condition 

conditionally convergent series 207-9, 237— 
40 

conditionally convergent integral, see 
improper integral 

conditioned limit theorem 394, 398-405 

conjugate convex function, see Young 
conjugate 

conjugate index 48 

conjugate pair 29 

conjugate [IT-variation 189 

conjugate slowly varying function, see de 
Bruijn conjugate 

continuity in probability, see stochastic 
continuity 

continuity interval 339-40, 346 

continuity theorem for LS transform 38, 
116-17 

continuous interpolant 195, 2247 

continuous time: branching process 407; 
fluctuation theory 385; regenerative 
phenomenon 372, 388 

conventions: on ‘Baire’ 2; on empty set 66; 
finiteness of constants and indices 66, 145; 
on integrals xix, 33, 194; on Landau’s 
symbol ~ xix; on suprema and infima 66; 
terminological xviii-xix; on 0 log 0 405; 
see also notation 

convergence: almost uniform 424-5; in 
distribution 327; finite-dimensional 356-7; 
in law 327, 423; in probability 372; see 
also almost-sure limit theorems, narrow 
convergence 

convergence-exponent 300, 324 


General index 479 


converse Abelian theorem 212-17 

convexity 5, 58, 60; in branching processes 
399, 405; geometry 316; and indicator of 
entire function 315-16; of Mellin 
transform of kernel 264, 275; and smooth 
variation 45; see also trigonometric 
convexity, Young conjugate 

convolution, see Lebesgue convolution, 
Lebesgue—Stieltjes convolution, Mellin 
convolution, Mellin-Stieltjes convolution 

convolution inequality 274-5, 323 

convolution-power 326 

cosine series, see Fourier series 

counterexample: for exceptional sets 115; for 
‘Karamata’s Theorem’ for one-sided 
indices 95, 99, 102-3, 125; for Kohlbecker 
transform 282; in Mercerian theorem for 
LS transform 281; for monotone slow 
variation 57; for O-regular variation 75; 
for sequence formulation of regular 
variation 51; for slow variation with rate 
78, 124; for subexponentiality 430; in 
Uniform Convergence Theorem 10-11, 
141; for uniformity in de Haan theory 
135; for uniformity in Karamata theory 
63-4; see also examples, Hamel pathology 

Crameér’s condition 354 

critical branching process 397, 399-403 

Croftian theorem 49—50 

Crump—Mode—Jagers process 407 

Csiszar, I. 134 

cumulant-generating function 404 

cumulative maximum function: and 
characterisation of slow variation 58; and 
inverse 124; as monotone equivalent of 
regularly varying function 23-4; and rapid 
variation 87 

cumulative maximum process 375-82, 386 

cumulative minimum process 375-6 

cumulative sum process, see random walk, 
weak dependence 

Cuypers, J. xix 


dam 389 

Darling—Kac condition (D-K) 390-4 

Darling—Kac theory, see occupation times 

defective law 368, 375 

degenerate law: as arc-sine law 364; 
notation 326; see also relative stability 

delayed renewal process 360 

denominator in de Haan theory, see 
auxiliary function in de Haan theory 

dense set, see quantifier 

density, see Cesaro density, linear density, 
logarithmic density 

density (= probability density) 326, 350-3; 
and convergence of maxima 411-13; for 
smoothing 14, 45, 166; of stable law 350; 
unimodal 350, 352; see also local limit 
theory, Scheffe’s Lemma 


dependent random variables 414, 420-1 

derivative: of function in class I 180; as 
operator 47; of smoothly varying function 
44-5, 47; see also Monotone Density 
Theorem 

d.f., see distribution function 

difference set 3, 7, 9, 57 

differential equation 427 

differentiating an asymptotic relation 113; 
see also Monotone Density Theorem 

diffusion process 394 

Dini derivates 58, 123 

Dini’s theorem 55, 60 

Dirac measure 262 

Dirichlet series 40, 292, 423-4 

discrete law, see lattice law 

discrete regular variation 49-53 

discrete subexponentiality 343, 431-2 

distribution function 326; see also law 

D-K: see Darling—Kac condition 

domain of attraction for first-passage time 
382 

domain of attraction for ladder epoch 380-4 

domain of attraction for ladder height 380, 
384-5 

domain of attraction for maximum 409-13, 
416-17 

domain of attraction for occupation time 
396 

domain of attraction for records 416-18 

domain of attraction for renewal sequence 
372 

domain of attraction for sum 344-8; and 
local limit theory 350-3; and maximum 
419-20; and occupation time 396; to 
positive stable law 349, 361; and relative 
stability 350; and renewal process 369; 
and Spitzer’s condition 379-80, 383-4 

domain of normal attraction 348-9, 382 

dominated variation 54; Abelian theorem 
118-19; counterexample 103; and 
indefinite integral 98—103; and LS 
transform 118-19; Mercerian theorem 
118-19; and quasi-monotonicity 106-10; 
and ratio Tauberian theorems 116-18; 
and subexponentiality 429-31; Tauberian 
theorem 118—19, 232; see also O-regular 
variation 

double convolution 234 

‘double-sweep’ 128, 188 

Drasin, D. xix 

dual space 243, 439 

Dwass, M. 370 

Dynkin—Lamperti condition 364-7 

Dynkin—Lamperti problem 365 


Edgeworth expansion 353 

Egorov’s Theorem 10 

elementary Tauberian theorems 217-22, 229 
Embrechts, P. A. L. xix 
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entire characteristic function 337 

entire function 298-325; completely regular 
growth 31621; examples 307-8; 315, 321; 
extremal properties 305, 321, 323-5; 
indicator of 313-16; minimum modulus 
321-4; negative zeros 301-8, 324-5; 
Nevanlinna characteristic 304—S; oriented 
zeros 304; proximate order 310-13; real 
zeros 308-10; regularly distributed zeros 
320; of Valiron—Titchmarsh type 305, 312; 
zero-distribution 301—13, 316-21, 324-5 

equitightness 439-43; and radial matrix 196, 
204, 223 

Erdos, P. 134 

Erickson, K. B. 371 

Esseen, C.-G. 353 

estimation, see statistical applications 

Euler product: for gamma function 246, 279; 
for multiplicative function 292; for 
Riemann zeta-function 286-7, 294 

Euler’s summation formula 289 

Euler summabiltiy 353 

eventually of one sign 161-2 

examples: de Bruijn conjguate 433-5; 
domain of attraction for extremes 412; 
entire functions 307-8, 315, 321; Peter- 
and-Paul law 372-4; quasi- and near- 
monotonicity 109-10; rapid variation 85- 
6, 125; slowly varying functions 16; 
subexponentiality 430; see also 
counterexample 

exceptional set 113-15, 125; and branching 
processes 406; and completely regular 
growth 316-18, 320; and convolution 
inequality 275, 323-4; and entire function 
with negative zeros 304; in renewal theory 
365_7, 371 

excursion 395 

explosion 398, 403-6 

explosive branching process, see infinite- 
mean branching process 

exponential type, see type (of entire 
function) 

extended de Haan class (ETI) 128, 145-8; 
Baire version 146; canonical 
representation 154-8; and local indices 
146; representation 154; uniform 
convergence 137-8 

extended regular variation (ER) 65-6, 74-5; 
canonical representation 74, 157; 
characterisation 73; of integral 94-7; and 
Karamata indices 67, 123; and O-regular 
variation 71; and regular variation 71; 
representation 74; and theorems of 
exponential type 258; uniform 
convergence 66; see also Karamata indices 

external rate 76 

extinction 397-8, 403 

extinction probability 398, 405 

extinction time 397-8, 403-4 


extremal domain of attraction, see domain 
of attraction for maxima 

extremal law 408-14, 416-18 

extremal process 414-15, 420 

extremal properties (of entire functions) 305, 
321 3235 

extremes 122, 184, 408-15 


Faà di Bruno 60 

Fatou’s lemma 154, 228 

Feller, W. xvii, 237 

Fenchel’s duality theorem 48 

Finite dam 389 

finite-dimensional convergence 356-7 

finite-dimensional laws 328, 354-7 

first-passage time 382; see also ladder epoch 

fluctuation theory 368, 375-85 

Fourier cosine transform 240-1 

Fourier integral 209, 240-1 

Fourier inversion formula 240-1 

Fourier series: Abelian theorems 206-9; 
generalisations 207, 237, 242; integrability 
theorems 241-2; Tauberian theorems 232, 
237-40; see also conditionally convergent 
series 

Fourier sine-transform 207-9, 240-1 

Fourier-Stieltjes integral 209 

Fourier—Stieltjes transform, see characteristic 
function 

Fourth proof of the UCT 9, 62-3, 84, 134, 
137-8 

fractional integral 58, 336 

Frullani integral 35-6 

functional equation 428; in de Haan 
theory 140; in supercritical branching 
process 404; see also Cauchy functional 
equation, modified Schröder functional 
equation; Takacs functional equation 

function algebra, see Banach algebra, 
Beurling algebra 

functional limit theory (probability) 341, 
353, 414, 418-19 


gamma class (I), see the class T 

gamma distribution 412 

gamma function: and Cesaro means 246; 
and entire-function theory 307-8, 320-1; 
Euler product 246, 279; and Lambert 
summability 232-3; and Mercerian 
theorem for LS transform 279; and 
partitions 285-6 

gaps in Karamata theory 127-8 

gauge function 110-13, 208-10 

Gaussian law, see normal law 

Gaussian process 420, 422 

G;-set 62 

Gegenbauer series 237 

Gelfand theory 261-2 

generalised arc-sine law, see arc-sine law 

generalised convolution 372 
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generalised integers 295 

generalised inverse, see inverse 

generalised primes 290, 295 

generalised renewal theory 368 

‘general Tauberian theorem’ 234 

generating function: for partitions 286; of 
renewal sequence 369; see also probability 
generating function 

genus 300-1, 306-10, 312, 324 

gestrahit 195 

gestrahlte Folgen 18 

Gestrahlungsfunktion 195 

GI/G/1: 386-8 

g-index 128, 144-5; and representation 158-60 

global bounds: in de Haan theory 130-9, 
171-2, 189-90; see also Potter bounds 

global indices 148-9, 153 

Gnedenko, B. V. 411 

group: of affine maps 354, 423; in 
characterisation of limit in de Haan 
theory 140, 142; of smoothly varying 
functions 46-7; in Steinhaus theory 4, 20, 
57; see also topological group 

growth: of entire function 300, 310-13; of 
regularly varying function 22; of slowly 
varying function 16, 79-81, 124 

de Haan, L. F. M. xvii, xix, 88, 145 

de Haan classes (I1,, II) 128, 158-65; 
Abelian theorem 159-63, 172-4, 189, 191, 
242, 281-3; characterisation of limit 128, 
139-43; composition with regularly 
varying function 189; conjugacy 189; in 
entire-function theory 306-8; and 
extremes 4 10-1 1; higher-dimensional 
analogues 426; and indefinite integral 26, 
159-63; integral characterisation 189; and 
Kohlbecker transform 257, 281-3; and 
local indices 167-70; and LS transform 
172-4, 189, 191, 278-81; and Mellin 
convolution 242-7; Mercerian theorem 
160-3, 260-3, 278-83; monotone 
density representation 159-60; 
representation 158-60, 162-4; and slow 
variation 164; and slow variation with 
remainder 185, 192; and tail of probability 
law 374; Tauberian theorem 159-60, 162— 
3, 172-4, 189, 191, 243-7, 281-3; uniform 
convergence 139; see also Baire version, 
inversely asymptotic, smooth version 

de Haan function 26; see also de Haan class 

de Haan theory xvii, 127-92; additive 
argument version 129; uniformity 
theorems 129-39 

Haar measure 194 

Hadamard, J. 287 

Hadamard factorisation 300, 304, 319 

Hahn decomposition 437, 439, 441 

Half-line 350, 397 

Hamel basis 5, 10, 57 

Hamel pathology 5, 21, 64 
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Hankel transform 241 

Hardy-—Littlewood—Karamata Theorem xvii 

harmonic renewal function 384-5 

harmonic renewal theory 368 

Harris, T. E. 407, 430 

hazard function 410-11, 415-18 

hazard rate 411-12 

Heiberg, C. 84 

Heine—Borel Theorem 7-8 

Helly’s selection principle: and asymptotic 
balance 181; and Drasin-Shea theorem 
270; and equitightness 440, 442; and 
occupation times 392, 394; in Ratio 
Tauberian Theorem 116 

heuristics: Abel-Tauber theorems 194; 
indefinite integral of regularly varying 
function 27 

higher-dimensional regular variation 426 

Hincin, A. Ya. 339, 387 

history: Abel-Tauber theory 193; regular 
variation xvii, 18, 20, 311 

Holder means 247, 263 

holomorphic function: and de Bruijn 
conjugate 433-4; and functional equations 
428; in a sector 312-17, 424-5; see also 
entire function 

holomorphic regular variation (HR) 312-13, 
424-5 

homomorphism 355 

Hopf, E. 377 

Hunt process 340 


i.d., see infinite divisibility 

idle period 386 

iff=if and only if 

i.i.d.= independent and identically 
distributed 

Ikehara, S. 288 

immigration 406-7 

improper integral: in Fourier integrals 207, 
240-1; in integral means 200-1, 216-17; in 
Karamata’s theorem 33—4; notation 34 

improper Mellin convolution 202-3 

improper Mellin transform 202 

indefinite integral: Abelian theorem 26-8, 
33-5, 44, 58-9, 96-7, 103-4, 124, 159-65; 
and dominated variation 98—103; and de 
Haan classes 159-63; Mercerian theorem 
30-1, 33-5, 58-9, 96-7, 103-4, 160-5; and 
O,o-versions of de Haan class 164-5; and 
O-regular variation 96—7, 119-20, 124; 
and rapid variation 103-4; slow variation 
of 26-8; smooth variation of 44; 
Tauberian theorem 39-40, 42-4, 58-9, 
119-20, 124, 159-63 

independent increments 340, 359, 387, 389 

index: conjugate 48; of equivalence class of 
regularly varying functions 47; for 
extended Zygmund class 123; of Orlicz 
space 66; of rapid variation 83; of 
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regularly varying sequence 52; of regular 
variation 18, 67; of self-similar process 
355-9; of smooth variation 44; of stable 
law 347-50, 380; see also g-index, global 
indices, Karamata indices, local indices, 
Matuszewska indices 

indexes (division of material) xvili—xix 

indicator diagram 316, 319 

indicator (in entire-function theory) 313-18, 
320-1 

indices transform 150-1; in asymptotic 
balance 184; and one-sided representation 
170-1; and representation 157, 158 

infinitary cases 146-7 

infinite dam 389 

infinite divisibility 337-43; of branching 
process limit 407; Levy—Hin¢in formula 
339; of maximum of random walk 379; 
non-negativity 340, 430-1; of renewal 
sequence 372; and stable laws 343-4; and 
subexponentiality 430-1; tail behaviour 
341-3, 431 

infinitely divisible lattice law 342-3, 432 

infinite-mean branching process 397, 406 

infinite oscillation 16 

infinitesimal array 339 

Ingham’s method 288 

Ingham summability 290 

insurance, see ruin 

integer part 8 

integrability theorems 241-2 

integrable function 437 

integral: convention xix, 33, 194; fractional 
58; Frullani 35-6; Lebesgue-Stieltjes 437— 
8; as operator 47; Stieltjes, see Lebesgue— 
Stieltjes; see also improper integral, 
indefinite integral 

integral average, see integral mean 

integral equation 261-2, 271, 278 

integral mean: Abelian theorem 198-201; 
converse Abelian theorem 213; see also 
Vuilleumier’s integral mean 

integral transform: convolution type, see 
Mellin convolution, Mellin—Stieltjes 
convolution; integrability theorems 242; 
see also characteristic function, Fourier 
cosine transform, Fourier integral, Fourier 
sine-transform, Hankel transform, 
Lambert transform, Laplace transform, 
LS transform, Mellin transform, Stieltjes 
transform 

integrating an asymptotic relation, see 
Karamata’s Theorem 

integration by parts 33, 98, 100, 437-8 

inter-arrival time 385, 387 

internal rate 76, 186 

interpolant 194-5, 223 

interval-radiality, see radial matrix 

invariance principle 421 

invariant measure 406-7, 428 


inverse 28-9; and asymptotic equivalence 60; 
and de Bruijn conjugate 29; calculation 
78-9; and cumulative maximum 124; of 
function in the class IT 176-7; of de Haan 
function 176-7; of rapidly varying 
function 88; of regularly varying function 
28-9; of slowly varying function 87-8; and 
smooth variation 46 

inversely asymptotic 190 

isometry 439 

iterates of logarithm 16, 433 

iteration of functions 428 

Itô representation 341 


Jacobi series 207, 237, 242 
Jagers, P. 407 

Jensen’s formula 318 

Jirina, M. 407 

Jordan, G. S. xix 

Jordan decomposition 107, 437 
jumps of Lévy process 340-2 


Kac, M. 389-95 

Karamata, J. xvii, 122 

Karamata case 128 

Karamata indices 66-8; characterisation 67— 
8, 73-4, 170; of integral 94-7; and rapid 
variation 83; in renewal theory 365; and 
representations 74 

‘Karamata’s Theorem’ for one-sided indices 
94-103 

Karamata theory xvii, 1-128 

kernel: Bessel-function kernel 241; Fourier 
kernel 241; Wiener kernel, see Wiener 
condition; see also integral transform 

kernel condition: absolute continuity 209— 
10; a.e. continuity 211-12; amalgam-norm 
condition 210-11, 234; for Beurling 
algebra 231-2; continuity 234-7; growth 
210; integrability 200-2, 213-14; non- 
negativity 222, 230, 245-6, 263, 265; see 
also Wiener condition 

Kesten, H. 429-30 

key renewal theorem 367 

König, H. 237 

Kohlbecker transform 49; Abel-Tauber— 
Mercer theorems 257, 281-3; and 
Tauberian remainder theorems 247 

Kolmogorov, A. N. 310, 398 

Korenblum, B. I. 231 

Kronecker’s Lemma 379 

Kronecker’s Theorem 54, 142 

kth records 418 

Kwapien, S. 310 


ladder epoch 375; strict ascending 375-6, 
378, 380-4; strict descending 383-4; weak 
ascending 388; weak descending 375-8, 
386 
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ladder height 375; strict ascending 375-6, 
380-2, 384-5; weak descending 375-7, 386 

ladder step 375 

Lagrange inversion 433 

Lambert summability 232-3, 288-90 

Lambert transform 247, 263, 286 

Lamperti, J. 355, 364-5, 381, 401, 411 

Landau, E. xvii 

Landau’s symbols xix 

Laplace’s method 257-8 

Laplace transform: and additive-argument 
slowly varying function 81, 124; in Polya’s 
lemma 266-7; and smooth variation 45 

Laplace-Stieltjes transform, see LS 
transform 

large deviations 354, 413 

lattice law 326-7, 350; aperiodic 371; in 
Darling—Kac theory 395—6; and extremes 
413-14; in local limit theory 351-3; in 
renewal theory 360, 367, 369-72; see also 
infinitely divisible lattice law 

law (= probability law) 326; absolutely 
continuous component 353; aperiodic 371; 
characteristic function 326; defective 368, 
375; determined by its moments 329; 
finite-dimensional laws 354-7; LS 
transform 326-7; marginal 355-7; 
moment-generating function 337; Peter- 
and-Paul law 372-3; ‘regularly varying 
moments’ 335-6; semigroup of 372; 
singular component 353; subordinated 
368; symmetrisation 344; see also arc-sine 
law, Cauchy law, compound geometric 
law, compound Poisson law, convergence 
in law, degenerate law, density, extremal 
law, infinite divisibility, lattice law, 
Mittag—Leffler law, narrow convergence, 
non-lattice law, normal law, stable law, 
symmetric law, tail behaviour, type, 
variation norm 

laws of large numbers 414-15, 418 

law of the iterated logarithm 415, 420 

Lebesgue convolution 166, 231, 261, 326 

Lebesgue measure xix 

Lebesgue-Stieltjes convolution 326 

Lebesgue-Stieltjes integral 437-8 

Lebesgue-Stieltjes integrator 33, 97, 150, 326 

Lebesgue-Stieltjes measure 326 

left-continuous random walk 382-4, 396 

Leibniz’s rule 266 

Levin, B. Ja. 319 

Levin—Pfluger condition (LP) 319-20 

Lévy-Hinéin formula 339-40, 383; see also 
stable law 

Levy measure 339-42, 346, 389 

Lévy process 340-2, 385, 388 

Lifetime 359-60 

lightbulb 359-60, 368 

LIL, see law of the iterated logarithm 
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limit function of radial matrix 195, 204, 223, 
225-6 

Lindelöf, E. L. 313-14 

f-index, see g-index 

linear density 113-15 

linear functional 214-15, 438-9 

linear interpolant 223, 225 

Littlewood, J. E. xvii 

local boundedness 13; of almost-increasing 
function 123; and cumulative maximum 
87; in de Haan theory 130-1, 133-4, 136, 
144-5; of rapidly varying function 84-5; 
of regularly varying function 18; of slowly 
varying function 13; and subadditivity 
123; see also uniformity theorems, weak 
regular variation 

local indices 145-8; Baire version 146; 
characterisation 146-8, 167-70, 190; 
formulae for 146-8, 154, 190; and indices 
transform 151; and representation 154~7 

local integrability: of regularly varying 
function 18; of slowly varying function 13 

local limit theory 350-3; in branching 
processes 404; for extremes 413; and 
occupation times 395; and renewal theory 
366 

locally bounded variation (BV,,,) 436; of 
normalised slowly varying function 104; of 
regularly varying function 33 

local uniformity, see Polya’s extension of 
Dini’s theorem, uniform convergence, 
uniformity theorems 

logarithmic density 115, 125; and 
convolution inequalities 275, 323-4 

logarithmic integral 287, 295 

logarithmic order 313 

logarithm of characteristic function 338 

lognormal law 418 

lower order 73-4 

lower order (of entire function) 299, 322, 325 

lower semi-continuity 48 

LP, see Levin—Pfluger condition 

LS transform 37-9; Abelian theorem 37-8, 
43-4, 118-19, 126, 172-4, 189, 191; 
bilateral 205; continuity theorem 38, 116— 
17; and dominated variation 118-19; and 
de Haan classes 172-4, 189, 191, 263, 
278-81; kernel 233; Mercercian theorem 
118-19, 263, 274, 278-81; of non-negative 
infinitely divisible law 340; and O,o- 
versions of de Haan class 174; and O- 
regular variation 118-19; of probability 
law 327; and rapid variation 126; ratio 
Tauberian theorem 116-18; of renewal 
function 361; of stable law 348-9; 
Tauberian remainder theorem 247; 
Tauberian theorem 37-8, 43-4, 59, 118— 
19, 172-4, 189, 191, 233-4, 237, 246; 
theorems of exponential type 247-54; and 
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truncated moments 333—5; and uniform 
distribution mod 1, 296; see also 
uniqueness theorem 

Lusin’s Theorem 439, 441 


‘Majorisability’ 167, 190 

von Mangoldt function 288-90 

marginal law 355-7 

marginal self-similarity 355-7, 409 

marginal type 355 

Markov chain 368, 370, 372, 395: see also 
branching process 

Markov process 389-94 

Markov property 358, 387, 390 

Markov renewal process 368 

martingale 404 

matrix, see radial matrix, regular summation 
method 

Matuszewska indices 68-74; and almost- 
monotonicity 72; alternative definition 
124; of auxiliary function in de Haan 
theory 128; characteriation 68-75, 125; 
counterexamples for 99, 102-3, 125; in 
Drasin-Shea theory 269, 273-4, 276-7; 
and entire-function theory 322; finiteness 
71-3; and indices of Orlicz spaces 66; and 
integrals 94-103, 125; of inverse function 
124; and one-sided peaks 89, 92-3; and 
orders 74; and O-regular variation 123; 
and Polya peaks 89, 93-4; and Potter- 
type bounds 72; and quasi-monotonicity 
105; and rapid variation 83; in renewal 
theory 365; and representation 74-6; and 
stochastic compactness of sums 375; see 
also bounded decrease, bounded increease, 
dominated variation, O-regular variation, 
positive decrease, positive increase 

maxima: and sum 419-20; see also extremes 

maximal correlation coefficient 421 

maximal term 298-9, 324-5 

maximal type, see type (of entire function) 

maximum function, see cumulative 
maximum 

maximum modulus 298-9; examples 321; 
and genus zero 304; and holomorphic 
regular variation 313; and minimum 
modulus 321-4; and Nevanlinna 
characteristic 304-5; and proximate order 
311; and zero-distribution 324-5 

meagre 2 

mean lifetime 359, 370; finite 360, 365, 367, 
370; infinite 360-7 

mean type, see type (of entire function) 

measurability xix, 437; avoidance 11, 18—19, 
134-6, 140-5, 152-3; see also non- 
measurable function, non-measurable set 

measurability in law 356 

measure xix; see also Lebesgue measure, 
Lebesgue—Stieltjes measure, linear density, 


signed measure, variation measure 

measure theory: difficulties 10; qualitative 
and quantitative aspects 7 

Mejzler, D. G. 414 

Mellin convolution 194; Abelian theorem 
201-2, 242: converse Abelian theorem 
213-14; and entire functions 302-4, 306-9, 
323; and de Haan classes 242-7, 260-3; 
improper 202-3, 243; Mercerian theorem 
260-78; in number theory 285, 289-90; 
Tauberian theorem 221-2, 277, 230-1, 
243-7 

Mellin-Stieltjes convolution 194, 443-4; 
Abelian theorems 209-12, 242-3; in 
probability theory 327, 393; reduction to 
Mellin convolution 209-10, 237; 
Tauberian theorem 231, 234-7 

Mellin-Stieltjes transform 205, 327, 393 

Mellin transform 194; improper 202 

Mercerian theorem 259-83; for Cesaro 
means 263; for differences, see for de 
Haan classes; for dominated variation 
118-19; in entire-function theory 304-5; 
for de Haan classes 160-3, 260-3, 278-83; 
for Holder means 263; for indefinite 
integral 30-1, 33-5, 58-9, 96-7, 103-4, 
160-5; for integral of logarithm 31-2, 165; 
for Kohlbecker transform 281-3; and 
Lambert transform 263; for LS transform 
118-19, 263, 274, 278-81; for Mellin 
convolution 260-78; for O,o-versions of de 
Haan class 164-5; for O-regular variation 
96-7; for rapid variation 103-4; for slow 
variation with remainder 28 1-2 

Mercer’s theorem 262 

meromorphic function 306 

Mertens formulae 294, 296 

method of moments 329; in Darling—Kac 
theory 391-2, 394-5; in renewal theory 364 

method of monotone minorants 219-21 

minimum modulus 321-4 | 

minimal type, see type (of entire function) 

von Mises conditions 411—13 

Mittag—Leffler function 315, 321, 325, 329 

Mittag—Leffler law 329; determined by its 
moments 391; and occupation times 39 1— 
7; and stable subordinator 349; tail 
behaviour 337 

mixing 421 

M/G/1: 387-9 

Mode, C. J. 407 

modified Schröder functional equation 398 

Mobius function 295 

Möbius inversion formula 286 

moment-generating function 337 

‘monotone-density’: for de Haan classes 
159-60; O-version 119-20, 126 

monotone density argument 334, 364, 371, 
387, 396; see also Monotone Density 
Theorem 
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monotone equivalents: in de Haan theory 
159; in Karamata theory, see cumulative 
maximum function 

monotone minorants 219-21 

monotone O-regularly varying function 65 

monotone rapidly varying function 103 

monotone regularly varying function 54-7, 
60 

monotone regularly varying sequence 56 

monotone slowly varying function 16-17 

monotonicity: characterising Karamata 
indices 68, 73; characterising local indices 
167-70; characterising slow variation 23— 
4, 58; and Matuszewska index of inverse 
function 124; as Tauberian condition 37— 
41, 58-60, 116-19, 124-6, 159-60, 172-4, 
180, 234-7, 255-7; see also almost 
decreasing, almost increasing, cumulative 
maximum, near-monotonicity, quasi- 
monotonicity, Zygmund class 

m.s.s., see marginal self-similarity 

multiplicative function 6, 17, 21; in number 
theory 290-6, 423-4 

multiplicative notation 6 

multitype branching process 407-8 

multivariate extremes 415 

multivariate regular variation 426 


narrow convergence 439-43; in probability 
theory 328-9, 443; and radiality 195-6, 
204-5, 223-6; of renewal measure 363 

narrow topology 439 

near-monotonicity 104-6, 108-11, 210 

necessary, see condition necessary for an 
implication 

Nevanlinna characteristic 304-5 

non-decreasing asymptotic balance, see 
asymptotic balance 

non-lattice law 345, 350; in Darling—Kac 
theory 395-6; in local limit theory 351-3; 
in renewal theory 360, 365-7 

non-measurable function 10—11, 61, 81, 122, 
146; see also Hamel pathology 

non-measurable set 4 

non-restrictive condition, see condition 
necessary for an implication 

norm, see amalgam, supremum norm, 
variation norm 

normalised regular variation 44, 58; 
extension 123; and regularly varying 
sequences 53 

normalised slow variation 15; extension 123; 
locally bounded variation 104; and near- 
monotonicity 109; and quasi-monotonicity 
109; and Zygmund class 24-5 

normal law: and almost-sure limit theorems 
420; and extremes 412; and infinite 
divisibility 339; and records 416-18; and 
stability 344, 346-9; and tail behaviour 
342, 348 
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norming constants 327; for extremes 408-11, 
413; regular variation 345, 349, 357-8; in 
relative stability 372-4; in self-similarity 
357-8; for sums 344-53 

norming function: and occupation time 392— 
3; regular variation 358, 392-3; in renewal 
theory 360; in self-similarity 356-9; and 
stochastic monotonicity 393 

notation: additive 6, 17, 61, 92; 
multiplicative 6; see also conventions 

null sequence 214-15 

number theory, see analytic number theory 

Nyman, B. 231 


O-analogue, see O-version 

occupation time 368, 389-97 

Omey, E. xix 

one-sided peaks 88-93, 95-6 

one-sided representation 68, 167-71 

one-sided stable law, see positive stable law 

O,o-versions of de Haan class (OIL, oI) 
128-9, 148-9; Abelian theorem 164-5, 
174; Baire version 148; global bounds 
171-2; and global indices 149; and 
indefinite integral 164—5; and indices 
transform 151; and LS transform 174; 
Mercerian theorem 164-5; representation 
152-3; and slow variation with remainder 
185; Tauberian theorem 174; uniform 
convergence 133; see also asymptotic 
balance 

order, see upper order 

order (of canonical product) 300 

order (of entire function) 298-300; see also 
proximate order 

order (of holomorphic function in a sector) 
313 

order statistics 408, 413, 415 

ordinary differential equation 427 

ordinary Laplace transform, see Laplace 
transform 

O-regular variation (OR) 65-6; Abelian 
theorem 96-7, 124, 165; of auxiliary 
function in de Haan class 164—5, 181-3; in 
branching processes 406; and differential 
equation 427; in Drasin—-Shea theory 271, 
276; higher-dimensional analogue 426; 
and indefinite integral 94-7, 119-20, 124— 
5; and integral of logarithm 165; as 
Karamata case 128; and LS transform 
118-19; and Matuszewska indices 123; 
Mercerian theorem 96-7, 165; and rapid 
variation 83; in renewal theory 365; 
representation 74-6; Tauberian theorem 
119-20, 124; and theorems of exponential 
type 258; uniform convergence 65-6; see 
also bounded decrease, bounded increase, 
dominated variation 

oriented zeros 304 
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Orlicz space 66 

O-verson: of Aljancic-Karamata theorem 
165; of Monotone Density Theorem 119— 
20, 126; of Vuilleumier-Baumann theory 
230; see also O,o-versions of de Haan 
class, O-regular variation 


Pakes, A. G. 388 

Parseval identity 240 

partial attraction 349, 420 

partial limit 181, 183, 204-5, 270-1 

partial records 418 

partitions 284-7 

pathology 2, 10-11; see also Hamel 
pathology 

peaks, see one-sided peaks, Polya peaks 

penultimate approximation 413 

period (of renewal sequence) 369 

permanence 197, 206, 215-16 

Perron—Frobenius theory 407 

Peter-and-Paul law 372-3 

Pfluger, A. 319 

p-function 372 

p.g.f., see probability generating function 

Philipp, W. 421 

Phragmeén-—Lindel6f indicator, see indicator 

Phragmeén-—Lindel6f principle 314 

Pitt, H. R. 227 

PNT, see Prime Number Theorem 

point process 341, 414 

Poisson process 341, 387-8, 416 

pole 264, 274 

Polya, G. xvii 

Polya maximal means 74, 154 

Polya peaks 88-94; in Drasin-Shea theorem 
268-70, 273; in entire-function theory 322; 
in Jordan’s theorem 277 

Polya’s extension of Dini’s theorem 55, 60, 
175, 411 

positive (definition) xix 

positive decrease (PD) 71; of auxiliary 
function in de Haan theory 130, 134-5, 
152-3, 183-4, 185-6; and integrals 96-7, 
100 

positive increase (PI) 71; of auxiliary 
function in de Haan theory 136, 152-3, 
183-4; and integrals 94-6, 98-9; of inverse 
124; Tauberian theorem for 119-20 

positive stable law 349, 361; and branching 
process 403; in fluctuation theory 380-2 

Potter bounds 25, 72-3, 429 

power series 40 

preradial, see radial matrix 

prerequisites xviii 

prime numbers 290-7; see also Prime 
Number Theorem 

Principle of Uniform Boundedness 214-15, 
440 

Pringsheim, O. 264, 266 

probability density, see density 


probability generating function 327 

probability integral transformation 416 

probability measure, see law 

probability theory 326-422 

Prohorov, Yu. V. 439 

proximate order 299-313; and completely 
regular growth 316-21; and indicator 313, 
315 

pure quasi-monotone 105 


quantifier: in asymptotic balance 183 

quantifier in de Haan theory: in limit 
theorems 139-143, 163; in uniformity 
theorems 129-134, 137 

quantifier in Karamata theory: in 
Characterisation Theorem 17, 19; in 
uniformity theorems 61-5; see also 
monotone regularly varying function, 
regularly varying sequences, sequence 
formulation of regular variation 

quasi-monotonicity 104-11; in Abelian 
theorem 200-3, 207-9, 240, 337; in 
converse Abelian theorem 216-17; in 
probability theory 337 

quasi-radial, see radial matrix 

queue 385-8, 421, 430 


radial matrix (including preradial, quasi- 
radial) 195-7; Abelian theorem 203-4, 
206, 218-19, 228-9; as approximate 
convolution 222-7; asymptotic 
commutativity 224-5; characterisation 
196-7, 204-6; converse Abelian theorem 
215-16; non-negative 219-21, 225-9; 
Tauberian theorem 217-21; 228-9; and 
Vuillemier—Baumann theory 229-30 

radial sequence 18 

Radon measure 437 

random records 418 

random set 341, 371-2 

random signs 310 

random stopping 421 

random variable 326; see also law 

random vector 328 

random walk 343; asymptotic behaviour 
376; and Brownian motion 358; and 
fluctuation theory 375-85; and local limit 
theory 350-3; and maxima 419-20; non- 
linear norming 350; occupation times 
395-7; and queues 385-6; randomly 
stopped 421; and relative stability 372; 
and renewal process 368-9; and stable 
laws 343, 349; symmetric 396; see also 
domain of attraction for sum, left- 
continuous random walk 

rapid variation 83-8; Abelian theorem 103— 
4, 126; analogue in de Haan theory 139; 
Baire version 83—5; characterisation 85-6; 
counterexample 125; and cumulative 
maximum 87; examples 85-6; of indefinite 
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integral 103-4; and inverse 87-8; and LS 


transform 126; Mercerian theorem 103-4; 


monotone 193; representation 86; 
Tauberian theorem 124, 126; and 
truncated moments 332-3; uniform 
convergence 83-5, 139; and uniformity 
theorems 122; uniform versions 83; see 
also the class T 

rate of convergence (in probability theory): 
in central limit theory 353; for extremes 
413-14; in fluctuation theory 379; in 
renewal theory 360, 367-8, 432 

rate of growth, see growth 

rate of slow variation, see slow variation 
with remainder, super-slow variation 

ratio Tauberian theorem 116-18, 126 

records 415-19 

record time 415-16, 418-19 

record value 415-18 

recurrent event, see regenerative 
phenomenon 

reductio ad absurdum 8 

regenerative phenomenon 369-72; 
continuous-time version 372, 388; and 
ladder epoch 378 

regularly distributed zeros 320 

regularly varying function: as approximant 
81-3, 313; compositions of 26; and 
cumulative maximum 23-4, 58; growth 
22; inverse 28-9; local boundedness 18; 
local integrability 18; monotone 54-7; as 


Stieltjes integrator 33-5; see also regularly 


varying sequence, regular variation 
‘regularly varying moments’ 335-6 
regularly varying sequence 52-3, 56, 60 
regular measure 437 
regular summation method 20, 228 
regular variation (R): approximate 422; 


characterisation 259, 264; characterisation 


of limit 16-17, 54-6; closure properties 
25-6; definition 18; of denominator in de 


Haan theory 127; of derivative 39-40, 42— 
3; elementary properties 26; and extended 


regular variation 71; in general settings 
21, 423-6; history xvii, 18, 20, 311; index 


relative measure, see linear density 

relative sequential compactness 439-41 

relative stability: of maxima 415; of records 
418; of sums 350, 372-5 

renewal epoch 359 

renewal equation 367 

renewal function 359-69, 373-4; of ladder- 
height 380-2; see also harmonic renewal 
function 

renewal process 359, 368-9, 387 

renewal sequence 369-72, 375, 432 

renewal theory 359-69, 430, 432; see also 
regenerative phenomenon 

Renyi’s theorem 295 

representation: canonical 74, 154-8; of the 
class I 178-9, 191; of extended regular 
variation 74; of extended Zygmund class 
123; extension by asymptotic equivalence 
21; failure 21; of de Haan classes 158-60, 
162-4; of holomorphic regular variation 
425; of infinitely divisible law 339-40, 343; 
and locally bounded variation 104; and 
monotonicity 56—7; of near-monotonicity 
108-9; of O,o-versions of de Haan class 
152-3; of O-regular variation 74-6; of 
quasi-monotonicity 106-9; of rapid 
variation 86; of regular variation 21, 74; 
of regularly varying sequence 53; of self- 
controlled function 122; of self-neglecting 
function 121-2; of slow variation 12-16, 
57, 104, 122; of slow variation with 
remainder 185-6; of stable law 347-9; of 
super-slow variation 187-8; see also one- 
sided representation 

residual lifetime 359-64, 373-4 

Resnick, S. I. xix 

Reuter, G. E. H. 51 

Riemann hypothesis 295 

Riemann integrability 21, 296 

Riemann—Lebesgue lemma 241, 263, 277 

Riemann-Stieltjes integral 438 

Riemann zeta-function: and Lambert kernel 
233, 263, 285-6; and multiplicative 
functions 294; in Prime Number Theorem 
287-9, 295 


18; of indefinite integral 26-8, 30-1, 33-5, 
39—40, 42-3, 58-9; as Karamata case 128; 
and Karamata indices 67; and locally 
bounded variation 33; notation 18, 194; at 
the origin 18; Potter bounds 25; and 
proximate order 310-12; representation 
21, 74; rôle in Abel-Tauber—Mercer 
theory 259; rôle in probability limit 
theorems 329, 357-9; sequence 
formulation 50—1, 60; and sub- 
exponentiality 341, 387-8, 429-30; 
uniform convergence 22-3; see also 
holomorphic regular variation, normalised 
regular variation, regularly varying 
function, weak regular variation 


right-continuity in law 355 
right-continuous paths 340, 355 

rsc, see relative sequential compactness 
ruin 389, 421, 431-2 

r.v., see random variable 


St. Petersburg game 372 

St. Petersburg paradox 372 

sample maximum 408-15 

scale of growth 15; see also growth 
scaling property (of stable law) 343 
Scheffé’s lemma 351-2 

Schur, I. 214 

second-order theory, see de Haan theory 
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section numbering xviii 

selection principle, see Helly’s selection 
principle 

self-controlled function 122, 186-8 

self-neglecting function 76, 120-2; and the 
class I 178-9; and extremes 412; and slow 
variation 126; in Tauberian conditions 
‘190-1 

self-similarity 354-9 

semi-continuity 48 

semigroup: of affine maps 354; of 
probability laws 372; of renewal sequences 
372; of smoothly varying functions 46-7; 
in Steinhaus theory 4; see also iteration of 
functions 

semistability 355 

Seneta, E. xvii, 435 

sequence: Abelian theorem, converse 
Abelian theorem, see radial matrix; 
interpolant of 194-5, 223; ‘majorisability’ 
167; null 214-15; permanent 197, 206, 
215-16; radial 18; Tauberian conditions 
for 197-8; Tauberian theorem, see radial 
matrix; see also regularly varying 
sequence 

sequence formulation of regular variation 
50-1, 60 

service backlog 388 

service load 388 

service time 385-8 

set indexing 414 

Sevastyanov, B. A. 407 

sgn 162 

side-condition, see condition, Tauberian 
condition 

signed measure 437; and radial matrix 223, 
228; variation norm 353 

simple branching process 397, 428 

Sinai’s condition 384—5 

sine series, see Fourier series 

single-server queue, see queue 

sinusoidal indicator 314, 320-1 

skewness parameter 347, 380 

skip-free random walk, see left-continuous 
random walk 

Slack, R. S. 404, 408 

slow decrease 41; and Cesaro convergence 
19; condition on sequences 197-8; and 
conditions of limsup limsup type 19; and 
Frullani integral 35-6; and Karamata 
indices 67-8; in Karamata Tauberian 
Theorem 43; and Mellin convolution 227; 
and ‘monotone density’ representation of 
de Haan class 160; in Monotone Density 
Theorem 42-3; in number theory 290; and 
radial matrix transform 226-8; and rapid 
variation 85-6; and Tauberian theorem 
for dominated variation 119; in Tauberian 
theory 19; see also condition of slow- 
decrease type 


slow increase 41; and Karamata indices 67; 
and Ratio Tauberian Theorem 116-18; 
and slow decrease 19, 43; see also 
condition of slow-increase type 

slowly oscillating function, see slow 
oscillation 

slowly varying function: composition of 16; 
conjugate, see Young conjugate; convex 
equivalent 58; growth 16, 79-81, 124; 
integral of 27-8, 30-1; local boundedness 
13; local integrability 13; unbounded 58; 
see also additive-argument slowly varying 
function, slow variation 

slow oscillation 41; condition on sequences 
197; and radial matrix transform 223-5, 
228 

slow variation (Rj): characterisation by 
monotonicity 23-4, 58; closure properties 
16; definition 6; elementary properties 16; 
examples 16; off an exceptional set 113, 
115, 125, 406; and gauge functions 110— 
12; in general settings 423-6; and de 
Haan classes 128, 164; of indefinite 
integral 26-8; as Karamata case 128; and 
locally bounded variation 104; and near 
monotonicity 105-6, 108-9; notation 18; 
at the origin 18; Potter bounds 25; and 
quasi-monotonicity 109-10; representation 
12-14, 104, 122; representation with 
specified properties 14-16, 56-7; and self- 
neglecting function 126; uniform 
convergence 6—12; see also Beurling slow 
variation, normalised slow variation, 
slowly varying function 

slow variation with rate, see slow variation 
with remainder, super-slow variation 

slow variation with remainder 76-7, 185-6; 
and de Haan classes 192; and Kohlbecker 
transform 247, 281-2 

Smith, R. L. xix 

smooth variation 14, 44-7, 60; and 
holomorphic regular variation 313, 425; 
and Mercerian theorems 282-3; and 
proximate order 311; and theorems of 
exponential type 255-6 

smooth version of de Haan class 165-7, 
282-3 

solidarity theorem 372 

span 350-1, 360 

Sparre Andersen, E. 375 

spectral measure, see Levy measure 

spectral negativity 342, 380, 388 

spectral positivity 342, 348-9; in fluctuation 
theory 383-4; and occupation time 396; 
and tail behaviour 348-9 

spent lifetime 359-64, 370-1, 373-4 

Spitzer, F. 375, 386, 397 

Spitzer’s condition 379-84, 396 

s.s., see self-similarity 

stability (for renewal sequence) 372 
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stability (for sums), see stable law 

stable law 343-53; characterisation 347; 
domain of attraction 344-7; index 347-50, 
380; in local limit theory 350-3; and 
occupation time 395-6; in renewal theory 
361, 366; and self-similarity 359; skewness 
parameter 347, 380; and Spitzer’s 
condition 379-84; tail behaviour 347; see 
also Cauchy law, positive stable law, 
spectral positivity, strict stability 

stable process 359, 379, 420; see also stable 
subordinator 

stable queue 386-8 

stable subordinator 348, 394-5 

stationary increments 340, 389 

stationary sequence 420-1 

stationary transition probabilities 370 

stationary waiting-time, see waiting time 

statistical applications 413-14, 419, 426 

Steinhaus, H. 2-3, 214-15 

Stieltjes integrator, see Lebesgue-Stieltjes 
integrator 

Stieltjes transform 40-1 

Stirling’s formula 307-8, 321 

stochastic compactness 375; of extremes 184, 
415; of occupation times 394; of sums 349, 
375 

stochastic continuity 340, 355 

stochastic monotonicity 393 

stochastic process 328, 340-1; finite- 
dimensional convergence 356-7; finite- 
dimensional laws 328, 354-7; functional 
central limit theory 341, 353; independent 
increments 340, 359, 387, 389; marginal 
self-similarity 355-7; Markov property 
358, 387; measurability in law 356; and 
narrow convergence 328-9; right- 
continuity in law 355; right-continuous 
paths 340, 355; stationary increments 340, 
389; stochastic continuity 340, 355; see 
also branching process, Brownian motion, 
compound Poisson process, cumulative 
maximum process, cumulative minimum 
process, extremal process, Gaussian 
process, Lévy process, Markov chain, 
Markov process, point process, Poisson 
process, random walk, regenerative 
phenomenon, renewal process, self- 
similarity, stable process, subordinator 

Stolz angle 425 

stopping time 421 

strict stability 343, 359 

strong approximation (in probability) 419, 
421 

strong limit theorem, see almost-sure limit 
theorem 

strong Markov process 340 

subadditivity 69, 123; standard theory 123, 
261; pathology 5, 146 

subcritical branching process 397-9, 404, 
430 


subexponentiality 429-32; and infinite 
divisibility 341; and queues 387-8; and 
random stopping 421; and regular 
variation 341, 387-8, 429-30; and renewal 
theory 368; see also discrete 
subexponentiality 

submultiplicative function 64, 261 

subordinated law 368, 421 

subordinator 389; see also stable 
subordinator 

subsequential limit, see partial limit 

summability: in number theory 290; in 
probability theory 353; see also Abel, 
Borel, Cesaro, Euler, Lambert 
summability; regular summation method 

sum of random variables, see central limit 
theory, dependent random variables, 
random walk, renewal theory, weighted 
sum of random variables 

supercritical branching process 397, 403-7 

super-slow variation 76-7, 186-8, 413 

supporting function 315-16 

supporting line 315 

supporting point 315 

supremum functional 379, 385 

supremum norm 213, 215, 438 

symmetric law 344-5 

symmetric random walk 396 

symmetrisation 344 

symmetry 103, 153, 166 

symmetric Cauchy law, see Cauchy law 


tail balance 346-7, 349, 353 

tail behaviour: and almost-sure limit 
theorems 420; in branching processes 398— 
407; of busy period 388; and characteristic 
function 336-7; exponentially small tails 
337, 348-9: and de Haan classes 374; of 
infinitely divisible law 341-3; of ladder 
height 385; and maxima and sums 419— 
20; of partial limit of occupation times 
394; and random stopping 421; of service 
time 386-8; slowly varying tails 349-50, 
419; and spectral positivity 348-9; of 
stable law 347; and truncated moments 
330-5; and truncated variance 330; of 
waiting time 386-7; see also domain of 
attraction, subexponentiality 

tail-difference 336; see also tail behaviour 

tail-sum 330; see also tail behaviour 

Takacs functional equation 388 

Tauberian condition: discussion 19, 43-4, 
147, 167, 191, 193, 217-18, 229, 265; see 
also bounded decrease as Tauberian 
condition, bounded increase as Tauberian 
condition, condition of slow-decrease type, 
condition of slow increase type, 
monotonicity as Tauberian condition, 
slow decrease, slow increase 

Tauberian remainder theorem 247 

Tauberian theorem: and asymptotic balance 
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184, 192; for Borel summability 60; for 
bounded increase 119-20, 126; for Cesaro 
mean 59, 246; for the class I 192; 
complex 288, 296-7; for dominated 
variation 118—19, 232; elementary 217-22; 
in entire-function theory 303-10, 318-20; 
of exponential type 247-57, 337; for 
Fourier sine and cosine series 232, 237— 
40; for fractional integral 58; ‘general’ 
234-6; for de Haan classes 159-63, 172-4, 
189, 191, 243-7, 281-3; for Hölder means 
247; for indefinite integral 38-40, 42-4, 
58-9, 119-20, 124, 159-63; for Kohlbecker 
transform 257, 281-3; for Lambert 
summability 233, 247; local 275; for LS 
transform 37-8, 43-4, 59, 116-19, 172-4, 
189, 191, 233-4, 237, 246; for Mellin 
convolution 221-2, 227, 230-1, 243-7; for 
Mellin-Stieltjes convolution 231, 234-7; in 
number theory 285-7, 288-94, 296-7; for 
O,o-versions of de Haan class 174; for O- 
regular variation 119-20, 124; for power 
series 40; in probability theory 330-7; for 
radial matrix transform 217-21, 228-9; 
ratio 116-18, 126; for regular variation in 
general settings 425-6; and self-neglecting 
functions 191; for slow variation with 
remainder 281-2; for Stieltjes transform 
40-1; for Vuilleumier’s integral mean 231; 
for Young conjugate 48-9; see also 
Wiener’s second Tauberian theorem, 
Wiener’s Tauberian theorem 

theorems of exponential type 247-58 

Thomas—Fermi equation 427 

Three Series Theorem 310 

tightness 439 

time-space point process 341, 414 

Titchmarsh, E. C. 305, 312 

Toeplitz-Schur theory 214 

Toeplitz’s theorem 228 

Tomic, S. xvii 

topological group 423 

total variation 436-7 

traffic intensity 386-8 

transient renewal theory 368, 430 

triangular array 339 

trigonometric convexity 313-14, 316 

truncated moments 330-5 

truncated variance 330; and almost-sure 
limit theorem 420; and domain of 
attraction for sum 346-8; and stochastic 
compactness 375 

type (of entire function) 299, 313-14, 320 

type (of probability law) 327-8; and 
extremes 408-9; and records 416-17; and 
self-similarity 354-5; and stable law 343-4 


UCT, see Uniform Convergence Theorem 
ultimate monotonicity 23—5 
ultraspherical series 237 


unbounded slowly varying function 58 

Uniform Boundedness Principle 214-15 

uniform bounds, see global bounds, local 
boundedness, Potter bounds 

uniform convergence: for asymptotic balance 
182-3; for the class T 175; for regular 
variation in general settings 423-5; for 
slow variation with remainder 185; for 
super-slow variation 187 

uniform convergence in de Haan theory 
137-45; for extended de Haan class 137-8; 
without measurability or Baire property 
143-5; for O,o-versions of de Haan class 
133; for rapid-variation analogue 139 

uniform convergence in Karamata theory 6— 
12, 22-3; for Baire versions 8—10, 21, 66, 
85; for Beurling slow variation 120-1; 
counterexample 10-11, 141; for extended 
regular variation 66; extension by 
asymptotic equivalence 21, 145; failure 
10-11, 21; without measurability or Baire 
property 11-12; and monotonicity 54-6; 
for O-regular variation 66; for rapid 
variation 83-5, 124; and rate of slow 
variation 76-7; for regular variation 22-3; 
for slow variation 6—12 

uniform distribution mod 1: 296—7 

uniformity theorems in de Haan theory 129— 
139, 189 

uniformity theorems in Karamata theory 
61-5 

uniformity theorems, see also uniform 
convergence 

uniform rapid variation, see rapid variation 

unimodal density 350, 352 

uniqueness theorem: for Beurling algebra 
231-2, 237; for LS transform 38, 205, 237, 
363 

upper end-point 410-12, 414 

upper order 73-4; and approximation by 
regularly varying function 81-3; and 
Drasin—Shea theorem 265, 273; and 
exceptional sets 125; and Jordan’s 
theorem 275; see also order (of canonical 
product, entire function, holomorphic 
function) 


de la Vallée Poussin, Ch. J. 287 

Valiron, G. xvii 

Valiron—Titchmarsh type 305, 312 

variation measure 436; and gauge functions 
111-12; and quasi- and near-monotonicity 
104-8 

variation norm 353, 438-9, 443-4 

Vervaat, W. xix 

very slow variation 11; see also uniformity 
theorems 

Vivanti-Pringsheim theorem 264, 266 

virtual waiting-time 388 

Vuilleumier-Baumann theory 229-30 
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Vuilleumier, M. 167 

Vuilleumier’s integral mean: Abelian 
theorem 200; converse Abelian theorem 
216; Tauberian theorem 231 


waiting time 385-8, 430 

weak convergence, see narrow convergence 

weak dependence 420-1 

weak regular variation 19-20, 21 

weak-star convergence 243, 439 

weak-star topology 439 

Weierstrass primary factor 300 

weighted function algebra, see Beurling 
function algebra 

weighted renewal theory 368 

weighted sum of random variables 352, 374 

Wiener, N., 234 

Wiener condition: heuristics 194; in 


Tauberian theorem 228-30, 232-3, 243-5, 


290 


Wiener—Hopf factorisation 377 

Wiener—Ikehara theorem 288 

Wiener process, see Brownian motion 

Wiener’s second Tauberian theorem 234 

Wiener’s Tauberian theorem 120, 122, 227, 
289 

Wiener Tauberian theory 227-37 

Wirsing, E. 424 


Yaglom, A. M. 398 
Yaglom’s critical limit theorem 403 
Young conjugate 47-9, 283 


zero-counting function, see zero distribution 

zero distribution 301-13, 316-21, 324-5 

zeta function, see Riemann zeta-function 

Zorn’s lemma 5, 10 

Zygmund class 24-5; and Dini derivates 58; 
extension 123; and regularly varying 
sequence 53 
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